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The Statistical Nature of Friction 


By E. RABINOWICZ,' B. G. RIGHTMIRE,? C. E. TEDHOLM,? anv R. E. WILLIAMS* 


Sliding experiments have been carried out using copper 
surfaces in solid contact, and the friction traces have been 
analyzed statistically to study the spontaneous fluctua- 
tions in the friction force. The results suggest that the 
calculation of the standard deviation of the values of the 
instantaneous friction force can yield much information 
about the nature of the sliding process. High loads and 
smooth surface finish produce very steady traces for well- 
lubricated surfaces, while for unlubricated surfaces a 
rougher finish is required. 


INTRODUCTION 


T IS well known that when sliding experiments are carried 
I out under nonhydrodynamic conditions, using an apparatus 
that permits of continuous recording of the friction force, fluc- 
tuations in the instantaneous value of the friction force invariably 
are observed. This phenomenon has been little analyzed, it being 
generally assumed that the fluctuations corresponded to local dif- 
ferences in the surface properties of the specimens along the slid- 
ing track. When this view is examined critically, however, it is 
not at all obvious that surfaces cannot readily be prepared whose 
properties are very nearly uniform over rather large regions (say, a 
few square millimeters). Following a suggestion of Nagasu (1), 
we may more plausibly assume that the fluctuations are an es- 
sential part of the friction process. This hypothesis is explicable 
in the light of experiments suggesting that, during sliding, bridges 
are formed between the sliding metals, relatively small in number 
and large in size. During the sliding process these junctions have 
to be sheared and the force to shear them constitutes the friction 
force. As junctions continue to be made and broken, fluctuations 
in the friction force might be expected. 

A series of sliding experiments have been carried out, and the 
friction results have been analyzed statistically in an attempt to 
correlate the fluctuations in the friction force with the known 
variables of the sliding process. 


EXPERIMENTAL 


Preliminary experiments showed that the fluctuations were 
quite small for carefully prepared surfaces, a few per cent or so, 
and hence the friction coefficient had to be measured with con- 
siderable precision. The apparatus used is shown in Fig. 1 and 
employs a '/,-in-diam rider having a hemispherically shaped end 
which contacts a flat specimen mounted on a steel turntable. 
The rider, which is loaded by a dead weight, is held by a support- 
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ing arm that is free to deflect with the frictional forces acting on 
the rider and, in turn, these frictional forces act ona strain gage. 
Both the change in resistance of the strain gage, due to the friction 
force, and the change in resistance of an interrupter mechanism on 
the rotating disk are displayed on a Sanborn two-channel re- 
corder. The slider was cleaned on a fine emery paper while it was 


Fic. 1 Friction Apparatus Usep In INVESTIGATION 


rotated in the chuck of a drill press. The flat was cleaned by 
lapping on emery paper of the required mesh size, and tapped 
lightly to remove any loose emery grains from the surface. A 
sliding speed of about 10~* cm/sec was used so as to avoid the 
complicating effects of frictional heating. 

Readings of the friction force could be made with a probable 
error of about '/: of one division, approximately '/; per cent or 
0.3 g, whichever was the higher. This sensitivity was satisfactory 
in almost all cases. 

The statistical analysis was performed on 0.5 cm of sliding 
track. A section of the friction trace, of the calculated requisite 
length, and as free as possible from gross fluctuations correspond- 
ing to surface abnormalities, was selected and measurement of the 
friction force was made at the point where the friction trace 
crossed each successive vertical line on the recording paper. 
About 150 to 200 readings were taken for each trace and an aver- 
age and standard deviation calculated. 


REsvuLts 


Fig. 2 shows a typical friction trace obtained in the experiments, 
and Fig. 3 shows a corresponding frequency distribution of the 
actual friction values, suitably grouped. The continuous curve in 
Fig. 3 represents the corresponding normal distribution curve as 
calculated. Applying a x?-test, in comparison of the distribution, 
actual and calculated, of Fig. 3, a value of P equal to 0.14 is ob- 


981 


| 
ite 
Z 
Yj 
4 
7 
RCT 
PINDER ARC 
FRU 
\ 
| 
FROM ORIVE 
MOTOR 
RECORDER ae 
ae 
3 
ue: 
i 
: 


COPPER ON COPPER. 100G. 5 J). 
PALMITIC ACID IN CETANE. 


4+ — 


cM 


TRANSACTIONS OF THE ASME 


0-10 
COPPER ON COPPER 
GRAPHITE. 5006 


OCTOBER, 1955 


TypicaLt Friction Trace SHOWING FLUCTUATIONS IN THE 
Friction Force 


Fic. 2 


COPPER ON COPPER 
= 5 H-INCHES. 100 G 
PALMITIC ACID 

IN CETANE 


Fic. Frequency oF Friction VALUES OBTAINED 
From Trace SHowN In Fic. 2 


tained, which suggests that the friction data may indeed be nor- 
mally distributed about an average value.® 

Often the measured readings show a more pronounced skew- 
ness, and P-values as low as 0.07 and 0.05 are obtained. How- 
ever, it was felt that this did not too greatly affect the validity of 
our analysis. 

For comparative purposes not o the standard deviation itself, 
but the quantity o divided by f, the average friction coefficient, 
was used. 


Errect oF ROUGHNESS 


Fig. 4 shows results for a series of runs of copper on copper, load 
500 g, lubricated with solid graphite. It will be seen that /f in- 
creased with increasing roughness, suggesting that with rough 
surfaces the rider goes upward and downward following the 
asperities and depressions of the surface. However, the results 
suggest that even with the smoothest surfaces there is a finite ¢/f 
component. 

We may calculate the importance of the roughness term from 
Fig. 4. If we take a surface with asperities of angle 0, then the 
friction coefficient will be f + tan 6 going up the asperities and 
J — tan 6 going down. Hence we obtain a o/f component equal 
to tan 6/f. From Fig. 4 we see that at a roughness of 65 
microinches a value of 9 per cent is obtained for o/f, 2 per cent 


6 P in this calculation represents the probability that a random ex- 
periment would produce poorer agreement than that observed be- 
tween the actual and normally distributed values of N as a function 
of f which are shown in Fig. 3. According to Fisher (2), “If P is be- 
tween 0.1 and 0.9, there is certainly no reason to suspect the hy- 
pothesis tested.” 
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of which appears not to be due to roughness and hence must be 
subtracted. The remaining 7 per cent represents the roughness 
effect. This result is nearly the same as that of Strang and Lewis 
(3), who used a widely different experimental arrangement and 
measured the rise and fall of a rider during sliding. In any case 
we may conclude that only a few per cent of the total frictional 
force arises from a roughness effect. 

Fig. 5 shows a similar experiment carried out with unlubricated 
copper. For very rough surfaces the results are similar to those 
obtained with lubricated surfaces, but for very smooth surfaces 
high values of o/f are obtained. These results may be explained 
on the assumption that in the case of clean copper on copper, as 
sliding proceeds, the junctions tend to increase by a “‘snowballing”’ 
mechanism (4), and when one of these large junctions finally 
breaks off, a large drop in friction takes place. As the sliding sur- 
faces are made rougher, the junctions are forced to break off be- 
fore reaching very large dimensions, and thus smoother friction 
traces are obtained. In confirmation of this assumption it may 
be noted that for this series of experiments the coefficient of fric- 
tion was not independent of roughness, but varied from 0.6 for the 
roughest surfaces to 1.2 for the smoothest (5), suggesting that 
welding was more severe in the latter case. 
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Figs. 6 and 7 show results of experiments at varying load of 
copper on copper, lubricated with graphite and a solution of pal- 
mitie acid in cetane. Both for smooth and rough surfaces o/f di- 
minishes as the load is increased. Two independent phenomena 
seem at work. For very rough surfaces there is a smoothing-out 
effect, and the rider can follow the surface irregularities less 
closely at high loads; thus the roughness effect becomes less im- 
portant at high loads. With smooth surfaces the large area of 
contact at the higher loads leads to a greater number of junctions, 
and this, as will be shown later, reduces the percentage deviation 
of the value of the friction coefficient. 


Discussion 


The results obtained in the experiments just described show 
that measurement of the o/f factor gives valuable information 
about the sliding conditions not provided by the coefficient of 
friction it-elf. Hence additional information may be obtained 
on the mechanism of friction. 

When the roughness of the surfaces is increased, o/f increases 


also, and the extent of its increase shows directly the importance 
of the roughness component in the coefficient of friction. In the 
extreme case investigated of a well-lubricated surface, a roughness 
of 65 microinches and a load of 100 g, some 22 per cent of the 
sliding force was needed to overcome the roughness along the 
sliding track. At loads of 2500 g and with surfaces of roughness 
5 microinches, less than 1 per cent of the friction force is 
expended in this way, and the results may be considered 
confirmation that the so-called roughness mechanism cannot 
explain more than a small percentage of observed friction values. 

The fact that even the smoothest surfaces show some o/f may 
be explained by the welding hypothesis. The metal surfaces in 
contact are assumed to form small bridges at the tips of their 
prominent asperities, and these must be sheared during sliding. 
The strength of the bridges is not a constant quantity but varies 
considerably, in the case of unlubricated surfaces in air, because 
a junction may consist of oxide-to-oxide contacts or of metal-to- 
metal welds; in the case of lubricated surfaces, because in addi- 
tion to the foregoing a thin film of lubricant may separate the 
surfaces. 

The condition of each junction may be assumed not to be in- 
fluenced by the condition of its neighbors; thus at one instant 
many of the junctions may have metal-to-metal contact (f high) 
and at some later time the majority may have a separating oxide 
film or lubricating layer (f low). As sliding proceeds, the friction 
force will continue to fluctuate. In accordance with a well-known 
probability relationship, the o/f to be expected under these con- 
ditions is inversely proportional to the square root of the number 
of junctions (assuming them equal in size). Now it is known that 
the number of junctions is increased as the load is increased (6), 
and thus an accompanying decrease in @/f is to be expected. As 
has been mentioned previously, such a decrease is actually ob- 
served for smooth surfaces. 

For rough surfaces a similar effect is noted, but in this case it 
seems largely due to the smoothing-out effect at the higher load 
produced by the larger area of contact, which does not allow the 
rider to follow too closely each depression and elevation on the 
flat surface. 

The results with clean copper surfaces support the snowball- 
ing mechanism. As sliding continues, a few of the metallic junc- 
tions grow to a very large size, and as each of them is finally 
broken, a large decrease in f takes place, and hence large values of 
o/f are obtained. As the surfaces are made rougher, this growth 
of the junctions is made impossible and hence smaller values of 
a/f obtained. 


CONCLUSION 


The experimental analysis described in the foregoing has been 
concerned with an analysis of friction values considered as in- 
dependent observations of essentially the same quantity. A dif- 
ferent approach is to take the successive values as constituting a 
time series, and statistical analysis along these lines is in progress. 

The engineering significance of the investigation is that it dis- 
closes those variables in the sliding process that are conducive to 
steady, nonfluctuating friction coefficients. In particular, the re- 
sults suggest that at very light loads large fluctuations are to be ex- 
pected; furthermore, while for well-lubricated surfaces the fluctu- 
ations decrease as the surface roughness is decreased, for poorly 
lubricated or unlubricated surfaces there is a critical range of sur- 
face roughness, with smoother and rougher surfaces alike produc- 
ing much larger fluctuations in the friction force. 
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The Evaluation of Corrosion Resistance 


for Gas-Turbine-Blade Materials 


By W. E. YOUNG,' A. E. HERSHEY,’ ano C. E. HUSSEY,’ E. PITTSBURGH, PA. 


Surface analysis of gas-turbine-blade material before 
and after exposure to the combustion products of residual 
fuel oils, demonstrates the corrosive effect of these prod- 
ucts, and a measurable indication may be obtained in a 
fraction of the testing time required to produce apprecia- 
ble weight loss. Surface analysis has the further advan- 
tage that it is possible to measure corrosion in specific 
regions on a specimen where the specimen has been ex- 
posed toa gas-flow pattern with a well-defined temperature 
profile. Weight-loss measurements following long-time 
tests have shown good agreement with this method of 
analysis. The fusion temperature of the fuel ash appears 
to be a reliable criterion for judging the potential corro- 
sivity of residual fuel oil, and good correlation has been 
obtained between ash-fusion temperatures and corrosion 
both for untreated oils and oils with additives. 


INTRODUCTION 


‘ ‘ YITHIN the past few years operating experience with 
steam generators at progressively higher temperatures, 
and more recently with land gas turbines, has shown 
that a serious corrosion problem may exist when burning certain 
residual fuel oils. Apparently the sources of this corrosion are 
certain ash constituents in the products of combustion of the oil, 
of which vanadium pentoxide and sodium sulphate are thought 
to be the worst offenders. The exact mechanism of this corrosive 
attack has been the subject of much speculation and, though the 
process is not completely understood, it seems reasonably certain 
that in its so-called “catastrophic” phase it is associated with the 
presence of the pentoxide or the sulphate in liquid form at the 
corroded surface. 

Following is a report on a new method for obtaining quanti- 
tative measurements of corrosion after relatively short exposures 
(2 hr) to combustion products of residual fuel oil. Since the 
fusion of the fuel ash appears to be an important factor in the 
corrosion process, a microfusion apparatus is described and 
results of such fusion measurements are correlated with corrosion 
measurements from short-time tests and with weight-loss meas- 
urements from longer corrosion tests. 

The corrosive attack associated with fuel oil having high con- 
centrations of vanadium has been discussed frequently during 
the past few years (1 to 8).4 Hence this aspect of the problem 
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will be considered only briefly in this paper while major em- 
phasis will be placed on the results obtained with oils having high 
sodium concentrations. The corrosive attacks from these two 
sources have much in common, but they also have character- 
istic differences such as the temperature range in which they 
become excessive and the relative severity of the attack on some 
of the well-known refractory alloys. 


Test Fact.ities AND PROCEDURE 


Various test methods have been employed in attacking the 
problem of residual fuel-oil corrosion but, in general, they may be 
classified into the following types: 


1 Crucible tests with metal samples heated in direct contact 
with fuel ash or ash components (3, 4). 

2 Small furnace combustion tests with samples placed in the 
furnace exhaust-gas stream (4). 

3 Gas-turbine combustion-rig tests operating at atmospheric 
pressure and simulated turbine operating conditions (8). 

4 Gas-turbine combustion-rig tests operating at actual turbine 
pressures and gas flows (8, 9). 

All of these approach the ultimate of actual use in a turbine 
to varying degrees at the expense of increasing complexity of the 
test procedure. 

The corrosion results being presented here were all obtained 
with the equipment shown schematically in Fig. 1, operating 


Exhaust 
Air Gas 
Inlet Outlet 
Exhaust 


Gas 
Outlet 


Heat Exchanger 


Test Section 
Diesel 4 
Test Combustor s 
Fuel w 
Cooling 
Water 


Fie. 1 ScHematic Passace Layout 


either as type 3 or 4 test rig. The combustion section is similar 
to that used in the 1800-hp gas turbine with a corrosion test 
section and water-cooling section located at the combustor outlet. 
The test section was designed to hold five strip specimens 2'/, in. 
X< 1'/,in. X '/s in. mounted at a 45-deg angle to the direction 
of gas flow. They were placed on */,-in. centers and, except for 
their uniform thickness, corresponded closely to a first-row 
stationary cascade. Fig. 2 is a photograph of the test section 
showing 16 thermocouples located in the wakes of the specimens, 
Fig. 3 is a photograph of the combustor tube after some 12 hr 
of operation at a nominal outlet temperature of 1600 F. At this 
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time the tube walls in the vicinity of the primary combustion 
zone showed only slight oxide coloring and no deformation. 

This combustion equipment has been used satisfactorily in 
conjunction with a corrosion-test program which has been in 
progress for the past two years. As previously stated, it has been 
operated at two different test conditions as indicated in Table 
1. Tests at atmospheric pressure were from 40 to 100 hr in 


TABLE 1 TEST CONDITIONS 
Condition 1 Condition 2 
Combustor pressure, atm. . 4 
Fuel rate, lb/hr... é 100 
Air rate, lb/sec 4 1.75 
Velocity over specimen, fps... . 625 


length and generally were used to verify results previously ob- 
tained with high-pressure tests of 2 hr duration. The extent of 
the corrosive attack during a long-time test was determined by 
the loss of weight of the specimen. However, during the short- 
time tests, the weight loss of most refractory metal specimens was 
too small to give significant results so that a new technique was 
developed, which depended on measuring the change in roughness 
of the surface of the specimen. 

The surface-roughness measurements were made with a 
Brush surface analyzer with certain additional equipment as 
shown in Fig. 4. Since the conventional drive merely oscillates 
over a total length of '/s in., an auxiliary drive was added making 
it possible to traverse the full length of the specimen. This 
auxiliary drive was arranged to run in a direction normal to the 
standard drive so that the actual path traversed was a saw- 
tooth wave of approximately '/,.-in. amplitude and '/,-in. wave 
length. In addition to the usual amplified record of the stylus 
movement, an RMS meter is also in the circuit to give a visual 
indication of the maximum and minimum signals. However, in 
the present case, a continuous record of RMS readings was 

ic considered necessary since a curve of this sort is much easier to 
st Section Specimen HotpeR REMOVED analyze than the very irregular direct surface record. Accord- 
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ingly, an amplified signal from the RMS meter was recorded 
side by side with the actual surface record by means of a double- 
channel oscillograph. A typical record is shown in Fig. 6. 

This method has the advantage that measurable indications 
of corrosion can be obtained in a fraction of the testing time 
required to produce appreciable weight loss. And further, it 
is possible to measure corrosion in specific regions on a specimen 
which has been exposed to a gas-flow pattern with a fixed and 
well-defined temperature profile. It also should be possible to 
examine complicated sections and parts of an actual machine 
where a weight-loss measurement would be obscured by the large 
mass of the section. The limitation of the method lies in the 
fact that some of the original surface must be retained as a ref- 
erence after exposure. If all of the original surface has been 
removed, it is conceivable that corrosion could proceed at an 
essentially constant roughness until the entire specimen was 
destroyed. With a 2-hr exposure time at a nominal gas-stream 
temperature of 1600 F, satisfactory roughness records were usually 
obtained. The equipment is sufficiently sensitive to measure 
the corresion due to diesel oi! with a 2-hr exposure at 1600 F. 
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Briefly then, the place of the surface-analysis method in corrosion 
testing lies in short-time tests where local temperatures vary 
according to a known pattern. For long-time tests, where the 
specimen is maintained at a constant temperature, corrosion 
must be measured by means of weight-loss measurements. 
These long-time tests also provide information as to the effect 
of ash composition on the rate of deposition on blades. 

Each short-time test consisted of a 1-hr warm-up period 
during which diesel oil was burned with a gas temperature of 
1200 F followed by a 2-hr test at a nominal temperature of 1600 
F with the test fuel. When this latter fuel was a residual oil it 
was heated and recirculated for several hours before each test 
to mix thoroughly the ash and any additives which it might 
contain. At the end of the run the fuel lines and nozzle were 
flushed out with diesel oil. No measurable corrosive effect was 
noted due to diesel oil at 1200 F. Specimens were prepared by 
surface grinding, lapping, and polishing to a 2 microinch RMS 
finish. Following a corrosion test the specimens were descaled 
electrolytically in a molten mixture of 60 per cent sodium hy- 
droxide and 40 per cent sodium carbonate. No appreciable 
change in surface roughness due to this descaling process could 
be detected. The final surface traverse was made along a band 
about '/, in. from the leading edge. Weight loss also was de- 
termined by weighing before and after the test, but these meas- 
urements were usually too small to be significant. The readings 
from the 16 thermocouples were recorded continuously during 
the test interval by a high-speed multipoint recorder, and were 
used to determine the temperature profile at the test section. 
These readings showed the profile to be quite steady, possibly 
becoming slightly more uniform during the first hour. At inter- 
vals during the test, a complete set of readings was taken in order 
to determine the completeness of combustion, since poor com- 
bustion conceivably might affect the corrosion data. In general, 
the completeness of combustion was 95 per cent on diesel oil and 
about 90 per cent on residual fuel at the test condition. 

A typical isotherm plot for the test section is shown in Fig. 5. 
A surface-record characteristic of highly corrosive fuels is shown 
in Fig. 6. Using such surface records, curves of increase in 
roughness versus temperature can be plotted. Fig. 7 shows 
such curves for several refractory alloys exposed to the products 
of combustion of a high-vanadium oil. Fig. 8 shows similar data 
for chromium platings, chromium having shown some resistance 
to attack in crucible tests. 

Other corrosion investigations have indicated effects due to 
the presence of carbon (4). The curves in Fig. 9 show the de- 
crease in surface roughness when the same fuel is burned with 
improved completeness of combustion. This may be due either 
to the direct effect of carbon on corrosion or to local overheating 
when carbon deposits burn away. 

Surface measurements are essentially two-dimensional in 
character since the path of the pickup stylus at any time is a 
straight line and it can sense only the depth and width of a cor- 
roded spot. On the other hand, weight loss may be considered 
to be a three-dimensional function, implying that the surface- 
roughness data should be raised to the 3/2 power for comparison 
with weight losses. This is equivalent to assuming that the 
corroded spot is a hemisphere, and another width dimension is 
introduced. Such data, further revised with a constant conver- 
sion or density factor, are shown in Fig. 10. The specimens from 
which these data were obtained had been exposed in a furnace, at 
a very constant temperature, to the combustion products of 
several fuels. Consequently, the corrosion was very uniform and 
the correlation with weight loss was easily made. The greatest 
departure of the converted surface-roughness curves from those 
for the measured weight loss occurs near the origin; it appears 
that the proposed 3/2 power conversion is not applicable in this 
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region, since here it is represented as a parabolic curve rather than 
a straight line. 


Asu-Fusion DETERMINATIONS 


It is apparently well-established that catastrophic attack 
will occur only when an alloy is exposed to the liquid phase of 
an ash in the combustion products of a corrosive oil (2). And 
further, that the primary effect of an additive is to raise this 
ash-fusion temperature. It was, therefore, desirable to have an 
apparatus for the rapid and accurate determination of fusion 
temperatures. Such a device should require very small samples, 
preferably the ash obtained from 100 grams of fuel, and the sample 
should be visible during the entire determination. 

Fig. 11 is a line drawing of the equipment which meets these 
requirements satisfactorily. The furnace is a modification of a 
low-temperature design using transmitted light (10). It con- 
sists of mating Inconel blocks, each containing a heating coil of 
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Kanthal A wire set in Norton RA 1162 cement. The furnace is 
surrounded by B&W 23 insulating brick and covered with a 
water-cooling cell to protect the microscope. The sample, usu- 
ally about 20 mg, is placed in a platinum cup located between 
the heating coils. In the bottom of the cup is a convex dimple 
containing a thermocouple with leads passing through the bottom 
of the furnace. 

A zircon-are illuminator provided sufficient intensity for ex- 
amination up to furnace temperatures of 2000 F, but above this 
temperature it was necessary to substitute a carbon-are lamp 
which permitted observations up to a furnace temperature of 
2300 F. With either light source, however, the stray illumina- 
tion in the microscope barrel was very troublesome. For this 
reason a stereoptic microscope was substituted for the monecular 
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type illustrated. This microscope, in addition to having a very 
long working distance, had its illuminating prism located between 
the objectives but outside the microscope barrel. 

The technique of ash preparation consists of igniting and burn- 
ing out the volatile and tar at as low a temperature as possible 
after which the carbon residue is heated at 900 F in a muffle fur- 
nace until it attains constant weight. It is particularly important 
that the final ashing temperature should not exceed 1100 F 
as sodium compounds are apt to volatilize and the sulphates may 
decompose. To date this method has given excellent and re- 
producible results. 

Four phases of melting have been noted and proposed as 
standards in evaluating fuel-oil ashes. Photomicrographs taken 
through the microscope during the actual fusion process are shown 
in Fig. 12. Initially the ash is granular in form and is lightly 
packed in the cup. At some relatively low temperature, usually 
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Fig, 11 Apparatus ror AsH-Fusion DETERMINATIONS 
around 1200 F for high-vanadium oils, or 1400 F for sodium-bear- 
ing oils, the ash begins to sinter and pull away from the sides 
of the cup. If the furnace is cooled at this point, the ash, al- 
though still granular, has a crusty texture indicating that some 
component has fused and holds individual particles together. 
If heating is continued, the sample reaches a point where small 
bubbles appear on its surface. The sample is now becoming 
noticeably darker and tacky. These first two points, arbitrarily 
defined as the sinter point and first bubble point, are probably 
significant in determining the deposit-forming characteristics of 
an ash but in themselves are not directly related to corrosion. 
Further heating produces an initial melting point where liquid 
actually can be seen collecting on the bottom of the cup, and 
eventually the sample melts completely. This last point is the 
hardest to determine since it is always possible that some solid 
material remains under the liquid surface. Melted sodium ashes 
are usually transparent so that solid residue may be seen, but 
molten vanadium ashes are black and opaque, concealing any 
solid residue. The initial and final melting points indicate the 
temperature range where catastrophic corrosion is likely to start. 
It was noted further that liquid-vanadium compounds effectively 
wet the metal surfaces and tend to climb out of the cup while 
sodium compounds usually do not exhibit this tendency. In 
many tests it is possible to see individual crystals melt and the 
liquid collect. It is hoped eventually to collect these liquid 
components as they appear, for microchemical analysis. 

After initial calibration runs, ashes from all the fuels tested to 
date were examined in an attempt to establish the correlation 
between ash-fusion temperature and corrosivity. Fig. 13 shows 
this correlation graphically. Each oil is represented by four 
bars on the lower half of the chart, each bar indicating a phase of 
melting. Corresponding to these bars, on the upper chart are 
two bars indicating the relative corrosion of the combustion 
products when the oils were burned in the high-pressure com- 
bustion test rig. The corrosion due to each oil is compared to 
that of the high-vanadium fuel which is taken as 100 per cent. 
The corrosion bars were plotted from surface-roughness data 
taken at 1400 and 1600 F. They show the expected trend of 
less corrosion for an increase in ash-fusion temperature. If the 
initial melting point is taken as a corrosion criterion, it will be 
seen that as long as this temperature is lower than the mean test 
temperature, 1500 F in the case of these tests, corrosion is severe. 
But where this temperature is above 2000 F, corrosion is, in gen- 
eral, negligible. 

The first ash-fusion results shown at the extreme left of Fig. 
13 are for ash collected from a boiler which was fired with the 
high-vanadium residual oil. The sintering temperature and the 
other three fusion temperatures for this ash agree very closely 
with the corresponding temperatures found for the ash formed 
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Fie. 13. AsH-Fusion TeMPERATURES AND RELATIVE CORROSIVITY 
or SEVERAL O1Ls AND Wits AppITIVESs 


from the high-vanadium fuel by means of the proposed ashing 
technique. Thus, for this oil at least, the constituents in the 
laboratory ash appear to be the same as those formed when the 
oil is burned normally. Similar checks for oils having other ash 
compositions are to be made. However, it should be noted that 
the use in corrosion tests of synthetic ashes formed by mixing 
some of the known constituents together is a questionable pro- 
cedure. 


Discussion or Test Resutts 


The investigation of residual-oil corrosion was started when a 
gas-turbine locomotive was being operated on a number of 
different railroads and it was necessary to select satisfactory fuels 
from a large number of sources of supply. Never more than 
one or two sample drums of fuel from each supply were available 
and selection had to be made after only a few short tests. The 
short-time corrosion test and the ash-fusion test met these re- 
quirements very satisfactorily. However, the continued use 
of these tests has demonstrated that considerable additional in- 
formation bearing on the basic aspects of the corrosion problem 
can be obtained in a convenient and rapid manner. 

Both the similarities and dissimilarities of the corrosive effects 
due to the presence of vanadium and sodium in residual-oil ash 
have been mentioned. Since most oils contain both these ele- 
ments, corrosion with any untreated oil is likely to be a composite 
effect. To determine the characteristics of the corrosion due 
to these two ash components a detailed investigation with a high- 
vanadium and two high-sodium residual fuels was undertaken. 
Table 2 lists the more important properties and the chemical 
composition of the ashes for these three oils. 

Results With High-Vanadium Oil. Fig. 7 shows the increase in 
roughness for four typical refractory alloys: 25 Cr-20 Ni stainless 
steel, Stellite 23, Stellite 31, and Inconel-X, when subjected to a 
short-time corrosion test burning the high-vanadium fuel. The 
compositions of these three alloys are given in Table 3. The 
corresponding results when a Ca and two different Mg compounds 
were mixed with this fuel before being burned are shown in Fig. 
14. The decreased corrosion with any of these additives should 
be noted. A plausible explanation is supplied by the effect of 
these additives on the ash-fusion temperatures shown in Fig. 13 
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TABLE 2 FUEL-OIL SPECIFICATIONS 
High High High 
Property vanadium sodium-A sodium-B 
Flash (PM), deg F............ 186 
Viscosity SS Furol at 122 F........ bas Coe 162 165 
Sediment (extraction), per cent......... 0.01 
Sediment (hot filtration), per cent...... 0.04 0.14 0.18 
Sulphur, per cent................ et de 2.51 1.36 
Ash analysis ppm based on oil, per cent: 
io oss 0 68.5 130 
4 18.0 10 
86 571 600 
TABLE 3 REFRACTORY-ALLOY COMPOSITION 
Element 25 Cr-20 Ni Stellite 23 Stellite 31 Inconel-X 
65 54 
23-26 23-29 23-28 15 
51 2.0 2.0 7.0 
19-22 15 9-12 
4-7 6-9 
0.7 
0.25 0.35-0.50 0.45-0.60 
2.0 0.5 
0.04 
0.03 
1.5-3.0 04 
2.5 
300,- T b 
| 
| 
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since, with all three, the initial and final melting temperatures of 
the untreated oil are increased by more than 700 deg F. 

When long-time corrosion tests in the atmospheric test rig were 
run with the same alloys and fuels the foregoing results 
were confirmed for the Mg additives, as shown in Fig. 15, but 
the weight loss found after 40 hr with the Ca additive exceeded 
that found for the untreated oil. The source of this increased 
corrosion probably lies in the extremely heavy deposit which 
accumulated on the test specimens when the Ca was added to 
the fuel as shown in Fig. 16. Sulzer (8) also has observed this 
condition and offers the following explanation: CaO forms during 
combustion and collects on the specimen surface where it reacts 
exothermally with the SO; in the gas stream to form CaSO, 
(if SO, is present in the stream instead, VO, will catalyze it to 
SO; at the surface). Although the CaSO, does not melt below 
2600 F the heat of formation may raise the temperature suffi- 
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ciently to cause the surface to become tacky, thus collecting an 
excessive deposit on the surface of the specimen. Further in- 
vestigation is needed to confirm this hypothesis. 

A number of other refractory materials have been subjected to 
short-time tests with the untreated high-vanadium oil, but no 
satisfactory high-temperature alloy has shown superior resistance 
to this type of corrosion than Inconel-X. The long-time tests 
and operating experience have corroborated these results in a 
satisfactory manner. 

Results With High Sodium Oil. The increase in surface 
roughness during a short time corrosion test with the high- 
sodium oil is shown in Fig. 14. The results lie between those for 
the untreated high-vanadium oil and those for the latter oil with 
Ca and Mg additives. The ash-fusion temperatures for the high- 
sodium oil, as shown in Fig. 13, are found to lie between 1500 
and 2100 F. The significance of the initial melting temperature 
became evident when long-time corrosion tests were run. 

The first of these was run at a nominal temperature of 1450 F 
with the weight losses shown in Fig. 17. While the corrosion of 
the Stellite 23 occurred more rapidly than was the case with the 
tréated high-vanadium oil, for the 25 Cr-20 Ni and the Inconel-X 


the corrosion was not excessive, being less than 0.5 per cent after 
100-hr exposure. When the nominal temperature was increased 
to 1600 F the stainless steel was not affected appreciably, the cor- 
rosion of the Stellite was more than doubled, while catastrophic 
corrosion practically destroyed the Inconel-X as shown in Fig. 
18. These results were so unexpected that the test was repeated 
with almost identical results. 

To obtain a better understanding of the corrosive attack with 
residual fuel having high sodium concentrations in the ash and 
to explore the possibilities of alleviating this condition with an 
additive, a comprehensive series of ash-fusion measurements 
were made. Since Mg additives had proved effective in reducing 
the corrosion from high vanadium, three Mg compounds were 
selected as follows: 

MgO and MgSO, added to high-sodium-oil ash. 

MgO and magnesium naphthenate added to the fuel oil which 
was then ashed. Table 4 gives the concentrations of these dif- 
ferent additions. 

Lack of space prevents the inclusion of a detailed discussion of 
these ash-fusion results, but from them it was concluded that the 
addition of a slurry containing MgO in an amount to give an 
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TABLE 4 CONCENTRATIONS OF ADDITIVES 


Gm MgO/gm ash........... 0.237 0.606 0.945 

Gm naphthenate/50 gm oil... 0.476 1.22 1.91 

Gm MgS0O./gm ash......... 0.462 


Gm MgO/50 gm oil......... 


Fic. 18 Corrosion or Severat ALLoys From An 
Exposure ror 50 Hr to Comsustion Propucts or Hicu-Sopium 
Fvugt at 1600 F 


Mg/Na ratio of 2.0 to the high-sodium oil should produce a re- 
duction in the corrosive attack. The results of 50-hr tests burn- 
ing this fuel oil without and with the MgO addition are given 
in Table 5. Comparison of the percentage weight loss given in 
the last column of this table gives satisfactory confirmation of 
this conclusion. Even more convincing evidence of the effects 
of the MgO additive is given in Figs. 18 and 19 which show the 
specimens from the two tests after descaling. Fig. 20 is a 
photograph of the test section at the conclusion of the test with 
the additive. A large deposit has accumulated on the blades, 
but this was porous and friable and could be easily scraped off. 
The Ca concentration in this fuel was 130 ppm which probably 
contributed to the deposit as in the case of the high-vanadium 
oil to which a Ca addition had been made. 


TABLE 5 RESULTS OF TESTS 


Specimen Per cent 
no. Material Fuel weight loss 
ae . 25 Cr-20 Ni High Na 0.7 
129.......... Ineonel-X High Na Total 
Stellite 23 High Na 2.9 
eee 25 Cr-20 Ni High Na + MgO 0.3 
... Tneonel-X High Na + MgO 0.3 
138.......... 38 High Na + MgO 0.3 


SuMMARY 


It has been the primary purpose of this paper to describe ap- 
paratus and test methods which were developed to aid in the in- 
vestigation of the corrosion associated with the combustion of 
residual fuel oils in gas turbines. After using these methods for 
about two years it has been demonstrated that: 


1 Short-time tests with corrosion measured by the increase 
in surface roughness in conjunction with microash-fusion de- 
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Appitive at 1600 F 


Fic. 20 Deposrr Formep Durine 50 Hr Run on Hicu-Sopium 
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terminations are rapid and convenient means of assessing the 
potential corrosive properties of residual fuel oils. This con- 
clusion has been substantiated by operating experience with a 
gas-turbine locomotive, and by long-time laboratory tests with 
combustion rigs operating at atmospheric pressure. 

2 Vanadium in the form of V,O; and sodium, probably in the 
form of Na,SO,, are the most prevalent sources of corrosion with 
residual fuels. Catastrophic corrosion occurs with the former 
between 1200 and 1300 F and with the latter between 1600 and 
1700 F. Of the more common refractory alloys Inconel-X has 
about the best resistance to vanadium attack, but has very poor 
resistance to Na2SOQ,. MgO in suitable proportions will reduce 
corrosion due to both these agents. 

3 Considerable care and judgment must be used in the selec- 
tion of fuel additives to reduce corrosion, for many additives, 


a 
> 
| 
AB 
“te 


994 


which show promise in laboratory or short-time tests, may ac- 
tually increase corrosion in actual operation due to the formation 
of excessive deposits on blades. 
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The Influence of Some Chemical and 
Physical Factors on the Formation 


of Deposits From Residual Fuels 


The oil-ash-deposit problem in industrial gas-turbine 
plants is analyzed from both physical and chemical stand- 
points. Theory and experiments on the formation of ash 
during combustion enable important processes in the 
build-up of deposits to be understood. These are demon- 
strated by means of practical examples. Measurements of 
ash-deposit formation as a function of temperature, pres- 
sure, excess air, fuel-ash content, and test duration, are 
shown graphically and summarized in a formula. 


INTRODUCTION 


r SHE primary cause of oil-ash deposits and corrosion during 
the operation of gas-turbine plants on heavy oil is known 
to be the organic and inorganic metal-compound content 

of these fuels, which is often considerable. These form stable 
metal oxides or chemical compounds with the air in combustion 
processes using excess air. Furthermore, residual oils contain 
considerable quantities of sulphur in the form of oil-soluble organic 
compounds. 

The sulphur content is seldom less than 1 per cent of the fuel 
by weight; the ash content is seldom more than 0.1 per cent. In 
flue gases the sulphur is in the form of gaseous SO, or SO,, 
depending on the temperature. The elements which occur most 
commonly in oil ash are vanadium, sodium, calcium, iron, nickel, 
silicon, and aluminum. 

A very important part is played by the vanadium and sodium 
compounds which thus arise. The V2O, in its fluid phase above 
its relatively low melting point of 650 C acts as a powerful corro- 
sive agent for all metallic alloys and also as a binding agent in 
building up deposits on the turbine blades (1 to 6).? The 
sodium constituents, occurring mostly as sulphates, cause very 
large deposits, but are usually corrosive only in the presence of 

In spite of the great efforts which have been made in various 
countries to solve the ash problem, very little is known as yet 
about the mechanism of deposit formation. Compared with the 
simpler experimental investigations of ash corrosion, the study of 
deposit formation presents great difficulties. 

In what follows some theoretical observations will be made and 
then three different kinds of deposit formation will be described 
with the aid of practical examples. Finally, tests on an ex- 
perimental rig will be used to explain the formation of deposits 
quantitatively. 

1 Research Engineer, Sulzer Bros., Ltd. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Gas Turbine Power Division and presented at 
a joint session of the Gas Turbine Power and Fuels Divisions at the 
Annual Meeting, New York, N. Y., November 28—December 3, 1954, 
of THe American Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Septem- 


ber 14, 1954. Paper No. 54—A-171. 


By P. T. SULZER,' WINTERTHUR, SWITZERLAND 


995 


Tue ORIGIN oF Free Ash DurtNG ComBvustTION 


The combustion of a single oil droplet in the combustion cham- 
ber may be considered to take place in stages as follows (7, 8): 


(a) Evaporation and ignition of the low-boiling-point con- 
stituents. 

(b) Chemical decomposition of the higher hydrocarbons by 
cracking and carbon separation. 

(c) Combustion of the remaining carbon matrix. 


The ash constituents in heavy oil are partly in the form of solu- 
tions of metallic organic compounds and partly suspensions or 
emulsions of aqueous solutions of inorganic substances. In the 
combustion process all the inorganic compounds with relatively 
low vapor pressure are concentrated in the residual-carbon 
particle. It is during the complete combustion that the ash 
particles first begin to form, consisting of stable metallic oxides. 
The reaction temperatures may be about 1600 C. 

One must now briefly distinguish between the following: 


(a) Primary reaction of the ash constituents after combustion 
of all the carbon. The probability of such a reaction is large, 
since the ash constituents are contained a priori in the oil droplet, 
and during its combustion they are in intimate contact with one 
another. All reactions which would form sulphates are absent due 
to the high temperatures. 

(6) Secondary reactions, which occur in the gas stream be- 
tween the flame zone and the place of deposition, usually in the 
temperature range 1400-700 C. In this zone the chances of reac- 
tion between the solid ash particles are extremely small, but be- 
tween solid particles (according to their size) and SO, or SOs 
rather greater, and between vapor-phase ash constituents and 
SO, or SO; they are greatest. 

Chemical equilibrium probably does not exist on account « f 
the generally high flow velocities and the continual temperature 
change. Furthermore, the occurrence of turbulence and contact 
between the gases and the oxidized metal surfaces (catalytic 
effect, ete.) often have a decisive effect on the development of the 
reaction. 

(c) Tertiary reactions at the deposition surface. Here the 
reactions between the deposited ash and the metal are of interest 
as well as those between the deposits and SOQ, and SO; (possibly 
CO, if very little SO, is present). 


As it is not possible to consider all these reactions, the mecha- 
nismof a few important processes only will be more fully discussed. 
It is convenient for this purpose to divide heavy oils arbitrarily 
into three classes according to their ash composition: 

Fuels With High Vanadium Content. These are rich in vana- 
dium—containing porphyrin complexes. During the final stage of 
the combustion process vanadium pentoxide V,O, is formed which 
is stable in an oxidizing atmosphere below 1200 C. On account 
of its considerable vapor pressure (>2.5 X 107‘ atm at 1000 C) 
all the V.O; would be evaporated at high temperature under the 
pressures obtaining in most gas turbines, in the absence of other 
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ash constituents (9). Fouling by condensation, according to the 
local pressure and temperature conditions, is then to be ex- 
pected. 

These oils in the first group, however, generally contain besides 
vanadium considerable quantities of iron, nickel, sodium, calciura, 
ete. Depending on the ash composition, V2.0, will form vanadates 
or other compounds with the constituents mentioned partly dur- 
ing the primary reaction. The vapor pressures of all the complex 
compounds which can arise are without exception much lower for 
a given temperature than that of pure V,0;. It is seen therefore 
that the greater part of this ash reaches the turbine as rather large 
particles from the combustion of a single oil droplet. 

It will be shown later, by means of an example, that condensa- 
tion of V2O0; can always be confirmed. 

It is well known that the deposition of vanadium-containing 
ash is appreciably less when incomplete combustion is maintained. 
We have investigated this relationship thoroughly, both theo- 
retically and experimentally, and have drawn the following con- 
clusions: 

The oxidation of the organic vanadium compounds in the fuel 
to VO; takes place in the final phase (in the residual-carbon 
matrix) via the lower oxide stages V2O; and V.O, or their mixed 
phases. In contrast to V205, both V2.0, and have a very 
high melting point and a very low vapor pressure. If now the 
air supply or the atomization in the combustion chamber is so ad- 
justed that the carbon particle arising from the disintegration of 
an oil droplet no longer burns completely, then oxidation of the 
lower-vanadium oxides to V20, does not occur. The particles, 
consisting of the lower-vanadium oxides mixed with further ash 
constituents and carbon, pass through the turbine as a result of 
their low adhesive properties as a harmless dust and cause neither 
corrosion nor deposits. The efficacy of this process is therefore 
particularly good with fuels having a high vanadium content. 
Larger quantities of sodium compounds act unfavorably, as 
these have a low softening point both under oxidizing and reduc- 
ing conditions. 

Fuels With a High Alkali Content. Some fuels contain con- 
siderable quantities of sodium, up to 0.2 per cent, mostly as an 
emulsion of an aqueous solution of NaCl, or also as a suspension 
of microcrystalline particles arising from the emulsion. The 
probability that NaCl is evaporated during combustion is much 
greater than for VO; for two reasons; NaCl has a much higher 
vapor pressure, at 1000 C about 4 X 10-2 atm. V-O; arises only 
in the lower-temperature zones, after complete combustion of all 
the carbon, while NaCl is already present at very high tem- 
peratures. NaCl is not stable in the presence of SO, and SO. 
It reacts with SO, exothermally according to the following equa- 
tion 


2NaCl + SO; + + 
NaSO, + + 51 kilocal/mol 


A secondary reaction between gaseous NaCl and SO, according 
to the foregoing equation is therefore probable. This may be 
indirectly proved by the fact that with sufficiently high sulphur 
content NaCl deposits never occur. NaSO, has a much lower 
vapor pressure than NaCl (< 1.3 atm at 1000 C). The de- 
posits due to Na,SO, are formed therefore by a precipitation of 
the finest particles or drops arising from the foregoing reaction. 

Fig. 1 shows the fouling of a cascade of turbine blades in the 
outlet ducts of a combustion chamber after a 24-hr combustion 
test with a fuel containing 0.2 per cent NaCl and 2.5 per cent 
sulphur (10). The operating pressure was 1.5 atm abs, the gas 
temperature at the cascade 650 C. Over 95 per cent of the de- 
posits consist of Na,SO,. Although the melting point of Na,SO, 
lies well above the gas temperature at about 884 C, the layers are 


Fie. 1 Na2SO, Deposits on TursBINE BLapes 
(a, After 24 hr residual oil test in experimental rig. 6, Clean turbine blade.) 


sintered hard or molten. An explanation for this is the consider- 
able heat the particles are subjected to in the exothermic sulphate 
reaction (see equation). 

Fuels With High-Silicon-Content Ash. The ash of certain coal- 
tar oils consists mainly of aluminum silicates; i.e., of fine sus- 
pensions of clay-like substances. In addition there are generally 
iron and possibly calcium. Appreciable deposits are not to be 
expected, as the resulting particles have a very high softening 
point of over 1100 C, 

In Fig. 2 are shown curves for a typical fuel of each of the three 
groups just defined giving quantity of ash deposited against the 
corresponding temperature. A description of the experiments 
and their execution is given further on. 

Curve | is typical of the behavior of oil ash with a high vana- 
dium content. The dependence on temperature is very marked, 
as the particles receive no additional heat from exothermic 
secondary or tertiary reactions. Data on the composition of the 
ashes are given in Table 1. 

Curve 2 shows the fouling due to the ash of a residual oil with 
high sodium content. The flatter shape of this curve is due to the 
additional heat evolved by the particles reacting with SO, and 


TABLE 1 COMPOSITION OF ASHES 


Fuel 
Per cent 1 2 3 


¥ 
iy 
i 
OCTOBER, 1955 
“| 
\ 
1 
at 
-| : 
‘3 
af 
A 
sO 
4 
. 


Duration of test 12h 
Pressure abs 


per Disc 


Deposition Pate, gr 


4+ 


400 500 600 400 


Fic. 2. Deposition Curves or THREE YPICAL Restpuat O1Ls 


Curve 1 = oil with high vanadium content 
Curve 2 = oil with high sodium content 
Curve 3 = oil with high silicon content 


Curve 3 shows that the deposits from a fuel in group 3 are in- 
significant. 


PREVENTION oF O11-AsH Deposits By Fuge. AppITIVEes 


All studies and investigations in connection with the oil-ash 
problem are made with the object of finding a suitable process for 
trouble-free burning of residual oils. Among other methods, the 
mixing of additives appears to be promising. 

It is endeavored to so change the ash artificially, that neither 
deposits nor corrosion occur; i.e., the additive should raise the 
melting point of the ash and combine with the chemically most 
dangerous constituents. 

Exhaustive practical tests have been carried out with the 
semiclosed-cycle 20,000-kw gas-turbine plant of the North East 
Swiss Power Company (N.O.K.) at Weinfelden in Switzerland, on 
the combustion of residual oils with and without additives (11). 
Very favorable results were obtained by adding a suspension con- 
sisting mostly of aluminum silicates. The total running time 
using treated fuels was 2200 hr. During all this time it was not 
found necessary to clean the turbine; no reduction in performance 
due to fouling of the turbine could be detected. 

Fig. 3 shows the first three stages of the stator blading in the 
high-pressure turbine after a 50-hr test run without additives. 
The fuel contained 0.05 per cent ash, consisting of 0.03 per cent 
V2.0; and 0.01 per cent Na,O, together with a further 1.9 per cent 
of sulphur. From these results operation with residual oil ap- 
peared to be out of the question for the time being. 

Fig. 4 shows the same stages after running for 1200 hr with a 
similar fuel using additives under even more severe operating con- 
ditions. The pressure at the turbine inlet was 25 atm abs and the 
gas temperature 680 C. 

The deposits visible in Fig. 3 consist mainly of ash with dis- 
solved corrosion products. The consistency is typical of a de- 
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Via. 3. Fouutne or Frrst Taree Staces or H-P Tursine Arrer 
50-Hr Test Wits Restpvat Om. Maximum Biapve TemMPeRATuRE, 
650 C; Operatine Pressure, 18 Arm Ass 


Fie.4 First Taree Staces or H-P Tursine Arrer 1200 Hr Opera- 
tion With Restpvat Ow Pius Appitive. Maxmmum Biape Tem- 
PERATURE, 680 C; Opreratine Pressure, 25 Atm Ass 


Fie. 5 Rear Surrace or Finat Staces or H-P Tursine Braves 
Arter 1200 Hr Operation 


posit formation in which each completely burned oil droplet gives 
a single plastic ash particle. 

Fig. 5 shows the final stages of the high-pressure turbine. The 
pressure is about 14 atm abs, the temperature about 600 C. 
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Fine-powder deposits are clearly visible on the backs of these 
blades. The maximum thickness is attained after only a few 
hours’ operation and does not increase further even after pro- 
tracted running. In the 250 photomicrograph (Fig. 6) of such 
a powder specimen, glass-clear globules can be distinguished inter- 
spersed with needle-like crystals. Each of these globules has re- 
sulted from the combustion of a single oil droplet mixed with fuel 
additive, and consists of over 90 per cent molten silicates. Alto- 
gether about 60 to 80 per cent of the ash is chemically combined in 
all these globular ash particles. The melting point of the particles 
is about 1300 C; i.e., high enough to prevent any adhesion in 
the turbines. 

From analyses of various dust fractions it is seen that 20-30 
per cent of the available V.O; is still evaporated before it is com- 
bined by the additive in the primary reaction. In the present 
case the conditions in the final stages of the high-pressure turbine 
appear to be such that partial condensation of the free V.O; 
occurs. Specially evolved methods of microanalysis show that 
the needle-like crystals clearly visible in Fig. 6 consist of pure 
V.0;. It is assumed that V.0,; condenses on the nonplastic dust 
particles while still in the gas stream and that these thereby ac- 
quire a certain adhesive property. 


Fic. 6 PxHoromicroGrapH or Deposits on REAR SURFACE OF 
Biapes SHOWN IN Fia. 5; X 250 


Although the powder-like deposits do not cause any trouble in 
service, they are nevertheless slightly corrosive owing to the 
considerable vanadium content. It has now been found possible 
to eliminate this subsidiary effect by means of a small change in 
the additive. 


EXPERIMENTAL TECHNIQUE 


Nomenclature 
T = absolute temperature, deg C 
p = absolute pressure, atm abs 
A air factor = excess-air ratio + 1 


a = ash content 

z = duration of test 
= constants 

G = weight of deposits 


Reports on Operation. Reports on operating experience with 
residual-oil fuels in industrial gas turbines are often contradic- 
tory, even when the fuels are similar with regard to ash content 
and composition. As already mentioned, the completeness of 
combustion can have considerable effects in certain cases. 

Incidence of Ash Fouling. The engineer and designer must be 
able to estimate how prone a given gas-turbine system will be to 
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ash fouling. It is therefore convenient to determine first of all 
those factors and quantities in which the different plants and sys- 
tems differ. Such quantities are the gas temperature in the tur- 
bine 7’, the operating pressure p, and the air factor \; \ defines 
the ratio of the quantity of air actually passing through the tur- 
bine to that necessary for stoichiometric combustion. The 
quantity p/A is therefore proportional to the concentration of the 
ash particles per unit volume of flue gases. Evidently p/X is 
usually greater in the semiclosed-cycle than in the closed-cycle 
which is again greater than in an open-cycle plant. 

Flow Velocity. It is more difficult to appraise the effect of the 
flow velocity (7, 12). The particles undergo plastic deformation 
on impact which affects their adhesive properties. Also each 
particle in coming to rest is heated by an amount proportional to 
its velocity squared. Although this quantity of energy con- 
verted into heat, when related to the whole particle, only amounts 
to a few degrees for a velocity of 100 meters per sec, higher tem- 
peratures can occur at the point of contact between the particle 
and the metal surface. The plasticity of the particle, which is an 
exponential function of the temperature, is therefore increased; 
the adhesion strength is greater. If the plasticity of the ash at 
the temperature obtaining at the place of deposition is itself con- 
siderable (fuels in group 1), then the flow velocity will have little 
effect. The particles in this case have very good adhesive proper- 
ties at very low velocity or even simply by contact alone. Much 
more important than the flow velocity (this falls within a rela- 
tively narrow range for the various industrial-plant systems) are 
the effects of local turbulence conditions on the fouling process. 
These determine to a very great extent what proportion of the 
available particles will come into contact with the surface. 

During the tests described later, the flow velocity could be held 
constant within about 20 per cent. Special tests for further in- 
vestigating these effects quantitatively are being projected. 

Other necessary quantities are the ash content @ and the dura- 
tion of test z. 

In the accompanying diagrams the test results have been 
summarized as the quantity of deposit formation in an experi- 
mental plant in terms of temperature 7’, concentration p/X, ash 
content a, and the test duration z. 


ARRANGEMENT OF Test Rig 


The high-pressure combustion test rig used in the present tests 
is shown in Fig. 7. Two piston compressors with a total output 
of 1200 kg/hr supply the compressed air for combustion. The 
maximum pressure is 25 atm abs. This air first passes through 
the recuperator 6 and is then led to the combustion chamber 1 
where it is divided into two main streams, primary and secondary 
air. Small quantities are tapped off for cooling the burner, in- 
spection windows, etc. The atomizer with spill return enables a 
maximum fuel flow of 25 kg/hr to be in‘ected. Ignition is effected 
by insertion of a glowing metal coil. 

After leaving the combustion chamber the flue gases pass a cas- 
cade consisting of 7 slotted disks, Fig. 8, which serve as deposition 
surfaces. In order to provide a large temperature drop along the 
cascade, the disks are connected by water-cooled pipes. It is 
possible to obtain a temperature drop of over 400 deg C depending 
on the temperature adjustment at the first stage. The amount of 
ash deposited is determined by weighing the separate disks. 

A single test at some definite pressure is sufficient to determine 
the deposit formation over the whole temperature range which is 
of interest. After leaving the cascade the gases enter the cooler 4. 
The pressure is adjusted by means of the valve 5. Thence the 
flue gases exhaust through the heat exchanger 6. 

In Fig. 9, the combustion chamber appears in the foreground, 
with the cooler and air heater to the rear. All the measuring in- 
struments and contro] apparatus are mounted on the wall. The 
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Fic. 7 Diagram or Expert- 
MENTAL 
Rte 


Combustion chamber 
Slotted deposition disks 
Water cooling 

Cooler 

Valve 

Air preheater 


| 


REsvULtTSs 


Versuch 


8 Depostrion Disks Arter 3-Hr Test SHowrne Deposition 
av Various TEMPERATURES 


Fig. 9 Generat View or Hicn-Pressure CompustTion TEST 
COMPRESSORS 


deposition cascade can be inspected by removing panels in the 
Unfortunately, it was not possible to use the same fuel for all 


the series of tests; at least all three oils belong to group 1 and are 
similar both in ash content and composition. 


Analysis of the family of curves in Fig. 10 shows at once that 


deposition increases as an exponential function of the tempera- 
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Fic. 10 Errect or TEMPERATURE AND CONCENTRATION P/\ ON 
Deposition Rate 


ture and also that it is proportional to the concentration p/X. 
Each curve was determined by burning a constant amount of 
fuel. The curves |, 2, and 3 are based on a 12-hr test, curve 4 on 
a 23-hr test. The exponential characteristic is explained by the 
variation of particle plasticity with temperature, which follows 
the law e~4/7)+* with good approximation. Here A and B de- 
note constants, 7’ the absolute temperature. In the higher tem- 
perature range the deposits have a greater tendency to break 
away together with the metal surface, which gives considerable 
scatter in the results. 

The effect of ash content is found from the family of curves in 
Fig. 11. Curve 1 corresponds to a test with undiluted residual 
fuel, while curves 2, 3, and 4 show the results for the same fuel 
diluted with an ash-free distillate. Here, also, the exponential 
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Fie. 11 


Errect or AsH CONTENT AND TEMPERATURE ON DeEPo- 
SITION 


character of the curves is evident, and the amount of deposition is 
proportional to the ash content a. 

Finally, it is seen in Fig. 12 that the quantity of ash deposited 
is directly proportional to the test duration. These results for the 
variation with time are of only limited interest. In longer tests 
the deposits partially break off which must lead to greater scatter 
in the results. 

Table 2 gives data on the fuel used for each series of tests. 


TABLE 2 FUEL USED IN TESTS 


Per cent Fig. 9 Fig. 10 Fig. 11 
Sulphur......... 1.9 1.8 1.9 
0.025 0.03 0.01 
0. 0.01 
0. 0.00: 


The results of the three series of tests can be summarized by the 
following formula, as may be easily proved 


G= 


The constants C; and C2 are determined for each fuel by means 
of a single test. All the curves shown can be calculated with 
good approximation by this means. 

It is evident that the range of application for this formula is 
very limited, especially for fuels in which the ash contains large 
quantities of earth-alkali metals, where considerable deviations 
have been found. This effect is explained by the marked de- 
pendence on pressure of the sulphate formation. For instance, 
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Hours 


Fig. 12. Errect or Test Duration on Deposition Rate; 
Pressure, 21 Atm Ass 


the presence of magnesium is harmless or even beneficial at low 
pressures, but can lead to heavy sulphate deposits at high pres- 
sures. Furthermore, the formula may only be used in the tem- 
perature range of approximately 400 to 750 C and all the results 
given are for complete combustion. 

Chemical Analysis. The chemical analysis of the deposits, 
Fig. 10, show ap increase of sulphur and vanadium content with 
decreasing temperature and a marked decrease in the iron con- 
tent. Since the deposits contain up to 40 per cent Fe,O; at the 
highest temperatures, the ash however, only about 4 per cent 
(Table 2), it is obviously a matter of corrosion products coming 
from the surface. If these values are converted on the basis of a 4 
per cent Fe,O; content, then a continuous, slightly increasing 
alkali and sulphur content with decreasing temperature is found, 
Table 3. The composition is, however, independent of the pres- 
sure, 


TABLE 3 ANALYSIS OF ASH DEPOSITS (FIG. 10) 


-—Temperature— 

Per cent 00 C 500 C 
(NazO + K:0).......... 12 
4 
6 
Remainder.... . 10 


® Converted to 4 per cent. 


This behavior can be explained as follows: From the foregoing 
it is probable that the sodium compounds contained in the fuel 
evaporate and form Na,SO, particles. The greater part of the 
V0; together with the remainder of the ash constituents (Fe.0;, 
Si0.; NiO, CaO, Al,O;) form a plastic particle after complete 
combustion of the oil particle. Thus the deposition of Na,SO, 
particles is superimposed on the development of deposits of rela- 
tively large particles with a pronounced plasticity variation with 
temperature, whereas the plasticity of the former is apparently 
much less temperature-dependent, Fig. 2. Thus in the lower 
temperature range relatively more sodium sulphate is deposited. 
This effect has been observed much more clearly in deposition 
processes with ash having a higher Na,O:V,0; ratio. The 
curves found consist then of two simple exponential curves super- 
imposed. For this reason the points in Fig. 10 also deviate to- 
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ward higher values from the simple exponential curve at the 
lower temperatures. 


CONCLUSION 


The observations which have been summarized here do not 
pretend to scientific accuracy. Nevertheless, it is believed that 
they enable some conclusions to be drawn about the interaction of 
various phenomena, as well as about the effect of the most im- 
portant quantities in the formation of oil-ash deposits. The study 
of the rather complicated processes is not only of academic in- 
terest, but has given valuable assistance in the preparation of 
fuel additives. 
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Compressibility Deviations for Polar Gases 


By N. A. HALL! ano W. E. IBELE,? MINNEAPOLIS, »i INN. 


The departures of compressibility factors of polar gases 
from generalized compressibility charts have been noted 
by previous studies of gas compressibility as reaching such 
magnitudes as to reduce seriously the utility of such charts 
in describing the behavior of polar gases. Employing an 
“extended law of corresponding states,” this paper shows 
that polar-gas compressibility departures correlate with 
the “reduced dipole moment,” a parameter which is 
closely related to the molecular dipole moment of the 
particular polar gas. Charts are presented which permit 
the calculation of compressibility factors for polar gases by 
applying a polarity correction to the compressibility as 
given by a standard chart. 


INTRODUCTION 


PROBLEM frequently encountered in engineering analy- 
A sis concerns the prediction of pressure-volume-tempera- 

ture behavior of a gas under the manifold conditions 
occurring in various industrial processes. More often than not 
the data required lie in a range marked by the total absence of 
direct experimental P-V-T data. The problem promises to be a 
continuing one as the number of industrially significant gases in- 
creases and the need for data extends to regions not yet con- 
sidered by experimental investigations. Generalized charts, 
constructed by averaging the experimental compressibility data 
for several gases, represent the best practical means available for 
meeting this need, the most familiar examples being those of 
Dodge (1),? Su (2), Obert (3), and Haugen and Watson (4). 
Experience has shown that such charts achieve moderate suc- 
cess when developed according to the law 


Z = f(P,, T,) 


where Z = PV/RT, the compressibility factor and the right side 
of Equation [1] is a universal function in reduced pressure and 
temperature. The reduced properties are defined by P, = P/P, 
and 7’, = 7'/T. where P, and T, are the critical values. Increased 
accuracy may be achieved at the price of decreased generality by 
developing and using the charts with a particular family of gases 
as has been done for hydrocarbons (2). When charts were de- 
rived as an average of data for several dissimilar gases, the result 
was not in rigorous agreement with all the data on any one of 
the gases. These discrepancies resulted from the fact that the 
theory of corresponding states, as postulated, was only an ap- 
proximation, and in the case of polar gases and “‘light gases” not 
an entirely satisfactory one. Various empirical methods (5, 6, 7) 
have been proposed to resolve this difficulty but even the most 
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recent semiempirical study (8) notes deviations as high as 7 per 
cent for certain gases. 


THEORETICAL APPROACH 


Concurrent with a renewed interest in empirical developments 
and modifications of the law of corresponding state has been an 
approach on a theoretical basis. The principle of corresponding 
states was formulated in such a way that no reference was made 
to any particular equation of state. The conditions to be met 
for substances to conform to the principle were clearly set forth 
(9) and the following equivalent mathematical statement derived 
by an exact theoretical treatment results 


where V*, 7'*, and P* are obtained from the usual macroscopic 
quantities pressure P, volume V, and temperature 7’, by render- 
ing them dimensionless through the use of two molecular con- 
stants which refer to the distance (r) at which the generalized 
intermolecular potential has a minimum energy €). Thus V* = 
V/Nr’, T* = xT/e, P* = N and «x being Avogadro’s 
number and Stefan-Boltzmann’s constant, respectively. Failure 
of the light gases, hydrogen, deuterium, helium, and to a lesser de- 
gree neon to conform to Equation [2], led to the introduction (10) 
of a light-gas parameter to account for light-gas deviations. 
Gases possessing permanent electric or dipole moments have been 
treated successfully (11) by means of an intermolecular potential 
(12) that involves a parameter related directly to the dipole 
moment yu of the molecule. Again, gases having nonpolar mole- 
cules of cylindrical symmetry have been considered (13) by in- 
troducing a ‘“‘shape’”’ parameter based on the maximum inter- 
nuclear distance of the molecule. 

These activities have led to proposed extensions of the statis- 
tical law of corresponding states (11, 14) including as additional 
factors the dimensionless quantities analogous to the statistical 
mechanics parameters found to be important in considering light, 
polar, and nonsymmetrical gases. This study seeks to verify 
macroscopically the proposed extension for the group of polar 
gases. 

VALipITy OF PRoposED EXTENSION 


Since the compressibility factor represents one of the most 
useful properties indicating gas imperfections and is also one of 
the most accurately and extensively measured quantities as- 
sociated with gas behavior, recourse was made to this property 
in testing the validity of the proposed extension; thus 


Z = f(T,, p,’, A, 


p,’ representing Su’s (2) ideal reduced density defined by pRT',/ 
P.; u,, l,, and A, representing parameters important for polar, 
nonspherical, nonpolar, and light gases, respectively. The 
ideal reduced density was chosen in order to avoid the introduc- 
tion of the critical density, a quantity more subject to error than 
the critical temperature and pressure. When the interaction of 
permanent dipoles exerts the dominant influence on gas behavior, 
Equation [3] reduces to 


Z = f(T Br) 


The statistical treatment of polar gases (12) employs a dimen- 
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sionless parameter constructed of microscopic quantities, 42/€oro’, 
which may be converted to macroscopic ones by using the results 
of Lennard-Jones (15) that « xT, and V./N « thus 


The success of statistical mechanics in representing observed 
P-V-T data and transport properties by means of intermolecular 
potentials suggested as a possible standard, that compressibility 
factor as would be obtained through a generalized intermolecular 
potential. Such a potential, by its parameters could then be 
related to the effects that lead to departures from the conventional 
principle of corresponding states. A search of the literature 
failed to disclose a potential of such generality. Even if one had 
been found, or formulated, the standard compressibility predicted 
would have been subject to two limitations: (a) The compres- 
sibility prediction would occur through some equation of state 
constituting a restricted interpretation of the principle of cor- 
responding states which properly formulated makes no reference 
to any particular equation of state. (b) Even should a particu- 
lar equation be chosen as representing the standard, the virial 
form, for example, the attendant mathematical difficulties have 
found only the second and third virial coefficients of the series 
computed to date; thus to select one of the most successful 
equations of state would, nevertheless, cireumscribe the range of 
application. 


. [5] 


Rare Gases SELECTED AS STANDARD 


To avoid accepting an equation as representing the principle of 
corresponding states, the group of rare gases, argon, krypton, 
and xenon, was selected as the standard. While such a selection 
was arbitrary, certain advantages accrued from such a choice. 
Tt has been shown (16) that these gases form a group which con- 
forms most closely to Equation [1]; consequently, deviations 
from this model by other gases are equivalent to obtaining de- 
partures from the conventional two-parameter statements of 
the principle. Another gain was realized in terms of the extent 
and accuracy of the data available (17, 18, 19, 20, 21). The ac- 
curacy of the experimental data was of critical importance since 
in some cases the departures were of a magnitude to be masked 
by the experimental error had the latter been excessive. The 
justification for the selection of the model rests therefore on rather 
pragmatical grounds. 
The compressibility of the standard was taken as 


where pRT,/P, represents the “ideal’’ reduced density. This 
formulation was chosen to avoid the introduction of plotting 
errors by minimizing the number of cross plots necessary before 
representing the data in the final form for comparison. Only 
one construction chart of Z versus p,’ at various reduced tempera- 
tures was required in order to construct the standard chart of 
reduced isometrics shown in Fig. 1. In order to preserve the ac- 
curacy of the data treated, the plotting scale was selected to 
realize a plotting uncertainty of not more than two parts per 
thousand. The vapor-pressure curve shown was calculated from 
the saturated-vapor properties of argon (22). The critical con- 
stants used to place the data in reduced form were those given by 
(23, 24, 25). 

In order that the proposed extension might rest on as broad a 
base as possible, a comprehensive search of the literature was 
undertaken. A group of 20 gases was composed from the entire 
body of gases whose compressibilities have been measured. The 
elimination of only slightly polar gases, those of unknown dipole 
moment or insufficient P-V-7 data reduced the number to 13. 
Table 1 summarizes the polar gases employed in the study and the 
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sources from which the pertinent experimental data indicated 
were obtained. Clearly, not all the P-V-T data listed are of equal 
accuracy. The group of freons was studied originally primarily 
for the purpose of acquiring equation of state and thermody- 
namic data for the purpose of engineering design and application, 
activities somewhat less demanding of highly accurate data. 
Conversely, ammonia and water have been studied extensively, 
and their behavior over reasonable ranges of pressure and tem- 
perature are known to be accurate and consistent. The com- 
pressibility data for methyl fluoride represents a recent contribu- 
tion to the literature from the Leiden group, long renowned for 
its precision studies of pressure-volume-temperature behavior of 
gases. The remainder of the gases considered would appear to 
rank between the two bounds described with respect to accuracy 
and consistency of the data. 


CoNSTRUCTION CHAKTS 


Following the same procedure used in connection with the 
standard charts, a construction chart in reduced co-ordinates, Z 
versus p,’ (ideal reduced density), was made for each of the gases. 
From these charts, plots were made of compressibility factor 
versus reduced temperature for reduced isometrics at intervals of 


OCTOBER, 1955 


HALL, IBELE—COMPRESSIBILITY DEVIATIONS FOR POLAR GASES 


TABLE 1 SUMMARY OF POLAR GASES 


Saturated Molecular 
Source of Pressure, vapor —dipole moments-——~ 
Gas P-V-T data* int. atm d data «X10%esu Source* 


Ammonia, NH; 

Freon 12, CCliF: 

Freon 21, CHChF 
Freon 22, CHF:C 

Ethy! alcohol, C:HsOH 
Ethyl ether, (C2Hs):0 
Freon 11, CFCl 
Hydrogen sulphide, H:S 
Methyl alcohol, CH;OH 
Methyl chloride, CH:Cl....... 
Methyl fluoride, 
Propene, 

Water, H:O 


A 


50 
43,51,52 
53 


2s 
No 
wo 


See Bibliography. 


Using Equation [4] as representing 
the group of thirteen polar gases, the 
ratio Z/Zsrp was formed at identical 
reduced-density and reduced tempera- 
ture values for the gases considered 
and the standard. Since the three 
gases composing the model obey very 
closely the two-parameter law of cor- 
responding states, the standard com- 
pressibility was taken as defined by the 
reduced temperature and ideal reduced 
density; hence 


Z/Zer = Py’, Mr) /f(T,, Pr’ 0) 


To correlate the factor Z/Zsrp with 
the reduced dipole parameter, defined 
by Equation [5], plots were made with 
a, as abscissa and Z/Zgrp as ordinate. 
This was accomplished at the same 
density intervals appearing in Fig. 1 
and at reduced temperature increments 
of 0.05 from the dew-point curve to a 
reduced temperature of 1.20 and at 
0.10 increments to 1.40. Lack of data 
prevented extension to higher reduced 
temperatures and densities. The va- 
lidity of the correlation is shown in 
part by Figs. 2 and 3, the complete 
results reported by (65). 


PERTINENT OBSERVATIONS 

Bearing in mind the experimental 
errors present and the tendency of in- 
herently diverse species to deviate 
from the average behavior despite the 
mutual sharing, in various degrees, of 
a common property, the following ob- 
servations were made: 


1 Propene, with smallest value of 
reduced dipole parameter, did not cor- 
30" relate well with the other polar gases. 
z An unsaturated hydrocarbon, propene 

might better fit with gases having cy- 
lindrical symmetry, an inference sup- 
ported by the fact thet the Benedict- 
Fic. 3 Webb-Rubin equation (68) usually 
used for nonpolar hydrocarbons, suc- 
one tenth from 0.1 to 1.0 and two-tenth intervale from 1.0 to 2.0. _ cessfully reproduced the experimental data. 


The results were similar to Fig. 1 of the model and are given by 2 The group of freons on the whole conforms surprisingly well 
reference (65). to the average curve, particularly when the nature of the experi- 
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mental P-V-7' data was recalled. Freons 21 and 22 exhibited, 
throughout the range of density and temperature covered by ex- 
perimental compressibility data, as satisfactory agreement as 
might be wished. Correlation of Freons 11 and 12 was satis- 
factory except at high densities and low temperature where rather 
large deviations were expected due to known errors in the com- 
pressibility data. 

3 Hydrogen-sulphide deviations, which were as large as 3 
per cent relative to the standard, always correlate to within 1 
per cent of the average curve. 

4 For ammonia and methy! chloride the values of Z/Zsrp 
always agreed within '/, per cent with the correlation curve; 
more often than not the best curve fit passed exactly through the 
Z/Zsrp values for these gases. When it was recalled that the 
experimental compressibility factors for these gases deviated by 
more than 7 per cent from standard chart prediction, the precise 
agreement of these gases with the correlation curve appeared to 
constitute strong evidence of the validity of the proposed exten- 
sion of the principle of corresponding states. 

5 Methyl alcohol and ethyl alcohol with strong hydrogen 
bonding tendencies (66) correlated only moderately well with the 
other polar gases. The idealization of mathematical dipoles, 
from which evolved the reduced dipole parameter u, represented 
only an approximation to the real interactions; hence exact 
agreement was not expected. In addition, large experimental 
errors are known to exist in ethyl-alcohol measurements. For 
both substances, however, the correlation curve effects a cor- 
rection in the proper direction reducing deviations from the 
standard chart as large as 7 per cent to nearly half that value. 

6 Despite strong hydrogen bonding tendencies, the smaller 
size of the water molecule probably accounts for the point dipole 
model offering a better representation than for the alcohols. 
Departures as large as 7 per cent from standard were correlated 
within 1 per cent in almost all cases and always within 2. 

7 Methyl-fluoride departures correlated to same degree as 
water; deviations as large as 9 per cent from standard agreed 
within 1 per cent with the curve fit except at higher reduced 
temperatures where agreement was to within 2 per cent. 

8 Ethyl-ether deviations from the correlation seldom exceeded 
1 per cent, the corrections being made in the right direction except 
in the region where experimental errors were present. 


In retrospect, the degree of correlation demonstrated by the 
various gases with the reduced dipole parameter appeared to sup- 
port the extension of the principle of corresponding states for 
polar gases represented by Equation [4]. The success in repro- 
ducing experimental compressibility data through the use of 
generalized parameters would be acceptable even though these 
parameters were entirely empirical. When the parameter intro- 
duced has a demonstrated physical basis as was true of the one 
employed here the extension receives additional justification. 


CorRECTION CHARTS 


For engineering use, correction charts of Z/Z,,p versus the 
ideal reduced density at various reduced temperatures were con- 
structed for selected values (0.10, 0.20, 0.30, 0.40, 0.50) of the 
reduced dipole parameter held constant and reported in reference 
(65). The linear variation of the ratio Z/Z.;) with p, for var- 
ious reduced densities and temperatures suggested a somewhat 
simpler method of obtaining the correction factor than the use of 
five separate charts; thus 


(8] 


was chosen to represent the behavior of the correction factor, the 
function $(7,,, p,’) determined by rearranging Equation [8] to give 
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WT, = 


With selected values of the reduced temperature and ideal re- 
duced density heid constant, a value of ¢(7',, p,’) was obtained 
for values of u,. At the same reduced temperature, the proce- 
dure was repeated, but with a different value of the ideal reduced 
density. This was continued until ¢(7’,, p,’) had been evaluated 
for the initial reduced temperature held constant, at values of the 
density, p,’, from 0.10 to 2.0. Following a similar process for 
other values of the reduced temperature allowed Fig. 4 to be 
plotted. The compressibility for a polar gas is given then by us- 
ing the reduced co-ordinates of the state to determine Z,;, from 
Fig. 1 and the same co-ordinates with u, to determine the value 
of ¢(T,, p,’), Z may then be determined by Equation [8]. 

The absence of extensive experimental P-V-7 data for polar 
gases precluded a test of the ability of this work to predict ac- 
curate compressibility factors, over a wide range, for polar gases 
not included in the group on which the correlation was established. 
This ability was demonstrated only to a very limited extent by 
(65) where the compressibility factor for sulphur dioxide was 
predicted to agree within 0.3 per cent of the experimental value 
reported by (67). With this exception, the evaluation of the 
usefulness of the correction chart was obtained by determining 
for the thirteen gases the ability to reproduce the original experi- 
mental data, and further, by determining the extent by which 
the correction chart reduced the large deviations from standard 
compressibility charts noted for ammonia (1), water, and methy] 
fluoride (8). 

Table 2 summarizes the average deviation of the gases from the 

TABLE 2 DEVIATION OF GASES FROM COMPRESSIBILITIES 
Ave % devia- 
tion of experi- 


mental com- 
pressibilities 


Avge % devia- 
tion of experi- 
mental com- 
pressibilities 


from this from standard 

Gas work chart 
0.22 2.53 
Freon 12, CChF:... 0.86 0.83 
Freon 21, CHChF..... 0.53 1.27 
Freon 22, CHF:C1..... 0.36 1.46 
Ethyl alcohol, C:HsOH 1.24 1.60 
Ethyl ether, (C2Hs5)20.. 0.56 0.86 
Hydrogen sulphide, H.S. 0.44 0.88 
Methyl aleohol, CHs;sOH 1.64 3.28 
Methyl chloride, CHsC1.... 0.14 2.10 
Methyl fluoride, CHsF.... 0.76 4.67 
Propene, 0.90 1.20 
Average (all gases)......... 0.76 1.90 
Average (without alcohols and 


compressibilities predicted by the correction chart and standard, 
as well as from the standard chart alone. The standard chart 
was taken as representative of the various generalized charts 
since the latter are without exception developed by extensive use 
of experimental data for nonpolar gases, many of which are spheri- 
cally symmetrical, the same characteristics of the argon-krypton- 
xenon model. The range covered extends from a reduced tem- 
perature of 1.4 to the dew-point curve, the region where devia- 
tions from existing generalized charts were greatest. 

The failure of Freon 12 to be better represented by the polar-gas 
correction charts was attributed to the large experimental errors 
known to exist in the data used. The remaining averages gener- 
ally confirm the qualitative and isolated quantitative observa- 
tions made earlier. 

Further evaluation of the correction charts was accomplished 
by comparing the predicted compressibility factors against those 
predicted by the methods of statistical mechanics (11) for am- 
monia. The results appear in Table 3. The increasing devia- 
tion between experimental and statistical values noted at high 
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TABLE 3 COMPRESSIBILITY FACTORS FOR gu, = 0.312 
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densities and low temperatures result from the allowable use of 
only the first three terms of the infinite series form for Z. 

While lack of experimental data precluded the extension of the 
correiation beyond an ideal reduced density of 2.00, the correc- 
tion chart developed to supplement the accurate standard com- 
pressibility chart should prove useful in eliminating large devia- 
tions of polar gases from the compressibility charts currently 
available for engineering use. 
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Discussion 


K.S. Prrzer.‘ This paper is very interesting to the writer be- 
cause we are just completing a somewhat similar study of com- 
pressibility deviations for nonpolar molecules of irregular shape. 
The present study on polar gases should supplement our work. 
The selection of the reduced dipole moment parameter appears 
to be sound theoretically and the resulting correlations are very 
successful for molecules of compact and nearly spherical shape, 
but with increasing dipole moments. The deviations shown in 
Figs. 2 and 3 for elongated molecules of low dipole moment are to 


4 Dean, College of Chemistry, University of California, Berkeley, 
Calif. 
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be understood in terms of the theory which we are proposing. 
The only other molecules showing significant deviation are 
methyl alcohol and ethyl alcohol. In these cases the dipole 
moment is concentrated in a portion of the molecule and it is not 
surprising that the behavior is more complex than for the other 
examples, 


Autuors’ CLosURE 


The authors are pleased to acknowledge the discussion of Dean 
Pitzer. One additional comment regarding experimental P-V-7’. 
data would appear to be in order. Early in the course of the 
study, it soon became apparent that despite the abundance of 
gases involved in industrial processes, accurate information in 
so far as number of gases involved and/or the pressure and tem- 
perature range covered was quite limited. While the results 
presented here represent an effort to improve the status of gas- 
property knowledge in a very real sense, it also indicates a 
continuing need for experimental data covering wider ranges of 
pressure and temperature for pure gases and mixtures. 
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Total Normal Emissivity Measurements on 


Aircraft Materials Between 100 and 800 F 


By N. W. SNYDER,' J. T. GIER,* anv R. V. DUNKLE,* BERKELEY, CALIP. 


The results of techniques developed and used to deter- 
mine the mean effective emissivity of different surfaces 
over a range of temperatures from 100 to 800 F are pre- 
sented. The measurement of radiant energy from the 
surfaces is accomplished by means of a 160-junction silver- 
constantan directional thermopile radiometer. Serious 
errors are noted and accounted for when improper use is 
made of polished shields in the experimental arrange- 
ments. This represents a refinement over previous tech- 
niques used; further refinements are anticipated with the 
ultimate aim of checking against integrated spectral 
data. However, the data presented are useful aids as a 
phase of the technique of evaluation of equilibrium tem- 
peratures of different surfaces exposed to solar irradiation. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


areas of two surfaces radiating directly to each other, 
sq ft 
area of sample surface seen by thermopile receiver, 
sq ft 
= area of thermopile receiver surface, sq ft 
= area of heater case surrounding sample, sq ft 


Fur — ex) 


, a factor, dimensionless 
For (1—Z) 


Tot — 
mensionless 
heat conduction to supports for a sample exposed to 
atmospheric radiation per unit area of sample, 
Btu/hr sq ft 
total emissivity of a surface at a given temperature of 
surface; named mean effective emissivity 
monochromatic emissivity of a surface at temper- 
ature T 
emissivity of surface with respect to plate surface at 
low temperatures (long-wave radiation) 
€meo) = Mean effective emissivity of sample test sur- 
face 
€me(g) = incorrect mean effective emissivity of sample 
test surface because of test procedure 
= emissivity of shield 
= emissivity of heater case 
emissivity of surroundings 


= ratio of temperature differences, di- 
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ber 29, 1954. Paper No. 54—A-189. 


E emissive power of a surface at temperature 7’, Btu/- 
hr sq ft 
monochromatic power of a surface at temperature 7’, 
Btu/hr sq ft/(micron) 
monochromatic emissive power of an ideal radiator at 
temperature 7’, Btu/hr sq ft (micron) 
shape factor of surface 1 with respect to 2 where sur- 
face 1 is being irradiated by 2, dimensionless 
vice versa of 
shape factor of sample surface with respect to sur- 
rounding surfaces (conversely for F,,o) 
shape factor of thermopile receiver surface with re- 
spect to sample surface (conversely for Fo,r) 
ratio of all incident energy upon receiver which is 
emitted by heater case to total energy emitted by 
heater case 
ratio of radiant energy incident upon receiver from 
heater case after one reflection from shield and 
sample surface to total energy from heater case 
Fu, x. # = ratio of radiant energy incident upon heater case 
from heater case after one reflection from shield to 
total energy from heater case 
unit incident radiant energy upon a surface, Btu/hr 
sq ft 
total incident radiant energy upon a surface, Btu/br 
short-wave irradiation from sun plus sky, Btu/hr sq 
ft 
= long-wave irradiation from sun plus sky, Btu/hr sq ft 
= irradiation of thermopile receiver by energy emitted 
from sample surface 0, Btu/hr sq ft 
irradiation of thermopile receiver by energy emitted 
by surroundings and reflected directly from sample 
surface, Btu/hr sq ft 
irradiation of thermopile receiver by energy emitted 
by heater case and reflected by both shield and 
sample surface, Btu/hr sq ft 
irradiation of thermopile receiver by energy from 
heater case after one reflection from shield and 
sample, Btu/hr sq ft 
irradiation of thermopile receiver by energy emitted 
by heater case after two reflections from shield and 
one from heater and sample, Btu/hr sq ft 
energy which is multiply reflected between heater 
case and shield and then from sample onto thermo- 


n 
pile receiver = Gyo, @in, Gu», = Gu, 
n=0 
Btu/hr sq ft; n = number of reflections 
heat-transfer coefficient for convection from surface 
to air, Btu/hr sq ft deg F 
radiometer sensitivity constant, Btu/hr sq ft (Mv) 
distance from thermopile receiver to opening in shield, 
ft 
thermoelectric output of thermopile, millivolts 
—T'g*), Btu/hr sq ft 
Ar€mel'r.oo(T'o* — Tr*), net energy interchange be- 


Frou 


Fr. x, H 
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tween thermopile receiver and sample surface, 


Btu/hr 
r = radius of opening in shield, ft 
to = temperature of sample surface, deg F 
tais = temperature of ambient air, deg F 
To = to + 460, deg R 
Tz = absolute temperature of thermopile receiver, deg R 
Ts = absolute temperature of surroundings, deg R 
Tq = absolute temperature of heater case, deg R 
Z = Fy.x.n(1 — ex)(1 — eg), dimensionless 
Q,. = absorptivity of surface with respect to short-wave 
solar plus sky irradiation 
Qy, = absorptivity of surface with respect to long-wave 
solar plus sky irradiation 
Y = en(l — ex)(1 — eo) is) Fup (Tat — 
Btu/hr sq ft 
\ = wave length, uw, microns 
“ = microns 
INTRODUCTION 


This paper represents one phase of the experimental work in 
connection with the development of techniques for the prediction 
of equilibrium temperatures for surfaces exposed to solar irradia- 
tion (1).4 It may be looked upon as the first step in the evaluation 
of the spectral properties of materials over broad “long wave- 
length” regions. 

Surfaces that are selective absorbers or reflectors will manifest 
this selectivity by attaining different equilibrium temperatures 
when exposed to irradiation from sources such as the sun which 
differs appreciably from a uniform energy spectrum. For in- 
stance, when irradiated by the sun, surfaces which have a low 
absorptivity for ‘“‘short wave-length” irradiation and a high long 
wave-length absorptivity (or emissivity) will be cooler (attain a 
lower equilibrium temperature) than surfaces of high short 
wave-length absorptivity and low long wave-length emissivity. 

The ratio of the short wave-length emissivity to the long 
wave-length emissivity of any given materials can be used as 
indexes for predicting relative equilibrium temperatures for the 
materials when exposed to any given solar and atmospheric irra- 
diation. 

It is presumed that the surfaces are being irradiated by both 
solar and sky energy. For convenience, it is desirable to dif- 
ferentiate between short wave-length energy as \ < ly and long 
wave-length energy as A> 1. Most of the solar energy lies in the 
short wave-length region and most of the energy from a 200 to 300 
F surface lies in the long wave-length region. The heat balance for 
a plate exposed to solar irradiation may be expressed as follows 


+> CF + h (to — tair) + Co [1] 
where 


short-wave irradiation from sun plus sky, Btu/hr sq ft 

long-wave irradiation from sun plus sky, Btu/hr sq ft 

absorptivity of plate surface with respect to short-wave 
solar plus sky irradiation 

absorptivity of plate surface with respect to long-wave 
solar plus sky irradiation 

emissivity of plate surface with respect to radiation from 
plate surface at low temperatures 

Stefan-Boltzmann constant (1.714 X 10~* Btu/hr sq ft 
deg R‘) (reference 6) 

surface temperature of plate, deg F 


Gy = 


Aue = 


= 


4 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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h, = heat-transfer coefficient for convection from plate, Btu/ 
hr sq ft deg F 
T. = t + 460, absolute temperature, deg R 
tir = ambient temperature of air, deg F 
Co = heat conduction to supports for plate, Btu/hr sq ft 


The value of a,,, may be determined in Equation [1] provided 
that Go, Fir Ciw, and Coare known. Cs; may be made negli- 
gible; h, may be determined from existing heat-transfer data; aj, 
may be considered equal to e;. and determined experimentally ; 
G,. and G,, may be determined experimentally. Techniques for 
evaluating e,,, have been discussed in reference (1). 

There is a certain amount of data for e;, available (1) but the 
techniques used in the evaluation have not been described com- 
pletely in the original references and certain errors in the methods 
of mensuration appear to be evident, based upon data and analy- 
sis in this paper. Omission of much data is shown in the tables of 
reference (1). The following is a result of the investigation on the 
mensuration techniques and determinations of the different 
values of e;,. for a few surfaces. Although accurate data for e:, 
were desired for temperatures at approximately 100 F or even 
lower, they were found difficult to obtain with the techniques 
used because of the small amounts of net energy available for 
measurement. It was concluded that data for slightly higher 
temperatures could be extrapolated to the lower temperatures, 
provided the variation of emissivities was somewhat linear with 
temperature. The symbol e,,, (mean effective emissivity at sur- 
face temperature 7') was used instead of ez. and will be ex- 
plained in greater detail in the next section. These mean effective 
values are based on certain idealizations and further refinements 
are anticipated. It is believed that more accurate results may be 
obtained by integrating a spectroradiometric curve obtained by 
use of an infrared Perkin-Elmer spectrometer now available in the 
laboratory. Prisms can be used for measurements to 25u. 

The technique of measurement employed for determining e,,, 
was first used in this laboratory in 1941 (2). That project was 
carried out in co-operation with the National Advisory Commit- 
tee for Aeronautics. Some errors inherent in the technique that 
was used have been detected and accounted for. New equipment 
has been designed to minimize these errors in the measurements. 

Tested surfaces were aluminum, stainless steel, magnesium, and 
various external paints and lacquers. 


DEFINITION OF MEAN EFFECTIVE EMISSIVITIES 


The radiant energy emitted from an ideal (Planckian) radiator 
may be expressed by the Stefan-Boltzmann equations as 


where 


E; = enissive power from an ideal radiator at temperature 7’, 
Btu/hr sq ft 

o = Stefan-Boltzmann constant, 1714 X 107"? Btu/hr sq ft deg 
R‘ 

T = absolute temperature of surface, deg R 


By designating /; as the radiant energy emitted per unit wave- 
length at the wavelength for an ideal radiator, the emissive 
power may then be represented as 


E; = f, ........... [3] 


For a nonideal radiator, the emissive power becomes 
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same surface temperature at a given wave length and is desig- 
nated as the monochromatic emissivity. 

The value of the monochromatic emissivity, ¢,, should really be 
considered as a function of the direction of radiation with respect 
to the normal of the emitting surface. If Z is then construed to be 
the emitted energy from the surface over a hemisphere, it there- 
fore must be based upon a mean value of e, with angle or upon 
the normal value. The measurements made for determining EZ 
were taken over a small region about the normal. An idealization 
is made that the value of e, is constant and the surface perfectly 
diffused over this angle. By dividing the emitted energy from the 
surface E, with respect to measurements made at the normal by 
the ideal radiation, a mean effective value of the emissivity with 
respect to wave length at the normal is obtained. 

Now let 


Equation [5] may be considered to define the mean effective emis- 

Sivity éme, With respect to radiation from a surface at any angle, 

the mean value with respect to angle or the value at the normal. 
Equation [4] becomes 


E = tm f, Endd 


The value éme is then expressed as the ratio of radiant energy 
emitted by a surface at the temperature 7’ to the radiation from 
an ideal radiator at the same temperature. The heat loss from a 
surface by radiation may be determined with Equation [8] pro- 
vided én. is known. Several values of éme have been compiled 
for different surfaces in reference (1). 

It was the intention of the experiments to measure values of éme 
for different surfaces and investigate the errors in measurement. 
Equation [9] yielded a means of measuring éme by merely deter- 
mining E and dividing by o7*. The value of E as obtained by 
means of a thermopile radiometer contains certain errors which 
were discussed previously (2) and are also discussed in this paper. 


EqQuIPMENT 


Samples. The samples tested were 6 in. square and included 
the types of surfaces listed in Table 1. 

Heater. The heater consisted of a heavy copper plate, with 
electric heating coils on one side, to which the samples were at- 
tached. The copper plate served to distribute the heat uni- 
formly to the sample. The electric coils were insulated from the 
ambient air by means of fire clay and a transite case, as indicated 
in Fig. 1. Fig. 2 shows the iron-constantan thermocouple mount- 
ing. Figs. 3 and 4 show the relative position of the heater in the 
test arrangement. 

Radiometer. The radiant energy was detected by means of a 
thermopile which has been described in reference (3). Briefly, 
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TABLE 1 TYPES OF SURFACES OF SAMPLES 
Description Identification 


Painted surfaces 
W. P. Fuller Co. 
External air-drying enamel, D-70-6324 
Aluminized lacquer 1234 over 75-ST alclad 
Clear lacquer 1234 over 75-ST alclad 


Steel surfaces 
18-8 stainless steel, sandblasted, weathered 
18-8 stainless, oxidized at 1500 F, weathered 
18-8 stainless, 
treated 
18-8 stainless, unpolished 
18-8 stainless, aerobright polish 


Aluminum surfaces 
53-SO aluminum alloy, weathered 
24-ST aluminum alloy, weathered 
75-ST alclad, 
75-ST alclad, aerobright polish 
75-ST alclad, anodized 


Other metals 


J. H. magnesium alloy, weathered 
MH-42 magnesium ake 


chromic, and sulphuric acid 


Fie. 2. Iron-ConsTantTan THERMOCOUPLE MoUNTING ON SAMPLE 
SuRFACE 


the thermopile consisted of approximately 104 turns per inch of 
No. 40 AWG constantan wire wound over glass insulators which 
were fastened to a copper spool, Fig. 5. Silver was deposited on a 
portion of the coil in such a manner as to leave two lines of silver- 
constantan junctions. 

Aluminum-foil strips, lamp-blacked on the exposed side, were 
fastened to the two lines of junctions with dilute shellac. The 
cold-junction receiver strip was shielded from radiation that 
entered the front end of the radiometer by a plate that was at 
ambient temperature. This shield was lamp-blacked on the side 
facing the cold junctions and was polished on the side facing the 
opening of the radiometer. The hot-junction receiver strip was 
exposed to radiant energy from the sample through a narrow 
window. 

For the purpose of maintaining stability and a directional char- 
acteristic, the thermopile was mounted in a metal case. Fig. 5 
shows the general assembly. The sensitivity of the radiometer, 
utilized for the tests described in this paper, was K = 7.84 Btu/hr 
sq ft(Mv). The output of the thermopile was measured by means 
of a Leeds and Northrup No. 8662 potentiometer. Further re- 
finement involved using a type K potentiometer. The radiometer 
was calibrated against a standard tungsten-filament lamp which 
previously had been calibrated by the Bureau of Standards. 


af 
Fig. no. 
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also, by substituting Equation [2] in Equation [7] 
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The definition of éme also can be stated by means of Equations [8] ;, —_1___4____, a 
and [4] as & a aS 
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Shields. A shield was placed between the radiometer and 
sample so as to prevent direct radiation from the heater case from 
striking the thermopile. The first shield used consisted of five 
polished 24-ST aluminum plates with a 33/s-in. circular opening 
placed 6'/2 in. from the sample, Fig. 3. It was found that radiant 
energy from the heater case reflected from the shield onto the 
sample and then into the radiometer, causing considerable error 
when the emissivity of the sample was less than approximately 


RADIOMETER HOUSING 
THERMOPILE RADIATION RECEIVER 


TRANSITE WEATING CASE 
TEST SAMPLE 
SQUARE FLAT SHIELD 


Fic. 3. Test ARRANGEMENT WITH FLAT SHIELDS 
(Total emissivity equipment.) 


COMICAL SHIELD 


Fie. 4 Test ARRANGEMENT W1TH ConicaL SHIELD 
(Total emissivity equipment.) 
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MS SLL ASS 
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ALL SURFACES BLACK 
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THERMOPKLE 
THERMOOCOUPLE JACK 


HALF SECTION RADIOMETER ASSEMBLY 


SILVER PLATED GONSTANTAN WIRE 


BLACKED ALUMINUM 
RECEIVER 


BARE CONSTANTAN 
COPPER sPooL 


BAKELITE INSULATOR 


THERMOPLLE 


Fic. 5 TxHermoptte RaDIOMETER 
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0.4. One interesting test was made by lamp-blacking the shield 
in order to reduce these reflections. A redesign of the shield led 
to an arrangement indicated in Fig. 4. The shield was shaped 
into a truncated cone to eliminate radiant energy emitted by the 
heater case from being reflected from the shield and sample into 
the radiometer. 

The error of using a flat shield is particularly emphasized in 
this paper. 

PROCEDURE 


The samples were maintained at a constant temperature by 
means of the heater, and the surface temperatures were measured 
with an iron-constantan thermocouple. It was found that the 
temperatures were uniform over the entire surface so that one 
thermocouple was used and was mounted in a fashion indicated in 
Fig. 2. 

A solid shield was placed between the radiometer and heated 
sample until a reading was to be taken. A number of readings 
were taken at approximately the same sample temperature. This 
process was repeated over a range of temperatures for each of the 
samples. 


Data AND COMPUTATIONS 


Computations With Flat Shield. | From Equation [9] the value 
of E was determined by measuring the emitted energy from a sur- 
face with a radiometer. Reference (5) presents an analysis of 
the meaning ef the results obtained with the radiometer of which 
Equation [10] is a result 

Qnet » 
—— = — 
Ap 
but qnet/Axg is equal to the energy detected by the radiometer as 


K(Mv). Therefore (see references 2 and 4) 
K(My) | 
ome” Fae — Ts‘) 


From Fig. 3, F'r,o (the shape factor) was determined by the ex- 
pression 


(3.38/2)? 


Fro = (3.38/2)? + (21)? 


Equation [11] becomes 


7.84 (Mv) 


= T. 4 


_ 7120(Mv) 


100 100 
Data obtained with the flat shield and utilized in Equation [13] 
are indicated as such in Figs. 9, 14, and 23. The error of using a 
flat shield here was considered negligible because of the relatively 
high emissivity of the surfaces tested. 


Computations With Conical Shield. The arrangement of the 
shield and radiometer is shown in Fig. 4. Then 


r2 
(3/2)? 
(3/2)? + 


Fr.o 


Fro = 0.011 


| 
- 
Z 
Zulll 
7 
; 100 100 
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and Equation [11] becomes 


7.84 (Mv) 
100 100 
4160 (Mv) 
€me 
(as) 


The data taken with the conical-shield arrangement are repre- 
sented in Figs. 10 through 13 and 15 through 22. 


or 
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Discussion oF Errors 


Calibration of Radiometer. The radiometer was calibrated by 
means of a high-intensity tungsten-filament lamp which emitted 
energy predominantly in the near infrared. Because the bulb of 
the lamp was made of glass much of the far infrared was absorbed. 
However, a small net amount of infrared energy was emitted 
from the glass bulb because of its temperature being somewhat 
above the ambient air. By calibrating a thermopile with this type 
of source and then using the thermopile to measure accurately 
radiant energy possessing a considerable percentage of far infrared 
would require that the absorptivity of the receiver surface have a 
flat characteristic with respect to wave length throughout the 
visible and near infrared. 

The surface treatment of the thermopiles consisted of a lamp- 
black coating. It is known that lampblack is not only a good 
absorber but also possesses a constant absorptivity with wave 
length in the near infrared. However, the absorptivity of lamp- 
black decreases above 15u. An ideal radiator surface, at, say, 
200 F, yields a peak energy output at 7.9u but still emits approxi- 
mately 25 per cent of the total radiant energy above 15y. This 
shows that it is important to calibrate the thermopile with 
radiant energy from a source which emits in the same relative 
magnitudes with respect to wave length as the test surface. Since 
this is not entirely possible, investigations are now in progress to 
furnish methods for determining the emissivities by means of an 
infrared spectrometer. 

A study also will be made to determine quantitatively the 
accuracy and limitations of the radiometric method for obtaining 
mean effective emissivities (as described in this paper). This will 
be done by making a spectroradiometric investigation of the ab- 
sorptivity of the thermopile receiver and the emissive power of 
the calibration source. 

Measurement of Radiation From Sample Surface. The first 
measurements made were obtained with the flat-shield arrange- 
ment shown in Fig. 3. The techniques used were the same as 
those indicated in references (2) and (4). In computing the emis- 
sivities by means of Equation [13], no correction was made for 
the energy emitted from the heater surface which surrounded 
the sample surface and which was reflected from the shield to the 
sample and then onto the thermopile. This error was deter- 
mined by independent methods: (a) the side of the flat shield 
facing the sample was lampblacked in order to reduce the re- 
flected energy to zero, and (b) the shield was shaped conically, 
Fig. 4, so as to reflect the unwanted energy other than 
toward the sample surface. These errors were found to be large 
for sample surfaces with high reflectivities. Fig. 6 shows the re- 
sults of data taken by the foregoing methods with a polished 75- 
ST Alclad sample surface. The emissivities determined with the 
conical and lampblacked flat shield were practically the same 
while those with the flat polished shield were from 4 to 5 times 
higher. 

Fig. 7 indicates a comparison of data obtained for a weathered 


NORMAL EMISSIVITY MEASUREMENTS ON AIRCRAFT MATERIALS 


1015 


24-ST aluminum-alloy sample surface using the conical shield 
and the polished flat shield. This comparison shows that lower or 
negligible errors may be encountered with a more diffuse surface 
of higher emissivity. In Fig. 8 the data for a weathered 53-SO 
aluminum-alloy surface shows an even higher emissivity with no 
difference between the data taken with the polished flat shield 
and the conical shield. 

The Appendix presents an analysis which was made for estimat- 
ing the foregoing error with the polished flat shield. The results 
indicated that, Equation [48] 
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where 


éo = correct éme of sample surface 
e, = incorrect éme of sample surface because of additional 

energy added by heater case through multiple reflec- 
tions 


FyR ey(1 — ex) — Tp’) 


BC = 


For 


EMISSIVITY, Ong _ 
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, an interreflection factor 


Equation [48] shows that e,, the incorrect emissivity, ap- 
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proaches éo, the correct emissivity, as ¢9 > 1 with other variables 
remaining constant (those included in BC). When é is small the 
inaccuracy of e, becomes large because 
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MH-42 MAGNESIUM ALLOY 


400 
Temperature, 


With eo small but finite, the error can still be reduced to negligible 
value by making the shield “black” (ex = 1) which, in effect, re- 
duces the term BC toward zero. This was noted previously in 
connection with data taken for Fig. 6. 

After making the foregoing analysis and experiments it was 
decided to use only a conical shield for all the future tests. The 
results shown in Figs. 10 through 13, and 15 through 22, were 
those taken with the conical shield. Some of the results taken 
with the flat shield were used because the emissivities were high 
enough to yield few of the errors mentioned. 

Slope of Curves. A consideration of the theoretical results for 
the reflection of radiation from metals (7) shows that the slope of 
€me Versus temperature should be positive. Opaque oxides or 
dielectrics exhibit a negative slope. Experimental data for 
polished metals are generally coincident with theoretical predic- 
tions (in the infrared region) because the oxide films are thin and 
relatively transparent. Where the metal surface is weathered or 
coated, its characteristic is that of the heavy oxide or coating. 
Thus negative slopes on the éme versus ¢ curves are to be ex- 
pected when the surface is other than a polished surface. 

Note that aluminum, which is easily weathered, shows a 
positive slope when clean and a negative slope when weathered. 
Stainless steel, however, with a stable tough oxide, possesses a 
positive éme versus ¢ slope after relatively harsh treatment. When 
the treatment amounts to exposure with chromic-sulphuric acid, 
the stainless steel finally develops a negative eme versus ¢ slope. 

It was interesting to note the effect of using an aluminized 
lacquer as against a clear lacquer in Figs. 10 and 11. The results 
show that the organic carrier with its strongly absorbing charac- 
teristics in the infrared region has a predominant effect. 


FurTHER RESEARCH 


1 An evaluation of errors involved in using the thermopile 
for measuring total radiation when calibrated with a source whose 
spectral emissive power is not the same as the sample surface. 
This evaluation consists of : 


(a) Determination of the transmissivities of various “black- 
ened” receiver surfaces. 

(b) A determination of the emissive power as a function of 
wave length for standard sources such as the tungsten-filament 
lamp. 

The thermopile receivers also will be calibrated with the ideal 
radiators now being developed (1). 

2 A determination of the emissivities as a function of angle of 
the plate with respect to the line of measurement. 

3 <A complete program of determining the reflectivities and 
absorptivities of various surfaces by means of a Perkin-Elmer 
spectrometer to 254, now under way. 
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Appendix 


The system is described by the diagram given in Fig. 24. The 
irradiation of the receiver is composed of several parts: 

1 The irradiation G, of the receiver by emitted energy from 
the sample surface 0. 

2 The irradiation G, of the receiver by energy emitted by the 
surroundings and reflected directly from the sample surface. 


Surrounding surfaces (S) Sample surface (0) 


Area (Ao) 


Radiometer 


housing Polished 


shield (XxX) 


Transite heater 
surface (H) 


Fig. 25 Fre. 26 

3 The irradiation Gy, of the receiver by energy emitted by the 
heater case H and retlected by both the shield and sample, Fig. 
25. 
4 The irradiation of the receiver by energy emitted from the 
interior of the radiometer housing. 

5 The irradiation of the receiver by energy emitted by the 
surroundings and reflected from the side of the shield facing the 
radiometer. 

6 The irradiation of the receiver by energy emitted by the 
sample surface not “seen” directly by the receiver and reflected 
from the shield and sample surface, Fig. 26. 

Items 5 and 6 will be considered negligible and all radiation 


aT 

| 
= 

| 

= 
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Radiation receiver (R) 

Area (Ag) a 
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ae 
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will be considered diffuse. This latter assumption is somewhat 
erroneous but will suffice in that the following analysis is to be 
used as a qualitative indication of the errors instead of a precise 
evaluation. Let the total irradiation of the receiver be 


From the Stefan-Boltzmann equation 


The value éemew) for the sample surface 0 is designated here as eo 
for convenience. 

Item 4 has been discussed adequately in a previous report (2), 
which demonstrated that for the conditions employed, it was 
negligible (the radiometer housing and receiver were substantially 
atroom temperature). An evaluation of Gy is given by the follow- 
ing method which will not be exact because of the complexity of 
the system: 

‘Let Gano = GuoAg = irradiation of receiver by energy from 
heater case after one reflection from shield and sample surface. 
Then 


G' uo = A yF p, ex) a — e)oT [19] 


The energy radiated by H which is reflected by X to H then to X, 
then to 0, and then to R can be approximately expressed as Fig. 
25(b) 


G'm = G'aolF x. x,y (1 — ex)(1 — eg)] .. . . . [20] 
Let 
Z = (1 — ex 1 —eg) 
then 


The energy which is multiply reflected between the heater case 
and shield and then from the sample into the radiometer may be 
expressed as 


where n = number of reflections. 
The total energy originating at the heater case surface and 
reaching the radiometer receiver is 


n 
Gy’ = = no + + + cee + G' [24] 


and forn 


The shape factors Fz, x, and Fy, x, depend upon reflection 
from the shield which is a specular reflection. Therefore an 
evaluation of Fz, x, 7 and Fy, xy, y would be somewhat difficult 
and may be construed to include the effect of specular reflections. 

The total irradiation of the receiver includes the values deter- 
mined in Equations [17], [18], and [25] and are equated to the 
energy detected by the radiometer 
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= Ga’; + GQ’, + = ApKk(Mv) + ArFo.r oT [26] 
Substituting the values of @’,, G’,, and G’y into Equation [28] 
and using the reciprocity equation of the form 

Fy2A2 = F2,Ai..... 


A,K(Mv) + ApFo.p0T = A pF o,pecoTo' 


1 
+ — ex)(1 — (+5) oT y*.... [28] 


But AgFo,,07'p* = energy radiated from receiver strip past the 
shield which is equal to that absorbed by the sample, heater case, 
and surroundings. 

Then 


AperFo.r T = A peroT [ Fur (1 e) x 


1 
(1 — ex) eg (+5) + ForFs.0(— ... [29] 


But the value of e, = 1 when the surroundings are large com- 
pared to the measuring system and 


Fy, 1 
T = Tp + €o)(1 ex ey (+ 2) 
+ Fi — wat wigvi [30] 


From Equations [29] and [30] with 7, = 7p 


K(Mv) Fur 
= — Tp! 
0 R )+ Foe 


1 


Note that the term for radiation from surrounds cancels the irra- 
diation of the surrounds from the thermopile receiver. 
Let 


(1 — ex)(1 — @) X 


Q = Ts! — T 9")... [32] 


and 
1 
Y = ey (1 — ex)(1 — eo) (Ty! — [33] 


then 
K(Mv) = Q+ ¥ = Q1 + v/Q)......... [34] 
K(Mv) ‘ 
Q i+ K(Mv) — y ... [35] 


From Equations [32] and [35] 


Because ¥ is a function of eo, further manipulations will yield 
an explicit equation for eo. From Equation [32] 


= Q 
Fo,ro(T>* — T'p*) 


and from Equation [35] 
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dividing Equation [33] by [32] 


en(1 — exXl — eo) (Ty — TR‘) 
For —Z) (To Tr ) 


— ex) 
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— Tr* 
B(L — e)C 


eo 
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Now let 
K(Mv) 


[43] 


& = T. —T;*) 


which is the emissivity of the surface as computed (see Equation 
{11]) without corrections for radiation from other surfaces than 
that from the sample surface. From Equation [38] and [43] 


1 


Substituting Equation [42] into [44] and solving for 
e, — BC 


eo = 


In complete form 


K(Mv) 


Fer For 


Fun —ex) —Tr') 

1—Z) (T.'—T,’) 
Pur eu(l — ex) (Tut — Tr*) 


For (1—Z) Tee 


1 
(To! 


Equation [44] can be written as 
_¥/Q 


— = — 
( 


This expresses the ratio of the correct emissivity of the surface to 
that emissivity which is computed directly from radiometer read- 
ings in Equation [11] and does not account for the addition of 
energy from the heater case. 

From Equation [42] 


eo/e, = 1— 


Discussion 


J. P. Hartnetr.® The authors have contributed additional 


5 Assistant Professor of Mechanical Engineering, University of 
Minnesota, Minneapolis, Minn. Assoc. Mem. ASME. 
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data in a relatively unexplored region of heat transfer. These 
total emissivity data, however, cannot be directly interpreted 
as total absorptivities, as stated by the authors, for this equation 
holds only if the spectral emissivity is independent of wave length 
and of temperature. As shown by one of the authors® this is not 
true for some of the surfaces presented in this paper. 

The present experimental technique could be improved by 
placing a black body of the same size and temperature as the 
sample at the same distance from the radiometer. The radiometer 
could then be directed at the sample and then at the black body 
yielding the emissivity directly and eliminating the shape-factor 
calculation which may be a source of error. 

Some comments on Fig. 23 would be appreciated. 
pens if the indicated test cycle is repeated? 

It is realized by the writer that more recent spectral-radiation 
data have been obtained by the authors and it is hoped that such 
information will be made available shortly to workers in the field 
of heat transfer. 


What hap- 


AuTHoRs’ CLOSURE 


(1) Dr. Hartnett is correct in that total absorptivities can only 
be equal to total emissivities provided the spectral distribution of 
irradiation is ideal. Actually, e,,. is approximately equal to @,,, 
for solar irradiation as used in Equation | 1}. 

(2) Use of an ideal radiator in this experiment would have 
made the work long and arduous and would really have served no 
purpose when considering the accuracy desired. A grooved lamp- 
black plate could have been used with a separate heater and would 
have required much less time than the use of a holraum (which 
has been used by various experimenters). Even so, the com- 
plexity of maintaining two surfaces at the same temperature is 
considered unnecessary and superfluous. Our experience in the 
laboratory with engineering measurements in radiation shows that 
the technique used with the relatively simple system explained 
in the text yields data which are sufficiently accurate for general 
engineering use. A major intention of this paper is to show in as 
thorough a manner as possible that ‘“‘good’’ data of this sort can 
be obtained with equipment which is available in most labora- 
tories. 

A recent experience which we had in helping develop special 
surfaces for the dissipation of heat by radiation in the Bevatron 
at the University of California indicated that our equipment 
supplied accurate data quickly so that the development was 
finished in a matter of two weeks. Use of cumbersome spectral 
analytical equipment or special ideal-radiator techniques would 
have stretched the project (involving as many as 15 different 
surfaces) to a period of six months. 

A lack of knowledge of the utilization of the radiation equation 
and the general properties of radiation measuring systems leads 
one to believe that highly precise experiments are the only ones 
valid. In an experiment using a Perkin-Elmer infrared spec- 
trometer and a high-temperature reflectometer, Dunkle? checked 
the results against those obtained with equipment similar to that 
described in this paper and found negligible discrepancy. 

The shape-factor computation yields errors well within the dis- 
persion of the data. 

(3) A repetition of the data as shown in Fig. 23 with the same 
plate was not possible. The high temperatures caused a change 
in condition at the surface which resulted in a reduction of the 
weathering effect. Magnesium alloys weather rapidly because of 
the high reactivity of magnesium to water. Heating of the plate 
apparently reverses this effect to some extent. 


6 “Thermal-Radiation Tables and Applications,’’ by R. V. Dunkle, 
Trans. ASME, vol. 76, 1954, pp. 549-552. 
7 R. V. Dunkle, private communication 
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This paper gives a summary of the present status of the 
theory of thermal conductivity and attempts to explain its 
variability with temperature and pressure by means of the 
nature of heat, structure of matter, and resistances offered 
by matter to heat conduction at various physical states. 
Experimental data are used to illustrate theoretical con- 
siderations; long mathematical derivations are thoroughly 
avoided. 


INTRODUCTION 


LTHOUGH thermal conductivity is a commonly ref- 

A erenced property of materials in engineering work, 

especially when dealing with heating or cooling, very often 

its nature is not completely comprehended. This is especially 
true for work at very low temperatures. 

From the physics point of view it is a nonequilibrium property 
which occurs only in thermally disturbed systems and hence its 
determination is based on measurements of the time necessary to 
restore thermal equilibrium. 

A definition based on Fourier’s law for the conduction of heat 
states that thermal conductivity represents the amountof heat con- 
ducted per unit of time through a unit area (perpendicular to 
the direction of heat transfer) when the temperature gradient 
across the heat-conducting element is one unit. In English engi- 
neering units, therefore, the dimension of thermal conductivity is* 


Btu 


deg F 
hr X aq ft x 


In scientific works it is either expressed in 
cal 


deg C 
sec X sqem X —— 
em 


or in 
watts 


deg C 
cm 


sq cm X 


Numerical values of thermal conductivities of diverse ma- 
terials at 32 F vary over a large range, i.e., from 
1 Associate Professor, Department of Chemical Engineering, Uni- 


versity of Detroit. 
2 The abbreviated form 


Btu 
hr X ft X deg F 
is not recommended since it does not express the real character of 
thermal conductivity. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., November 28—December 3, 1954, 
of Tue American Society OF MECHANICAL ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, June 3, 
1954. Paper No. 54—A-90. 


Thermal Conductivity and Its Variability 
With Temperature and Pressure 


By L. S. KOWALCZYK,' DETROIT, MICH. 


1021 


Btu 


241 


hr oq ft x 


for pure silver to about 0.004 and less for some heavy organic 
gases and vapors. Some illustrative values for the thermal con- 
ductivity of various materials at 32 F are shown in Table 1. 


TABLE 1 THERMAL CONDUCTIVITIES OF VARIOUS MA- 
TERIALS AT 32 F IN BTU/{HR SQ FT (DEG F/FT)} 


artz 
orundum (Al:O;)... . 
arble 


de wes wos dee 0.086 


Thermal conductivity of various materials changes with tem- 
perature in manifold ways; for example, the thermal conductivity 
of pure metals and nonmetallic crystalline substances increases 
with the drop in temperature, reaches a maximum in the vicinity 
of the absolute zero, and then falls to zero. 

The highest thermal conductivities thus far measured at these 
maxima are the following: 

For metals 


for a natural copper crystal at 20 K (investigated by Schott, 
reference 24)? and 


Bt 


3750 


deg F 
hr X sq ft x 


for 99.996 per cent crystal of aluminum at 14 K (2). 
For dielectric crystals 


for a 3-mm-diam single crystal of synthetic sapphire at 50 K (4). 
Analysis of thermal conductivity data of various materials at 

room temperature reveals several facts which throw some light on 

the nature of this property. In brief, they are the following: 


1 Material in a crystalline form conducts heat better than in 


an amorphous form. 
2 In crystals (for instance, in crystalline quartz) and in 


3 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 


i | 
gt 
fs | 
+ 
_| 
path 
& 
= 
dia ll (paral 
050 
7 | 
hr tu 
t X deg 
deg F 
ft 
ig 
eth 
465 
hr x aq ft x 
x deg F 
ft | 
at 
Ay 


1022 TRANSACTIONS OF THE ASME 


tibrous materials (wood) thermal conductivity differs with the 
direction of heat transfer. 

3 Small structural differences in crystals due to various con- 
ditions of crystal growing also influence their thermal conduc- 
tivity. For this reason, various types of mica (42) and graphite 
(40) show different thermal conductivities. 

4 Chemical impurities in crystalline substances lower their 
thermal conductivities considerably. For example, pure metals 
have much higher thermal conductivities than respective alloys. 

5 Solids are better conductors than their respective liquids 
(for instance, ice conducts heat better than water). 

6 A substance in a liquid form shows higher thermal conduc- 
tivity than in gaseous state. 


These facts clearly demonstrate that thermal conductivity is in 
close relation to the structure and physical state of matter, and 
all the phenomena connected with thermal conductivity may be 
explained by a simultaneous application of two theories, i.e., 
nature of heat and structure of matter. 


Tue Nature or THERMAL CoNDUCTIVITY 


The present theory of heat is associated closely with the internal 
energy of matter (52) which in thermodynamics is referred to as 
the energy connected with the physical and chemical state of a 
body, i.e., with the configuration and motion of the molecules and 
atoms within the body. Although incomplete, the dynamic 
theory of heat permits important conclusions to be drawn with 
respect to thermal conductivity and its nature. These conclu- 
sions, generally confirmed by experiment, may be summarized as 
follows: 


1 Since heat as energy is associated with translational, rota- 
tional, and vibrational motions of the molecules, atoms, and their 
parts, heat transfer by conduction must then be strictly con- 
nected with these motions. 

2 Temperature increases the intensity and frequency of 
atomic motions; therefore, thermal conductivity should increase 
with temperature. * 

On the other hand, thermal conductivity is closely related to 
the structure of matter. The closer the contact between mole- 
cules, atoms, and their parts within a body, the greater is the 
possibility of transfer of molecular and atomic motions between 
neighboring molecules and the higher thermal conductivity. 

In accordance with the theories of heat and structure of mat- 
ter, it is generally accepted today that heat conduction in amor- 
phous solids, liquids, and gases is due to direct transfer of molecu- 
lar and atomic motions from molecule to molecule (or from atom 
to atom) at the contact areas. This type of heat transfer is fre- 
quently considered as a process of heat diffusion. However, in 
more organized matter, e.g., in crystals, the atomic motions are 
converted into a vibratory motion of the whole crystal lattice. 

The mechanism of heat transfer by conduction based on the 
dynamic theory of heat and structure of matter will now be dis- 
cussed in solids, liquids, and gases. In this discussion emphasis 
has been placed on physical phenomena and the nature of thermal 
conductivity and not on mathematical derivations. 


SoLips 


The present theory of heat conduction in solids makes a clear 
distinction between nonmetallic (dielectric) and metallic sub- 


4 There are two exceptions to this rule: 

(a) Thermal conductivity of dielectric crystals and metals de- 
creases from a maximum value at very low temperatures toward the 
melting point. 

(b) Thermal conductivity of the majority of liquids decreases with 
temperature. 

These deviations are discussed in detail in subsequent parts of this 
paper. 
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stances. In the dielectric solids heat conductivity depends only 
on lattice waves produced by atomic motions. In metals and 
solids conducting electricity, however, two different heat carriers 
occur—the lattice waves and the electrons. Detailed, mathe- 
matical treatments of the theory of heat conduction in solids were 
given by Makinson (30), Sondheimer (49), Klemens (28), de 
Boer (7), and others. 


NonMETALLIC (DreLecrric) SoLips 


Thermal conductivity in nonmetallic solids is entirely due to 
the atomic motions and their transfer from hot to cold regions. 
At present, it is generally accepted that these motions assume 
the form of thermal vibrations which in turn can be regarded as a 
superposition of thermoelastic (acoustic) waves known as lattice 
waves. 

The concept of the lattice waves as a heat-conducting medium 
in solids and the concept of thermal resistance due to scattering of 
the lattice waves by themselves and other obstacles on their path 
were first introduced by Debye (14) who was able to explain the 
difference between the thermal conductivities of dielectric 
crystals and amorphous solids. According to this theory, each 
atom in a solid has a fixed equilibrium position, and its thermal 
motion can be resolved into normal modes of vibration which are 
traveling alestic (sound) waves. 

Debye derived a theoretical formula for the thermal conduc- 
tivity of solids as a simple product of four terms 


where 


X\ = average distance of effect of thermoelastic wave, under- 
stood as distance which wave travels before its in- 
tensity is reduced to 1/e of its initial value 

u = average velocity of propagation of waves 

p = density of solid 

C,, = specific heat per unit of mass 


Peierls (36) further developed the Debye theory. Debye 
treated the atomic vibrations of solids as a collection of thermo- 
elastic waves in a continuum. Peierls considered the individual 
atomic motions and quantitized the lattice waves into quanta of 
vibration adopting the concept of a phonon (21) analogous to the 
concept of a photon in the radiation theory. (A phonon is 
equivalent to one quantum of energy in the form of a thermoelas- 
tic wave of a fixed frequency.) In other words, Peierls discontinued 
the lattice waves, and assimilated heat conduction in solids to 
that of gases replacing the lattice waves by so-called ‘phonon gas.”’ 
Consequently, the modified Debye theory leads to the same type 
of formula for the thermal conductivity of solids as derived for 
gases from the kinetic theory 


where / is the mean free path, defined in the same manner as A in 
Equation [1]; wu is the velocity of the lattice waves (phonons); 
and C, is the specific heat per unit volume. 

Since Equation [2] is frequently used to interpret thermal con- 
ductivity of solids, let us discuss it briefly. The meanings of u 
and C, terms are obvious; / is the distance which the lattice 
waves (phonons) travel before their intensity is attenuated to 
1/e of their original value. Therefore the length of 1 depends 
upon the scattering of the lattice waves (phonons) by various proc- 
esses and may be considered as a parameter characteristic for 
scattering processes. It also may be referred to as the effective 
length of relaxation of the lattice waves to 1/e by various scatter- 
ing processes. 
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According to the Debye theory, scattering of the lattice waves 
gives rise to thermal resistance. The thermal resistance is the 
reciprocal of the thermal conductivity, or 


R= .. fal 


where F is the thermal resistance. Equation [3] shows that the 
thermal resistance is inversely proportional to the mean free 
path or, in other words, strong scattering processes diminish / and 
increase thermal resistivity. 

(a) Ideal Crystals. Since in ideal crystals the displacement of 
an atom from its equilibrium position is proportional to the 
force, the atomic vibrations in an ideal lattice are essentially 
harmonic and any number of the lattice waves can be superim- 
posed without mutual interference. For this reason the lattice 
waves (phonons) in ideal crystals are not scattered; each wave 
travels independently of the others and encounters no resistance 
on its way. In terms of Equation [2], / is very large and, there- 
fore, the ideal crystals should have an infinite thermal conduc- 
tivity. Also, the sound velocity in the ideal crystals (transmitted 
by independent waves) is very high. For instance, for quartz 
crystals it would be from 550,000 to 770,000 cm/sec (24). This 
is another factor increasing the magnitude of the thermal conduc- 
tivity in the ideal crystals. 

Finally, the normal modes obtained from resolving of lattice 
vibrations in the ideal crystals turn out to be plane traveling 
waves, 

(b) Actual Crystals. In actual erystals, however, the force on 
an atom is not proportional to the displacement from its equi- 
librium position. This fact is chiefly responsible for the anhar- 
monicity of the atomic vibrations in actual crystals or for mutual 
scattering of the lattice waves (collisions between the phonons). 
In large, perfectly formed crystals, free from chemical impurities 
and mechanical damages or strains, this is the only cause of scat- 
tering of the lattice waves. In actual crystalline substances, 
however, there occur other factors, such as specimen boundary, 
erystallographic imperfections of the lattice, mechanical defects of 
the lattice (cracks, strains, etc.), chemical impurities, etc., which 
also scatter and distort the lattice waves, lessen their intensity 
and reduce their velocity.$ 

Scattering processes lead to the reduction of / and u in Equation 
[2] and consequently to the diminution of heat conductivity or 
to the increase of thermal resistance, Equation [3]. The more 
the lattice waves are scattered, the greater is the resistance of- 
fered to their transmission. 

In actual crystals we can distinguish four groups of scattering 
processes: 


Mutual scattering of the lattice waves (the three-phonons proc- 
esses ). 

Elastic scattering. 

Inelastic scattering. 

Higher-order phonon interaction (Pomeranchuk, 1941). 


These processes will now be discussed. 


Mutual scattering of the lattice waves arises from anharmonicities 
of the interatomic forces. According to the Peierls theory of 
phonon-gas, there are two classes of processes causing the 
mutual scattering of the “phononized”’ lattice vibrations (5). 
The theory concludes that such interaction between the phonons 
leads either to the destruction of one phonon and creation of two 
new ones, or vice versa. For this reason these perturbations are 
commonly referred to as the three phonon processes. In the first 
class of these, the total energy and direction of the energy current 


5 According to Jakob (24), the velocity of heat conduction in 
quartz is about 0.02 cm/sec, or 30-40 million times smaller than that 
of a sound wave. 
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remain unchanged. In other words, this type of the phonon col- 
lisions does not contribute directly to the increase of heat re- 
sistance. Its influence, rather, is indirect since it might change 
the state of polarization of the phonons and render them more 
susceptible to the second class of collisions in which the total 
energy of colliding phonons is conserved but direction of flow of 
energy is altered. Since this class of collisions introduces imped- 
ance to the flow of energy, it must give direct rise to thermal re- 
sistance. 

Peierls has termed this second class of phonon collisions the 
“Umklapp” processes (very frequently referred to as the “U”’ 
processes), the best translation of which is the “flapping- 


over’ processes between two phonons. In order to be liable toa - 


U-collision, the phonons must possess a certain minimum of energy 
determined by Peierls as k@/2 where k is the Stefan-Bolzmann 
constant and @ is the Debye specific-heat parameter (the Debye 
temperature). The Umklapp processes are the most important 
components of thermal resistance in pure, regular crystals and are 
therefore mainly responsible for heat conductivity and establish- 
ing temperature equilibrium. 

Elastic and inelastic scatterings arise from defects in the lattice, 
boundaries, microcrystalline structure, etc., and are often termed 
“structure scattering.’”’ During elastic scattering the energy of 
phonons remains unchanged. 

It has been proved experimentally that irregularities in the 
lattice of atom dimensions (small-scale lattice defects) scatter 
phonons and increase thermal resistance. Berman (4) measured 
the effect of displaced atoms produced in a quartz crystal by 
neutral irradiation. The results indicated that at low tem- 
peratures the thermal conductivity of the quartz crystal dis- 
tinctly decreased with the concentration of displaced atoms. 
Estermann and Zimmerman (18) also showed that between 10 
and 20 K, the thermal conductivity of the cold-worked specimens 
of 90-10 Cu-Ni alloy was only about one third of that of the 
single crystal. This fact indicated that in the cold-worked speci- 
mens stronger scattering of the phonons occurred due to “disloca- 
tions and short-range lattice defects resulting from cold-working.” 
On the other hand, annealing increased the thermal conduc- 
tivity; i.e., it removed to a certain degree the deformation of the 
lattice. 

Undoubtedly, larger defects in the crystal lattice (mechanical 
breaks and cracks, crystallographic defects, etc.,) will contribute 
to further scattering of the phonons. 

The lattice waves (phonons) also are scattered at the boundaries 
of a specimen and at the grain boundaries (crystal walls) of poly- 
crystalline materials. In other words, the larger the crystal, the 
smaller is the scattering at its walls and the higher its thermal con- 
ductivity. This explains why single crystals show higher ther- 
mal conductivity than polycrystalline structures of the same 
material. This is especially true at very low temperatures. Ex- 
periments of de Haas and Biermasz (23) on four different sizes of 
KCI crystals in temperatures as low as 2 K and those of Berman 
(4) on two different-size single crystals of synthetic sapphire be- 
tween 2 and 200 K revealed that in temperatures below the maxi- 
mum of thermal conductivity (7 K for KCl and about 50 K for 
sapphire), the influence of boundary scattering (grain size) on the 
thermal conductivity of the samples was very pronounced and 
larger specimens showed higher thermal conductivities. 

The experimental results of de Haas and Biermasz gave a basis 
to Casimir (12) for the theoretical treatment of this problem. He 
proved that at sufficiently low temperatures, the mean free path 
lin the modified Debye formula, Equation [2], is proportional to 
the smallest linear dimension of the crystal. 

Probably the most important process of phonon scattering in 
this group of processes is scattering by chemical impurities. It is 
a well-known fact that the thermal conductivity of pure metals is 
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very sensitive on impurities. For example, the slightest trace of 
arsenic in copper reduces materially its thermal conductivity (to 
about '/; of that for pure copper). Chemical impurities introduce 
foreign atoms into the crystal lattice and these in turn scatter 
phonons (and electrons in metals). Berman (4) measured the re- 
sistance caused by chromium impurities in artificial sapphire be- 
tween 5 and 100 K. He found that the impure crystal (ruby) has 
lower thermal conductivity than sapphire although in this par- 
ticular case the scattering by impurity is quite small. 

Phonon scattering of a higher order is caused by mosaic structure 
of a crystal which results from a division of the crystal into regions 
of slightly different orientation. It is another departure from 
complete regularity in crystal lattice and may result in scattering 
of phonons. This process, however, is not important at low tem- 
peratures, but only at the highest temperatures (39). 

Since particular scattering processes are important only in cer- 
tain ranges of temperature, and vary with temperature in various 
degrees, and since their contribution to the total thermal re- 
sistance is not exactly known, they cannot be used at present for 
calculation of thermal resistances or conductivities in actual 
crystals. For example, Berman (4) concluded that for single crys- 
tals of sapphire and diamond, the thermal conductivity at the 
low temperatures cannot be entirely explained by the U-processes 
and boundary scattering and an additional resistance independent 
of temperature must be assumed. Some authors have postulated 
the presence of clusters of defects resulting in this additional re- 
sistance. 

The known scattering processes, however, reveal a general char- 
acter of the thermal resistance-temperature and thermal conduc- 
tivity-temperature curves. 

(c) Glassy (Amorphous) Materials. Glassy or amorphous ma- 
terials are solids in which molecules (or atoms) are at random; 
i.e., their structure is lacking both symmetry and periodicity. 
The x-ray analysis reveals, however, that the arrangement of 
atoms in glassy materials shows short-range order (similar to that 
in liquids), but no long-range order (as in crystalline sub- 
stances). Each atom in a glassy material has a fixed equilibrium 
position about which it oscillates. The atomic thermal motions 
are then resolvable into normal modes of vibration but these 
modes do not combine into the lattice waves and the thermal vibra- 
tions of each atom interact with those of the neighboring atoms 
and interchange energy (inelastic scattering). Irregularity in the 
glass structure and its direct consequence, inelastic structure 
scattering of atomic vibrations, result in low thermal conductivity 
of glasses. For instance, experiments of Berman (4) showed a 
distinct difference between the thermal conductivities of quartz 
crystal and quartz glass. At 50 K, the thermal conductivity of 
quartz crystal was about 170 times larger than that of quartz 
glass, whereas at 10 K (the maximum value for the quartz crys- 
tal) the ratio increased to 10,000. At 0 C this ratio is about 10. 

Distinct differences in thermal conductivities also have been 
observed for diamond, graphite, and amorphous carbon, for 
crystalline and amorphous sulphur, ete. 

(d) Refractory Materials. Refractory materials may be con- 
sidered as mixtures of crystals and amorphous materials. Their 
thermal conductivity, therefore, may be assumed to be the sum of 
contributions of crystalline and glassy components; i.e., it will 
depend upon the thermal conductivities and volume fractions of 
the constituents. 

(e) Mixtures of Amorphous Materials. The remaining solids 
represent heterogeneous materials of various composition and 
structure. To this group belong building and insulating materials, 
plastics, rubber, leather, fibrous and granular materials, powders, 
ete. In a broad sense, they are mixtures of solid amorphous ma- 
terials and amorphous solids with fluids. Their thermal conduc- 
tivity (or rather, apparent thermal conductivity ) will also depend 
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upon the thermal conductivities and volume fractions of the com- 

ponents. If one of the components is a fluid (for example, air in 

the pores of an insulating material), heat transfer by conduction 

v9 radiation (only in gases) also should be taken into account 
1). 


METALS 


Thermal conductivity of metals and semiconductors (graphite, 
metallic oxides, sulphides, silicates, etc.) depends upon two 
separate mechanisms: 


1 Heat conduction by the lattice waves (the phonon-gas). 
2 Heat conduction by free electrons (the “electron-gas’’). 


Thus the total heat conductivity of a metal appears to be the 
sum of two terms, the lattice conductivity k, and electronic 
conductivity k, 


In pure metals of high electrical conductivity, electronic ther- 
mal conductivity is a dominating factor and may, in some cases, 
be more than 100 times higher than the lattice conductivity. In 
alloys, however, both types of conductivity may be of the same 
order of magnitude. 

Scattering of the lattice waves by various processes discussed 
in the preceding paragraph originated the concept of thermal 
lattice resistance. Similarly, the concept of electronic thermal re- 
sistance is based on various processes which scatter the stream 
of free electrons. There are two processes which mainly con- 
tribute to the electronic thermal resistance—scattering of electrons 
by thermal vibrations of the lattice and by impurities and small!- 
scale lattice defects. Obviously, the lattice waves will be simul- 
taneously scattered by electrons. In metals, therefore, there will 
be an additional term in the lattice thermal resistance, i.e., 
scattering of phonons by electrons. 

A mathematical treatment of the electronic contribution to the 
thermal conductivity of metals is given by Sondheimer (49), de 
Boer (7), and others. 

(a) Determination of k, and k, in Metals. There are several 
methods used for the determination of the lattice conductivity 
in conductors of electricity independently of the electronic con- 
ductivity. The most common are the following: 


1 At room temperature and above, the thermal and electrical 
conductivities of pure metals are related by the Wiedemann- 
Franz law 


where 

k is the thermal conductivity, ¢ is the electrical conductivity, 
Lo is the Lorentz constant [2.45  10-* (watt-ohm/deg K*)], 
and T is the absolute temperature. 

Assuming similar mechanism for the transportation of heat and 
electricity by free electrons, one may conclude that only 


and calculate the lattice conductivity from Equation [4] by sub- 
tracting k, from k total, determined experimentally 


This method, however, cannot be used below room temperature 
since the Wiedemann-Franz law is not valid at low temperatures. 

2 A strong magnetic field reduces considerably the electrical 
conductivity of metals and then their electronic thermal con- 
ductivity, Equation [5a]. The thermal conductivity of metals, 
determined in a magnetic field, therefore, will be only the lattice 
conductivity 
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3 Thermal conductivity of crystals depends upon the grain 
size and at constant temperature may be approximately repre- 
sented by an equation 


where n is the average number of grain boundaries per unit 
length in the metal in the direction of heat flow and a and b are 
constants. Since k, is not affected by grain size, then Equation 
[7] relates only to k,, which may be determined by measurements 
of total k in several samples of the same material differing only in 
grain size. 

(b) Alloys. The structure of alloys. Alloys are mixtures of two 
or more metals and in the solid state are composed of crystals but 
their structure depends upon the composition and properties of 
the constituents. Classification of alloys is based on their be- 
havior at freezing. From many possible combinations, only four 
of the most common binary-alloy structures will be discussed. 


1 Continuous solid-solution alloys. In this class, when the 
melt is cooled to freezing temperature, it forms a continuous series 
of homogeneous solid solutions. This class is represented by 
silver-gold and copper-nickel binary alloys. 

2 Eutectic alloys. The components are soluble in the liquid 
phase but immiscible in the solid phase. At freezing they form 
either a mechanical mixture of two pure metal crystals (at a 
eutectic composition) or deposit crystals of one metal until the 
eutectic composition is reached. Typical alloys in this class are 
cadmium-zinc, silver-lead, lead-antimony, and others. 

3 Limited solid solutions, The metals are completely miscible 
in the liquid state but only partially soluble in each other in the 
solid state. The lead-tin alloy is characteristic of this class. 

4 Intermetallic compounds. Alloying metals at freezing may 
form intermetallic compounds in definite stoichiometric ratios. 
For example, for lead-magnesium, such a compound is PbMg:. 
Intermetallic compounds show an ordered homogeneous structure 
and behave like single components. 


Thermal Conductivity of Alloys. The thermal conductivity of 
alloys, similarly to that of pure metals, is the sum of two terms, 
the lattice conductivity and the electronic conductivity. For this 
reason it should be considered from the point of view of phonon 
and electron scattering processes.* Since these processes depend 
upon the structure of alloys, each class will be discussed sepa- 
rately. 


1 The variation of thermal conductivity in continuous solid- 
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solution alloys with their composition is shown in Fig. 1 where A 
and B are two pure metals. 

In this class of alloys, an atom of the alloying metal may be 
substituted for a solvent metal atom at random points in the 
solvent lattice. Also, it may be located in the interstices of 


*A detailed discussion on the influence of impurities on the elec- 
tronic thermal conductivity is given by Sondheimer (49). 
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the solvent lattice (the interstitial type of solution). Evena very 
small addition of alloying metal (or introduction of foreign atoms 
into the solvent lattice) rapidly increases scattering of phonons 
and electrons and reduces both the lattice and electronic conduc- 
tivities. Apparently, the lattice conductivity suffers more than 
the electronic conductivity since the propagation of the lattice 
waves requires a perfect order in a crystalline structure. Small 
amounts of foreign atoms in the lattice weaken the lattice con- 
ductivity which sharply drops (extreme parts of the plot in Fig. 
1). When the amount of alloying metal is large enough, irregulari- 
ties in the lattice structure suppress completely the lattice 
waves and the lattice conductivity becomes somewhat similar to 
that of amorphous materials (inelastic scattering of thermal vibra- 
tions). Further additions of alloying metal have a negligible in- 
fluence on the structure of the alloy and the thermal conductivity 
remains independent of composition (a horizontal part of the plot 
in Fig. }). 

The greater the difference between the atomic structures of the 
solvent metal and the impurity, the higher the drop will be in 
thermal conductivity. For this reason, metalloids cause a much 
larger drop of k in metals than other metallic impurities. 

2 In eutectic alloys (alloys with complete mutual insolubility 
of components in the solid phase) which consist of a mechanical 
mixture of two types of crystals, the change of thermal conductiv- 
ity with composition may be roughly represented by a straight 
line connecting the thermal conductivities of pure components. 
(Actually, this is a curve falling below the straight line. It is due 
to scattering action of crystal walls in a heterogeneous mixture. ) 
This fact indicates that pure crystalline structure of both com- 
ponents is preserved at any composition and heat is conducted 
independently by both types of the crystals. Thermal conduc- 
tivity of eutectic alloys is, therefore, the sum of contributions of 
both components or an additive property (as in refractory ma- 
terials). 

3 In limited solid solutions, the thermal conductivity-com- 
position curve assumes a shape according to the behavior of the 
solid phase; k decreases rapidly with increasing alloy content in 
the continuous solid-solution parts of the alloy. However, when 
the limit of solid solubility is reached and two different crystals 
are formed, the thermal conductivity varies approximately lin- 
early as for eutectic alloys. 

4 If the alloying metal forms intermetallic compounds with 
the solvent metal, their existence is marked on the thermal con- 
ductivity-composition curve by maxima. Such a component has 
a definite crystalline structure and undoubtedly offers smaller 
resistance (less scattering) to the flow of phonons and electrons 
than a continuous solid-solution alloy. Maxima in thermal con- 
ductivity of solid-solution alloys were also observed at certain 
compositions which do not justify the existence of intermetallic 
compounds (3). They may be explained, however, by an ordered 
structure of an alloy (so-called superstructure or superlattice) 
appearing after certain heat-treatments. The main difference be- 
tween an intermetallic compound and an ordered alloy structure 
is that the compound is stable up to its melting point whereas the 
superstructure may be destroyed before, for example, by quench- 
ing. 

Many attempts have been made to relate thermal conductivity 
of alloys (particularly that of various kinds of iron and steel) to 
their composition. Since in steel several impurities are present, 
the problem becomes more complex. In general, their influence on 
k of pure metal is roughly additive. . 

(c) Semiconductors. In this class of materials, heat conduc- 
tion by phonons is supported by electronic conduction. The 
number of free electrons per unit volume in semiconductors, how- 
ever, is usually small and their contribution to total thermal con- 
ductivity depends upon temperature. In low temperatures the 
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electronic thermal conductivity is insignificant. However, it 
rapidly increases with temperature and at high temperatures it 
may even outweigh the lattice conductivity. 


THERMAL ConpbuctTivity AT A TRANSITION PoIntT 


Under certain conditions, some crystalline polymorphous solids 
demonstrate a transition point above and below which only one 
crystalline form is stable. Such transition from one crystallo- 
graphic form to another is accompanied by a rearrangement of 
atoms in the lattice and consequently by a change in density and 
thermal conductivity. 

Experiments of Kaye and Higgins (25) on sulphur revealed a 
sudden drop in thermal conductivity when rhombic sulphur (sp gr 
2.07, stable below 95.5 C) is converted into monoclinic (sp gr 1.96, 
stable above 95.5 C). Their results are shown in Fig. 2 (recalcu- 
lated into English system of units). 


Qik 


700° 200° 250° 3ICOF 


Fie. 2 Conpvuctiviry or SULPHUR 


On the other hand, the transition point from alpha to gamma 
iron is not marked by a sudden change in thermal conductivity but 
only by a change in the slope of the temperature-conductivity 
curve (3). This is probably due to the fact that the thermal 
conductivity of metals depends chiefly on the motion of 
electrons which is not much influenced by the transition of the 
lattice. 


LiquiIps 


The Structure of Liquids. The process of melting may be con- 
sidered as a change of more orderly state of molecules in solids into 
less organized state in liquids (hence increase in entropy). This 
so-called “order-disorder’’ transformation introduces important 
changes into the molecular structure; it loosens the bonds among 
the molecules, destroys the order of the solid structure, and creates 
a possibility of free (thermal) movement of the molecules. 

The readiness with which liquids flow and diffuse led in the 
past to a general belief that the structure of liquids is close to 
that of gases and the molecules in liquids are at complete ran- 
domness. It was assumed that the only difference between liquids 
and gases lies in the larger average distance and, therefore, in the 
smaller attractive forces among molecules. 

However, in the vicinity of the melting point the density 
of a liquid is not greatly different from that of a solid and 
there cannot be much possibility of free movement of the mole- 
cules within liquids. For this reason the modern theory of the 
structure of liquids assumes that structurally liquids are closer to 
solids than to gases and retain the “short-range” order (like 
glasses) to a great extent. This point of view is supported by 
x-ray diffraction measurements of liquids and the existence of so- 
called “liquid erystals,’’ which definitely exhibit some properties 
of anisotropic crystals. 

Thermal, Conductivity of Liquids. Changes in the structure of 
matter at melting have a pronounced influence on the thermal 
conductivity of liquids which abruptly decreases at the melting 
point. This phenomenon can be explained either by the destruc- 
tion of more or less organized solid structure (excluding heat 
propagation by the lattice waves as in crystals) or by looser com- 
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pactness of molecules in the liquid state and, therefore, by greater 
amplitude of the atomic vibrations.’ 

Experimental data on thermal conductivity of solid and liquid 
phases in the vicinity of the melting point are available for helium, 
water, sulphur, and many metals. Except for bismuth, all of them 
indicate a sudden drop of k at melting point as shown for mono- 
clinic sulphur in Fig. 2 (data of Kaye and Higgins). On the same 
figure, experimental data of Jakob (24) for amorphous sulphur 
(containing a little of crystallic sulphur) are represented by a 
dashed line. 

Thermal conductivities of bismuth in solid and liquid phases are 
given in Fig. 3. 
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The only explanation of this phenomenon seems to lie in an in- 
crease of the lattice contribution (atomic motions) since it is found 
that the velocity of sound in liquid bismuth is greater than that in 
solid bismuth. 

Many authors have attempted to derive an expression relating 
thermal conductivity of liquids with other properties which are 
easier to measure. In the following discussion these attempts 
are divided into two groups. The expressions for & in the first 
group comprise various properties of fluids except the velocity 
of sound. In the second group, the acoustic velocity in fluids 
was a principal property, correlation of which to k was at- 
tempted. 

One of the earliest equations in the first group is that proposed 
by Weber (51). A series of empirical equations dimensionally 
inconsistent was suggested by Smith (48). According to Rao 
(44), the theory of liquids should be approached from the point 
of view of the solid state, the density of which is closer to that of 
the liquid. Rao considered a liquid near its melting point as an 
assemblage of a large number of harmonic oscillators (atoms) 
vibrating with an amplitude comparable with the mean molecular 
distance. Assuming that transfer of energy takes place at each 
extreme vibration, Rao deduced the following expression for the 
thermal conductivity of liquids at the melting point 


1 
k = 2.096 X 10° x [8] 


where 9, is the melting point of the liquid on the absolute scale of 
temperature, M is the molecular weight, and V, is the molecular 
volume. 

Fournier (22) based his discussion on the thermal conductivity 
of liquids on a cage made up by neighboring molecules from which 
a molecule can escape only with difficulty. He suggested that the 
molecules of the liquid in their cages undergo motions intermediate 


7It is generally assumed that in stationary fluids heat conductivity 
is due to the transfer of energy (molecular and atomic motions) by 
direct contact between molecules which are of different size and 
shape in various fluids. Obviously, the possibility of free thermal 
movements of molecules or their groups introduces another method 
of heat transfer within fluids (heat convection) which is completely 
independent of heat conduction. In measurements of thermal con- 
ductivity of fluids, the influence of heat transfer by convection should 
be eliminated as it increases the rate of heat transmission. 
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between the harmonic motion of crystalline solids and the transla- 
tional motion of gases. On this basis Fournier derived the 
following formula 


in which C, is the molal heat capacity at constant volume, V is the 
molal volume, L is the mean distance between molecules, 7’ is 
the absolute temperature, and y is the coefficient of viscosity. 

Denbigh (15) related log of the Prandtl number of a liquid to its 
absolute temperature and the latent heat of vaporization at con- 
stant pressure. Denbigh’s equation may be used for estimation of 
k of a liquid when its viscosity, specific heat, and latent heat of 
vaporization are known. 

Finally, in this group the papers of Palmer (34) and Riedel 
(46) should be mentioned. Palmer modified Weber’s equation in- 
troducing in it the Trouton’s constant and the mola] entropy of 
vaporization. He also discussed the influence of hydrogen bonds 
on the thermal conductivity of liquids. Riedel worked out an 
equation relating thermal conductivity of liquids to reduced tem- 
perature. 

The early attempts to derive an expression for the thermal con- 
ductivity of liquids which implies a relationship between k and 
the velocity of sound in a respective liquid are those of Brillouin 
(11) and Paschki (35). Independently of them, Bridgman (9) 
derived on the same basis the following equation 


[10] 


where F# is the universal gas constant in heat units, u is the 
velocity of sound in the liquid, and z is the mean distance between 
the centers of molecules in cubical arrangement 


( M ) /y 
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where M is the molecular weight in grams. 

Equation [10] gives relatively close results to those obtained 
by experiment although in some cases deviations are as large as 
38 per cent. 

Other theoretical equations for k of liquids expressing the ther- 
mal conductivity in terms of the velocity of sound were developed 
by Kincaid and Eyring (26) and Powell, Roseveare, and Eyring 
(43). 

Examination of experimental data on the thermal conductivity 
of nonmetallic liquids shows that water and liquid ammonia are 
the best heat conductors—at 32 F, k in Btu/{hr sq ft (deg F/ft)] 
for water is 0.319 and for NHs, 0.312. Organic liquids of a 
large molecule have the thermal conductivity at room tempera- 
ture about 0.1 although the drop in thermal conductivity is not 
strictly proportional to the number of atoms even in the same 
class of chemical compounds. This fact indicates that an arrange- 
ment of atoms in a molecule also influences the transfer of energy 
between molecules. 

There are no experimental data for the thermal conductivity of 
liquid crystals which having higher structural order should re- 
veal a higher thermal conductivity than ordinary liquids. A 
sudden change of k is also to be expected at transition points 
(liquid crystal-normal liquid). 

Thermal Conductivity of Molten Metals. Molten metals and 
electrolytes represent a separate class of liquids since their ther- 
mal conduction is based on two different processes, atomic mo- 
tions and drifts of free electrons. The electronic conduction 
greatly magnifies the thermal conductivity of these liquids since 
it is 10 to 1000 times higher than that of nonmetallic liquids. For 
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instance, k in Btu/|hr sq ft (deg F/ft)| for several molten metals 
is the following: Sodium at 100 C: 49.13, cadmium at 349 C: 
25.8, bismuth at 300 C: 10.16, and mercury at 0 C: 4.74. 

The increasing application of liquid metals as heating media 
created interest in their thermal conductivity and its correlation 
to other properties of molten metals. Bidwell (6) suggested a 
formula for k of liquid metals which takes into account the con- 
tribution of atomic motions and free electrons; Rao (45) showed 
that the ratio of thermal conductivities in the solid and liquid 

2 Am 
phases near the melting point is given by e? “7, where ky is the 
Stefan-Bolzmann constant, and X,,/7’,, is the entropy of melting. 


GASES 


The Gaseous State. The process of evaporation loosens almost 
completely intermolecular bonds which existed in the liquid state 
and increases the distance between molecules to such degree that 
they are free to move in any direction (the volume of saturated 
water vapor at 212 F and 1 atm is 1604 times larger than that 
of liquid water at the same conditions) and the only obstacles on 
their path are other molecules with which they collide. In other 
words, the gaseous state has neither type of order and the 
molecules are distributed at a complete randomness. All 
the properties and behavior of gases are explained in terms 
of the kinetic theory of gases which is generally adopted. 

Heat Conductivity of Gases. The heat conductivity of gases is 
closely related to the movement of molecules and their collisions 
during which the exchange of energy takes place. In other words, 
the heat conduction in gases may be compared to a process of 
molecular diffusion from hotter to colder regions but restricted 
to the exchange of location and energy of molecules. Heat trans- 
mission in gases by thermal currents (convection) and by electro- 
magnetic waves (radiation) are two different methods of heat 
transfer and are not discussed here. 

A derivation of an equation for the thermal conductivity of 
gases is based on the kinetic theory of gases and leads to a general 
expression 
[11] 
in which / is the mean free path (mean distance traveled by the 
molecules between collisions), u is the mean velocity of the mole- 
cules, C, is the specific heat at constant volume. 

The identical expression, Equation [2], has been derived for 
dielectric crystals assuming in accordance with Peierls’ theory 
that atomic thermal vibrations (the lattice conductivity) can be 
resolved into streams of phonons (the phonon-gas). 

On the other hand, the kinetic theory of gases leads to the 
following expression for the coefficient of viscosity u 


(12) 


and, in turn, to a new equation for the thermal conductivity of 
gases. Combining Equations [11] and [12] 


Actual measurements of the thermal conductivity of gases indi- 
cate, however, that k is greater than calculated from Equation 
{13] and should be expressed by a corrected equation 

where a is a magnifying factor whose numerical values depend 
upon the nature of a gas. For monatomic gases (of spherical 
molecules) a has the highest value about 2.5. For diatomic gases 
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a is somewhat smaller than 2 and is gradually decreasing with the 
number of atoms in a molecule down to 1 (24). Although a com- 
plete theory on the role of factor a in the thermal conductivity of 
gases has not yet been developed it is believed that it is con- 
nected with the rate of exchange of various forms of molecular 
energies (those of translation, rotation, and intramolecular oscilla- 
tion) during the collisions of molecules. Eucken (19) supposes 
that these forms of energies are independent of each other and are 
exchanged between molecules with diverse degrees of easiness. 
The faster molecules of monatomic gases are charged with more 
energy of translation and carry it faster. Since this energy is rela- 
tively easily exchangeable during collisions, it results in higher 
thermal conductivity of monatomic gases for which a = 2.5 and 
is in agreement with theory and experiment. 

The energy of translation decreases with the number of atoms 
in a molecule (slower molecules) but energies of rotation and 
oscillation will increase. Since they are more difficult to inter- 
change during the molecular collisions, the factor a and the ther- 
mal conductivity decrease with the number of atoms in a molecule. 
In other words, the thermal conductivity of gases is affected 
through factor a by the size and shape of the molecule as well as 
by the character of atoms in the molecule. 

McAdams (31) gives Eucken’s empirical formula for a in terms 
of the ratio of specific heats y{a = 0.25(9y — 5)], as suggested 
by Eucken in 1913, whereas Jakob (24) discusses a derivation of 
another Eucken’s formula for a (1940) based on a consideration 
of three various forms of energy possessed by a molecule. Jakob 
gives also a procedure recommended by Eucken (1940) for the de- 
termination of the thermal conductivity of gases in the absence of 
reliable experimental data. 

Numerical values of the thermal conductivity of gases are 
scattered over quite a large range as can be seen from Table 2. 


TABLE 2 THERMAL CONDUCTIVITY OF SOME GASES IN 
BTU/HR SQ FT (DEG F/FT) AT 32 F AND 1 ATM 


Neon..... 
Carbon dioxide........... 00: 
Butane (n—)..... re 0.0078 
Methyl chloride. .... 


VARIABILITY OF THERMAL Conpbuctivity TEMPERATURE 


Solids: Nonmetallic (Dielectric) Solids 

(a) Crystals. Thermal conductivity of dielectric crystals is due 
to the lattice vibrations “emitted’’ in the forms of the lattice 
waves (phonons) which are hampered by various scattering proc- 
esses; this was discussed in detail in the preceding paragraphs. 
In general, the phonon scattering processes shorten the mean free 
path of phonons between collisions, Equation [2], or increase the 
resistance on the path of the phonons. In the first approximation, 
these thermal resistances resulting from various scattering proc- 
esses may be considered as additive and we may write 

Total thermal resistance, R, 


= resistance due to mutual scattering of phonons (umklapp- 
processes), 

+ resistance due to boundary scattering, Rg 

+ resistance due to defects of lattice, Rp 

+ resistance due to chemical impurities, R; 

+ resistance due to higher-order scattering (mosaic structure) 
Ry 


Algebraically 
R, = Ri + Rg t+ Ro +R, + Ry 


OCTOBER, 1955 


These resistances depend upon absolute temperature in various 
degrees. For low temperatures at which only the small wave 
numbers are important, de Boer (7) gives the following relation- 
ships between various causes of resistance and absolute tempera- 
ture: 

Mutual scattering of phonons (U-processes ) 


Ro 


where A is a numerical constant, @ is the Debye temperature, and 
T is the absolute temperature. 
Boundary scattering 


where B is a numerical constant and L is the smallest linear di- 
mension of the sample. 


Scattering by chemical impurities 


where C is a numerical constant. 


Scattering by mosaic structure for small wave numbers (Pomer- 
ranchuk, 1942) 


where D is a numerical constant. 

In well-formed crystals, free from chemical impurities and 
lattice and mechanical defects, the thermal resistance is caused by 
the U-processes and the boundary scattering only. Algebraically 

R, = R. = — 2? 
t ot Rs AT e + B’LT? 

In this equation B’ < B, since the relative contribution of 
boundary scattering to the total resistance is much larger than 
would result from the addition of these two resistances (Klemens, 
1951). 

Since the thermal resistance is the reciprocal of the thermal 
conductivity, Equation [3], we may write 


1 1 
AT B'LT# 


This is a basic equation for the thermal conductivity of regular 
dielectric crystals as a function of absolute temperature—at very 
low temperatures. The thermal conductivity-temperature curve, 
based on Equation [21], is shown in Fig. 4. 

This purely theoretical curve reveals a maximum of k; in the 
vicinity of the absolute zero the exact position of which depends 
upon the numerical constants involved in Equation [21] and 
temperature 6. From the maximum the curve falls gradually 
toward the melting point. At high temperatures (reasonably 
higher than @), however, the lattice waves become shorter and 
scattering of phonons by U-processes becomes more significant. 
The thermal resistance due to these processes gradually shifts 
from the exponential form, Equation [16], to a simple T-law (37), 
or 


Since, at higher temperatures, the contribution of boundary 
scattering becomes negligible, Equation [21] simplifies to 


1 @ 
| 
[17] 
| 
I 
[19 
| 


as shown by a dashed line in Fig. 4. On the other hand, Pomeran- 
chuk (1942) concluded that at higher temperatures k, of dielectric 
solids is proportional to T’-*/*, 

Also, at very high temperatures, R,, > Rp or the thermal conduc- 
tivity is less sensitive to defects of the lattice. 


&e 
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Fic. 4 Conpuctivity or Dretectric Cryrstats Versus 
TEMPERATURE 


All experimental data on the thermal conductivity of dielectric 
crystals which are available for many materials such as ice, 
helium, quartz, micas, sapphire, silicon carbide, etc., show a com- 
plete agreement with the curve shown in Fig. 4. The numerical 
value of k, at the maximum is many times higher than that at 
ordinary temperatures. For instance, the thermal conductivity 
of a quartz crystal at the maximum—about 10 K (measured by 
Berman) was about 580 whereas at 0 C it is 11 (parallel to axis) 
and 6 (normal! to axis). 

(b) Amorphous Materials (Glasses). Less ordered structure of 
amorphous and glassy materials in comparison to the crystalline 
state results directly in much stronger distortion of the lattice 
waves in the form of inelastic (structure) scattering (which is 
connected with the exchange of energy). Consequently, this leads 
to a distinct decrease in thermal conductivity and its different 
variability with temperature. This may be seen from experimen- 
tal data for amorphous and crystallic sulphur, Fig. 2, and from 
Berman’s data for quartz crystal and quartz glass. 

According to Klemens (1951), if the inelastic structure scatter- 
ing is the only process limiting heat conduction, thermal conduc- 
tivity of such material should be proportional to 7’, or 


[24] 


where E isa numerical constant. Substituting known conductivi- 
ties and specific heats of glasses into the simplified Debye formula 
Equation [2], Kittel (27) found that the mean path / is independ- 
ent of temperature at room temperature and above; i.e., the 
thermal conductivity of glasses varies with temperature in the 
same manner as C, or in accordance with Equation [24]. 

It has been observed (Bijl, 1949), however, that in the vicinity 
of the absolute zero (between 1.4 and 3 K) where the specific heat 
should be proportional to T?, the thermal conductivity of glasses 
varies as 7'.*, At slightly higher temperatures, say, about 10 to 
20 K, the thermal conductivity of glasses varies little with tempera- 
tures throughout several degrees and then increases according to 
Equation [24]. The explanation of this phenomenon is given by 
Klemens and others. At high frequencies of atomic vibrations 
characteristic for high temperatures, the wave lengths of the 
waves carrying the thermal energy are relatively short as com- 
pared to the lattice dimensions. Likewise, temperature has little 
effect on scattering of the waves. For this reason the mean free 
path 1, Equation [2], is independent of frequencies and conse- 
quently of temperature. At lower temperatures, however, these 
frequencies distinctly decrease and the wave lengths increase. 
When the wave length is large as compared to the lattice dimen- 
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sions, the disorder of the glass structure has smaller scattering 
effect and the mean free path increases. A general thermal con- 
ductivity-temperature curve for glasses is shown in Fig. 5. Its 
shape is in accordance with a theoretical treatment by Klemens 
and with the experimental results of Berman (1951) on quartz 
glass. 

Other experimental data on the thermal conductivity of amor- 
phous and glassy materials available for sulphur, clay bricks, 
glasses, etc., measured in certain ranges of temperature only, are 
in full agreement with presented theory. Their thermal conduc- 
tivity increases with temperature as it is predicted either by in- 
elastic structure scattering of the lattice waves or directly by the 
dynamic theory of heat. 


Fic. 5 THermat Conpvuctivity or Giass Versus TEMPERATURE 


(c) Refractory Materials. Variation of the thermal conductiv- 
ity of refractory materials with temperature depends upon their 
composition. Those containing more crystalline constituents 
will show decrease of k with temperature, whereas for those with 
predominant glassy substances the thermal conductivity will in- 
crease with temperature. This fact explains why the thermal con- 
ductivity of kaolin firebricks increases with temperature and that 
of magnesite and silicon-carbide bricks drops with temperature. 
It also explains different variabilities of k with temperature in a 
refractory material of the same chemical composition. The ratio 
of crystalline to glassy constituents is a decisive factor. 

(d) Mixtures of Amorphous Materials. If a mixture of amor- 
phous materials forms a heterogeneous system, its thermal con- 
ductivity may be considered in first approximation as an additive 
property and calculated by summation of the contributions of 
constituents. 

Solids. Since the thermal conductivity of individual amor- 
phous materials increases with temperature, their mixture 
should reveal the same behavior. This has been proved experi- 
mentally for various kinds of clay bricks (13). 

Solid-Liquid Systems. For heterogeneous mixtures of water and 
amorphous solids, the thermal conductivity increases with tem- 
perature (k of water increases up to 248 F). This has been found 
experimentally for various kinds of wood where ‘‘the increase of k 
with temperature amounts to about 0.1 per cent per degree Fahr- 
enheit”’ (24). 

Since for the majority of liquids k decreases with temperature, 
it is possible that a heterogeneous mixture of such a liquid and 
amorphous solid with small temperature coefficient of k will show 
k of the mixture nearly independent of or even decreasing with 
temperature. 

Solid-Gas Systems. To this class belong nearly all building and 
insulating materials. Since k of both constituents increases with 
temperature, the thermal conductivity of solid-gas systems al- 
ways increases with temperature (38). 

In solid-air systems, the thermal conductivity at constant tem- 
perature is a function of apparent density (38). This proves that 
the thermal conductivity of heterogeneous systems is an additive 


property. 
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Metals and Semiconductors of Electricity 


(a) Pure Metals. Since, according to Equation [4], heat in 
pure metals is conducted independently by the lattice waves and 
electrons, the dependence of various scattering processes on tem- 
perature for both heat carriers must be taken into account. The 
lattice conductivity as a function of temperature for crystalline 
solids was discussed in the preceding paragraph (Equations [21] 
and [23]) and is represented graphically in Fig. 4. 

In pure metals, the additional resistance to heat conduction is 
caused by scattering of phonons by electrons and electrons by 
phonons. According to Laredo (29) resistance introduced by 
scattering of phonons by electrons at low temperatures (7 < 
0.10) is inversely proportional to the squared absolute tempera- 
ture or 


where F is a numerical constant. In the same range of tempera- 
tures, the resistance due to scattering of electrons by phonons is 


where G is a numerical constant. 
Since in metals 


k= bth +p 
where 
R, = R, + Rg + [28] 
and 


then at low temperatures the total thermal conductivity of metals 
is 


1 1 
k= 
Re + Rp + Rei—ph 
ones e 2 T 
ay B'LT? FT? 


Since in pure metals, good conductors of electricity, the elec- 
tronic conductivity considerably outweighs the lattice conduc- 
tivity as a first approximation, we may write 


ky he [31] 


GT? 


According to Equation [31], the electronic thermal conduc- 
tivity of pure metals increases with the drop of temperature and 
tends toward infinity at the absolute zero. This is a logical con- 
sequence of the decrease in the electrical resistance at low tem- 
peratures and its drop to zero at the absolute zero. At very low 
temperatures, however, tiny amounts of impurities, which are 
always present in investigated samples, scatter electrons according 
to 1/T' law (29) or 


where M is a numerical constant depending upon the amount of 
impurity. Consequently, for pure metals (not absolutely pure!) 
the electronic conductivity at low temperatures should be ex- 
pressed as 
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This equation shows a maximum which for the same metals is 
shifted to lower temperatures as the purity is increased. From 
the experimental results the coefficients G and M could be 
evaluated (33). 

In poor conductors of electricity, however, the lattice conduc- 
tivity cannot be neglected and modified Equation [30] must be 
used 

1 
— 


1 1 M 
2 
PT? GT? + 


= 


1 
+ BLT 


.. [30a] 


Obviously, the resistance offered to heat conduction by scatter- 
ing of phonons by chemical impurities, Equation [18], should be 
included in the lattice-conductivity term in Equation [30a]. It 
is neglected here because at low temperatures the lengths of heat- 
carrying waves (about 10~* cm) are greater than the impurity 
scattering centers and the resulting resistance is insignificant. 

The thermal conductivity of metals which are poor conductors 
of electricity is quite a complex function of temperature, but its 
mathematical analysis is not too difficult. Such analysis indi- 
cates an occurrence of a maximum of k; the position of which is 
determined by the numerical constants involved in this equation 
and the value of temperature 6. 

At a certain temperature after the maximum, however, the 
electrical resistance o of a pure metal becomes proportional to 7’ 
and the relationship between the thermal conductivity due to 
electrons and the electrical conductivity may be expressed by the 
Wiedemann-Franz Law (k, = oLoT (Equation [5a]). If Lo, the 
Lorenz number, is assumed constant, then the electronic conduc- 
tivity in this range of temperatures is independent of tempera- 
ture. On the other hand, in the same range of temperatures the 
lattice conductivity becomes proportional to 1/7’, Equation [23]. 
Consequently 


1 


k, =k k, = — 
t itk, A'T 


[34] 
or the total thermal conductivity of pure metals will decrease 
slightly with temperature due to the contribution of the lattice 
conductivity. 

Experimental data on thermal conductivity of metals at low 
temperatures are available for 34 metallic elements (32). All of 
them show the characteristic maximum (in most cases between 5 
and 30 K). The position of the maximum with respect to tem- 
perature and the numerical value of k at the maximum are very 
sensitive for impurities (constant M in Equation (32]) and may 
vary for different samples of the same metal. 

(b) Alloys. Chemical impurities have a pronounced influence 
on the thermal conductivity of metals and its variability with 
temperature. They scatter the electrons according to 1/T law, 
Equation [32], and the phonons according to T-law, Equation 
[18]. The last scattering in low temperatures is negligible. The 
influence of temperature on the thermal conductivity of alloys 
depends upon their structure. 

Solid-Solution Alloys. The effect of composition on the thermal 
conductivity of solid-solution alloys was already discussed from 
the point of view of scattering of phonons and electrons by the 
presence of foreign atoms in the lattice, Fig. 1. 

Since in alloys, as in pure metals, heat is conducted by the lattice 
waves and electrons, a basic mathematical expression for the 
thermal conductivity of solid-solution alloys in low temperature 
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will be the same as for pure metals which are poor conductors of 
electricity, Equation [30a]. If the amount of impurity is very 
small, the k, of solid-solution alloys shows a maximum as in the 
case of pure metals. Increasing impurity (manifested by an in- 
crease of the numerical constant M) lowers the k,-T curve and 
shifts the maximum toward higher temperatures. This can be 
seen from experimental data of Estermann and Zimmerman (18) 
on pure and impure germanium in low temperatures. “Impure’’ 
germanium contained 0.006 atomic per cent of aluminum. 

A large amount of impurity considerably raises the thermal re- 
sistance due to scattering of electrons by impurity which be- 
comes a predominant factor in Equation [30a]. Consequently it 
simplifies to 


T 
[35] 


Equation [35] shows that the thermal conductivity of solid- 
solution alloys at low temperatures increases proportionately 
with the absolute temperature and a maximum does not occur. 

The variation of k with temperature of solid-solution alloys at 
higher temperatures also depends upon the amount of impurity 
(composition). If M is very small and a maximum in low tem- 
peratures is preserved, then k will fall with temperature toward 
the melting point. If M is large, the structure of solid-solution 
alloys becomes very disordered and scattering of phonons re- 
sembles that in glassy materials, Equation [24]. In other words, 
the lattice conductivity increases with temperature. Assuming 
the validity of the Wiedemann-Franz law in this range of tem- 
perature, we may conclude as a first approximation that the elec- 
tronic conductivity remains constant. Consequently 


[36] 


where £’ is a numerical constant. Equation [36] shows that k;, 
of solid-solution alloys increases with temperature also at high 
temperatures. 


E935 


Fic. 6 THermat Conpuctivity-TEMPERATURE CURVES FOR PURE 
AND ImpURE METALS AND ALLoYs 


In Fig. 6 are sketched three thermal conductivity-temperature 
curves for low and high temperatures. Curve a for a pure metal 
(containing a very small amount of impurities — M very small) 
shows a maximum in low temperatures, then falls to melting point 
in accordance with Equation [34]. In curve b for impure 
metals (M small) the maximum still occurs but is shifted to higher 
temperatures. Curve c is typical for solid-solution alloys. 

Eutectic Alloys. In binary eutectic alloys heat is conducted 
independently by both types of crystals and the total thermal 
conductivity is the sum of both contributions. Since the eutectic 
alloys are only mechanical mixtures of different types of crystals, 
variation of their thermal conductivity with temperature will be 
of the same character as that of pure metals, Equations [30a] and 
[34]. 
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(c) Semiconductors. Although in semiconductors, heat is 
conducted by the lattice waves and free electrons, the electronic 
conductivity is only a fraction of the total conductivity. For this 
reason the variation of the thermal conductivity in semiconduc- 
tors with temperature will follow the pattern for dielectric solids. 
This can be seen from experimental results of Powell (40) on 
various types of graphite. 

The number of free electrons in semiconductors rapidly in- 
creases with temperature and at very high temperatures the elec- 
tronic contribution to k; may outweigh the lattice contribution 
and the semiconductor will act as a metal. This, however, will 
not change the shape of k,-7' curve. 


Taquids 


Lack of proper theory of the liquid structure makes difficult the 
explanation of the thermal-conductivity variation of liquids 
with temperature. In general, the volume of liquids increases 
with the rise of temperature. This indicates that the degree of 
disorder or randomness in the arrangement of molecules in 
liquids also increases with temperature. Since according to the 
concept of order-disorder the higher the disorder among 
molecules, the lower the thermal conductivity, one may conclude 
that the thermal conductivity of liquids will decrease with tem- 
perature. The available experimental data for the majority of 
nonmetallic liquids and molten metals at atmospheric pressure 
are in accordance with this theory because their k decreases with 
temperature. On the other hand, there are some liquids which 
show a positive temperature coefficient of k. 

Nonmetallic Liquids. (a) At 1 Aim Pressure. Hydrocarbons 
and nearly all organic liquids under atmospheric pressure show a 
decrease of thermal conductivity with temperature, but water, 
aqueous solutions, molten sulphur, and a few organic liquids 
(glycerin, ethylene glycol) reveal a positive temperature coeffi- 
cient of k. The explanation of this phenomenon has been sought 
by many authors. So far, the most convincing argument was pre- 
sented by Bridgman with his formula, Equation [10], according 
to which the thermal conductivity of liquids is proportional to the 
velocity of sound and inversely proportional to the specific vol- 
ume to 2/3 power. Under atmospheric pressure, the specific volume 
of all liquids increases with temperature. The velocity of sound, 
however, decreases with temperature only for organic liquids. 
For water, it increases with temperature (24). In organic 
liquids, therefore, both factors act toward the decrease of k with 
temperature and that is in full aecordance with experimental re- 
sults. In water, however, the rate of increase of the velocity of 
sound with temperature is higher than that of specific volume to 
2/3 power; consequently, the thermal conductivity of water in- 
creases with temperature. 

(b) Fluids in Saturated State. Experimental data available for 
liquids in saturated state, i.e., for water, ammonia, carbon di- 
oxide, sulphur dioxide, and some organic liquids (17), show a 
general tendency to fall with temperature toward the critical 
point. This is achieved either by passing through a maximum in 
liquids in which k increases with temperature at pressure close to 
atmospheric (water, NH;, CO.) or by a continuous drop in k after 
melting (methyl chloride). The thermal conductivity of water 
and water vapor in saturated state is shown in Fig.7(17). At the 
critical point, the thermal conductivity of fluids has a finite value, 
0.121 Btu/[hr sq ft (deg F/ft)] for water and 0.034 for carbon 
dioxide (24). Below the critical point, the thermal conductivity 
of saturated vapor falls with temperature. 

Liquid Metals. In liquid metals heat is conducted by atomic 
vibrations and free electrons. For this reason the liquid metals 
show a much higher thermal conductivity than nonmetallic 
liquids. According to Powell (41), the majority of pure metals 
in molten state show a decrease of k with temperature. On the 
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Fic. 7 Tuermat Conpuctivity oF WATER AND WATER VAPOR IN 
SATURATED STATE 


other hand, liquid mercury and cadmium, and four eutectic alloys 
(Pb-Bi, Sn-Pb, Sn-Zn, and Pb-Sb) have a positive temperature 
coefficient of k. There is no available theory explaining the 
variation of & with temperature in liquid metals. 


Gases 

According to Equation [14], the thermal conductivity of gases 
is a product of three terms, magnifying factor a, viscosity u, and 
specific heat at constant volume C,. The variation of the thermal 
conductivity of gases with temperature, therefore, will be a re- 
sultant of the changes with temperature of all three terms. Let 
us consider these changes at atmospheric pressure (a simul- 
taneous influence of temperature and pressure on the thermal 
conductivity of gases is discussed in the next paragraph). 

According to Eucken’s formula, factor a is directly proportional 
to the ratio of specific heats [a = 0.25 (9y — 5)] where y = 
C,/C, and will decrease, therefore, with temperature. On the 
other hand, available data on y for various gases under atmos- 
spheric pressure, especially in higher temperatures, show that this 
decrease is rather small (i.e., about 0.04 per cent per 1 deg F for 
hydrogen) and may be neglected. 

Viscosity of gases increases with temperature and according to 
W. Sutherland (1893) it may be represented by the following 
function of absolute temperature 


where po and C are constants for the gas, and T is the absolute 
temperature. 

Specific heat at constant volume increases with temperature in 
various degrees at various temperatures (20), but for short tem- 
perature intervals it may be assumed as a linear function of 
temperature, or 


where N/Cw is the temperature coefficient of C,. 

Substitution of Equations [37] and [38] into Equation [14] re- 
sults in a formula for the thermal conductivity of gases as a func- 
tion of temperature 

T 
k = aul, =a X Co (1 + NT) 
1+ r 
= apoCw 
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According to Jakob (24) this equation with proper constants 
for a given gas “represents the known experimental data with an 
accuracy of 0 to 6 per cent in the range of —180 C to +200 C.”’ 

In high temperatures, however, this type of formula is not 
valid. For instance, the experimental results of Stops (47) on 
air, nitrogen, and carbon dioxide over the temperature range 0 to 
1000 C inclined toward a cubic equation of temperature. The 
Sutherland type of equation could be used for air and nitrogen 
only up to 600 C. 


VARIABILITY OF THERMAL ConpucTiviTy WITH PRESSURE 
Solids 

Metals. From the theory of the lattice and electronic conduc- 
tivities in metals it could be expected that the pressure will distort 
the regularity of the lattice which in turn will increase scattering 
of phonons and electrons; i.e., will decrease the thermal conduc- 
tivity. This conclusion is, however, only partially confirmed by 
experimental observations. The experiments of Bridgman on 11 
metals with pressures up to 12,000 kg/cm? (10) showed that the 
thermal conductivity of iron, copper, silver, nickel, platinum, 
bismuth, and antimony decreases with pressure linearly (at 
various rates), whereas that of lead, tin, cadmium, and zinc in- 
creases in a similar manner. On the other hand, the pressure co- 
efficient of the thermal conductivity of metals is quite small. 
This last fact shows that pressures used by Bridgman cause only 
elastic deformation of the metal lattice and as such may hinder 
or promote the propagation of the lattice waves and the flow of 
electrons depending upon the structure of the lattice. 

Amorphous Solids. Pressure exerted on amorphous solids in- 
creases the contact area between molecules and atoms and should, 
therefore, promote heat conduction by atomic vibrations. This 
conclusion was confirmed by experiments of Bridgman (10) 
who has shown that for nonmetallic, amorphous solids (pyrex 
glass, limestone, talc, etc.) the thermal conductivity increases 
proportionally to the pressure, according to the formula 


+0 


where p is the pressure in kg/cm? and a is a numerical constant, 
whose value was determined experimentally for each material. 
Liquids 

The influence of pressure on the thermal conductivity of liquids 
is similar to that of amorphous solids. The experiments of 
Bridgman (10) on many liquids at 30 and 70 C result in two curves 
as shown in Fig. 8. 


‘ PRESSURE * 


6000 42,000 


Fic. 8 Iner_vence or Pressure oN THERMAL CONDUCTIVITY OF 
Liqutps (BripGMAN) 


Gases 
The kinetic theory of gases leads to a general expression for the 
the thermal conductivity of gases 
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It indicates that k of the perfect gas is independent of pressure 
for the following reasons: At constant temperature, neither wu, 
the mean velocity of the molecules, nor C,, the specific heat at 
constant volume, is affected by pressure. Only 1, the average 
path length between the collisions of molecules, will decrease with 
pressure. But the pressure will increase the density of the gas or 
the number of molecules per unit of volume. Since in the per- 
fect gas the decrease in | will be exactly balanced by the in- 
crease in number of molecules taking part in the heat transporta- 
tion, k remains unchanged. However, even for the perfect gas 
this conclusion is not valid at reduced pressures. Heat conduc- 
tivity in gases is connected with a large number of molecules at 
unit volume. At low pressures there are fewer molecules availa- 
ble for the transport of heat, their mean paths are much longer, 
and collisions less frequent. In this region of pressures the ther- 
mal conductivity of the perfect gas is proportional to the pressure. 

In real gases, however, there are two additional factors which 
result in a general dependence of k on pressure. First, C, of real 
gases is not constant but increases with pressure. This is quite 
apparent for polyatomic gases. Also, the molecules of real gases 
are not hard spherical bodies without volume but possess a finite 
volume and may have various shapes. For this reason the mean 
free path between the collisions of molecules in real gases is not 
equal to the distance between the centers of molecules but some- 
what less; this difference increases with pressure. 

The influence of pressure on k of real gases is difficult to ob- 
serve for small pressure differences, especially in the vicinity of 1 
atm. In this region, real gases are still close to the perfect gas 
and their k is practically independent of pressure. Large pressure 


differences, however, show positive pressure coefficients of k. 
These coefficients are quite high for heavy gases and vapors with 
polyatomic molecules. 


SrmvutTANEous INFLUENCE OF TEMPERATURE AND PRESSURE ON 
THERMAL Conpvuctivity oF GASES 


Since the thermal conductivity of gases 


then a simultaneous influence of temperature and pressure on k of 
actual gases may best be obtained by analyzing the effect of these 
two factors on the three components of Equation [14]. 

In general, decreases with the temperature increase and in- 
creases with pressure. Factor a will vary in similar manner and 
its variation with temperature and pressure may be obtained by 
Eucken’s formula and variation of y with temperature and pres- 
sure. The data are available for air (16), water vapor, and some 
other gases. 

The viscosity and specific heat at constant volume of gases vary 
with temperature and pressure in the same manner according to 
the well-known pattern shown in Fig. 9. 

Since the variations of a with temperature and pressure are 
relatively small, the general shape of curves in Fig. 9 must be 
preserved for the variation of the thermal conductivity of gases 
with temperature and pressure, This conclusion was proved ex- 
perimentally for water vapor by Timrot and Vargaftig (50) whose 
results, represented graphically, fall into the general pattern of Fig. 
9 (24). 

At very low pressures, the thermal conductivity of actual gases 
varies with pressure for the same reason as explained for the per- 
fect gas. According to Jakob (24), k for heavy gases depends 
upon pressure below 1 mm Hg whereas that for hydrogen and 
helium, below 20 mm Hg. 


Fic. 9 GeneraL CuRVES FOR VARIATION OF AND WITH 
TEMPERATURE AND PRESSURE 


SUMMARY 


The influence of material structure, temperature, and pressure 
on the thermal conductivity in the three physical states of matter 
was discussed and theoretical conclusions were compared with 
experimental results. 

1 Thermal conductivity of matter depends upon its structure 
to a considerable degree. Structurally, more organized materials 
show higher thermal conductivity. For this reason it increases in 
the following succession: Gases—liquids—amorphous and glassy 
materials—crystals. Solid and molten metals show higher ther- 
mal conductivity than dielectric solids and nonmetallic liquids, 
respectively, because in metals heat conduction by atomic vibra- 
tions (the lattice conductivity) is strongly supported by a drift of 
free electrons. 

2 Temperature. For a material appearing in crystalline and 
amorphous-solid phase, the dependence of k upon temperature at 
atmospheric pressure throughout the three physical states may be 
represented by a general pattern, as shown in Fig. 10. 


GAS 


Fic. 10 THermat Conpuctiviry as FuNcTION oF TEMPERATURE 
Taree Puaysicar STATES 


The general trend in variation of k with temperature has been 
proved by theory and experiment. From this graph and known 
structure of solid sample, the variation of its thermal conductivity 
with temperature may be predicted (refractory materials, eutectic 
alloys, amorphous heterogeneous mixtures, etc.). 

3 Pressure. Generally speaking, k of all materials increases 
with pressure. The only deviation is shown by some metals. 
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Discussion 


Vicror Pascuxis.§ Information on thermal conductivity is 
always welcome. In this paper there are several comments that 
come to mind and on which additional information from the 
author would be weleome. 

1 Inthe section on glassy materials the author quotes values 
of “thermal conductivity of quartz glass.” Heat transfer 
through glass is always by conduction and radiation. Deter- 
mination of conductivity by conventional means yields an ap- 
parent conductivity rather than the direct conductivity. Does 
the author refer to apparent or direct values and, if the latter, 
how have they been determined? 

2 With reference to the schematic Fig. 10, it may be of inter- 
est that for carbon steel the conductivity of the liquid near 
the melting point seems to be one half of that of the solid near the 
melting point. Dr. J. B. Austin suggested this relationship some 
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10 years ago in a personal communication to the writer. It has 
been used repeatedly in computations of solidification problems 
by means of electric analogy. Such computations have subse- 
quently been compared with temperature measurements and 
have been found correct. A similar ratio has been found for 
aluminum by the same method: computing the solidification 
pattern with this assumption, and comparing the result with 
temperature measurements. 

3 In the last section of the paper the author speaks about the 
variation of conductivity with pressure. It is known that the 
conductivity of gases increases at high pressures, but little quan- 
titative information seems available. In view of the increase in 
use of high-pressure apparatus and of the fact that the conduc- 
tivity of insulating materials is controlled by the conductivity 
of the gas in the pores of the material, accurate knowledge of the 
pressure dependence of gases at high temperature would be of 
interest. 

AvuTHOR’s CLOSURE 

The data on thermal conductivities of quartz crystal and 

quartz glass are taken from the paper of Berman (4) in which the 


methods used for evaluation of thermal conductivities are not 
disclosed. Probably they could be obtained directly from Dr. 
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R. Berman (The Clarendon Laboratory, Oxford, England). 
However, it seems that in the case of the particular experiments 
mentioned the correction for radiation, usually required, would 
be unimportant because the experiments were run at low tem- 
peratures. High emissivity and, therefore, high absorptivity of 
quartz (31, p. 478) is another factor diminishing this correction. 

The interesting observation of Mr. Paschkis is in general agree- 
ment with the available data for some metals, but exceptions are 
rather numerous. According to J. B. Austin (3), “at the melting 
temperature the conductivity of a liquid metal is from one 
third to two thirds that of a solid.”’ Bismuth for which thermal 
conductivity in the liquid state is higher than that in the solid 
state (see Fig. 3) is considered to be an exception. 

We heartily agree with Mr. Paschkis that additional data on 
thermal conductivity of gases at high pressure would be very 
helpful. The experiments of Timrot and Vargaftig (50) on 
water vapor follow a general pattern deducible from Equation 
[14]. Since the preparation of this paper, some additional 


information® on the subject became available. 


»‘*Thermal Conductivity of Gases,’’ by F. G. Keyes, Trans. ASME, 
vol. 76, 1954, pp. 809-816. 

Also, ‘“Thermal Conductivity of Gases,’ by F. G. Keyes. 
Paper No. 54—A-235 (to be published). 


ASME 


ray 
‘4 
hs 
< 
Te 
- 
2 
: 
: 


fee. 
way 
+h 
at 
4 Toy, 
; 
; < 
By 
¥ 
| i 
| 
| 4 
ak 
i 
| 
F 
4 
t 
f 
| 
‘ 
“a 
4} at 
} 


To obtain the basic discharge data necessary for efficient 
hydroelectric operation, a new ultrasonic flowmeter has 
been developed and applied to the measurement of flow 
in large water passages. During the development period, 
extensive tests under varied conditions of flow were made 
in a passage, 5 in. X 9 in., using a weighing tank as the 
absolute standard. Accuracies of 1 per cent or less were 
achieved regularly with appreciably turbulent and non- 
uniform flow distributions, using river water of varying 
turbidity. Installation in a turbine intake, 16 ft x 25 ft, 
has demonstrated the practicality of the method and 
equipment. 


INTRODUCTION 


NUMBER of basically different types of flowmeters or 
A methods for measuring the flow of liquids and gases are 
in existence today. Some of these methods provide a 
direct and absolute measurement while others require calibration 
from which a coefficient is derived and applied in the determina- 
tion of the quantity of flow. While many of the methods are 
practical for specific conditions, there are situations in which, 
for one reason or another, all of them may fail to offer a satis- 
factory solution. The measurement of large quantities of water 
is one condition where very few methods can be applied. The 
limits of accuracy or the cost of instrumentation and installation 
often preclude the use of those that are applicable. 

Low-head hydroelectric plants, particularly those with fixed or 
adjustable-blade propeller types of turbines, present a problem 
in flow measurement. Few turbines of this type have been tested 
for performance characteristics in their installed location. Aside 
from the cost of applicable methods, field testing has been limited 
by the short length of water passages and the geometry of 
the intakes that are characteristic of these installations. 

Appreciable economies can be realized from the operation of 
large turbines when reliable performance data are available. 
Sometimes too much emphasis is placed upon the results of field 
tests as the criterion of guaranteed performance rather than as a 
source of information for most efficient operation. 

Performance data on low-head developments, particularly in 
the United States, are frequently derived from laboratory tests on 
a homologous model with the data stepped up to prototype by 
basic dimensional relationships plus empirical or experience co- 
efficients to compensate for other less tangible factors that vary 
with the size ratio. Actual field tests indicate that data derived 
in this manner may result in misleading operating procedures. 
Piezometer combinations in the turbine intake or scroll case have 
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been used quite extensively as an index for establishing the shape 
of performance curves and, in the case of adjustable-blade 
turbines, for obtaining the best efficiency relationships between 
gate and blade positions. Index tests, however, do not provide 
accurate quantitative data. 

In the case of several units in one plant, an economic gain is 
realized from preferential operation of the more efficient units. 
With units of identical design, variations in performance between 
individual units may seem insignificant; however, field testing 
has shown differences of 1 to 2 per cent in efficiency which could 
be the source of appreciable losses if these differences were 
ignored. With more than one plant on a stream, gains can be 
achieved when reliable performance data are available as a basis 
for more economical distribution of loading between plants and 
better utilization of storage. 

The cited advantages accruing from economical operation 
provided the incentive to search for an improved method of 
flow measurement. The literature search revealed several good 
texts (1 to 5)* and considerable previous work in the general field 
of ultrasonics, but left unsolved serious difficulties which pre- 
vented its practical application to flow measurement. One of 
the authors of this paper conceived a new ultrasonic method 
which overcomes prior difficulties (6, 7) and which has been under 
continuous development and testing since 1947. 

Ultrasonic Flowmeter. The new ultrasonic method is based 
upon the measurement of fundamental units of time and length 
and requires no calibration by other means prior to its use. The 
measurement of the difference in propagation velocities of ultra- 
sonic compression waves with and against the direction of flow, 
as in earlier methods (8 to 12), is the basic phenomenon from 
which the flow velocity is determined. The principal innovation 
is the use of fixed elements which function both as transmitter 
and receiver. 

In order to measure the average velocity of flow over the entire 
area of a rectangular section, newly developed antenna-type 
transducers are employed. These transducers take the form of 
straight cylindrical rods which transform electrical waves into 
mechanical waves and vice versa. 

Tests. Extensive tests in a steel conduit having a rectangular 
cross section 5 in. X 9 in. have proven the method practical 
and capable of a high degree of accuracy, affected only a negligible 
amount by turbidity, temperature, and departures from uniform 
velocity distribution normally encountered in straight flow 
sections. A few large-scale tests were made in a turbine intake 
16 ft X 25 ft, where the ultrasonic flowmeter yielded very con- 
sistent data. 

A rather complete analysis and some experiments indicate that 
the method can be used to measure fluid flow in open channels, 
round pipes, and passages having other than rectangular cross 
sections, although the precision with which such measurements can 
be madeis yet to be determined. Early in the development, experi- 
ments were conducted with transducers mounted on the outside 
of the steel conduit. These trials indicated that such an arrange- 
ment is workable, utilizing a variation of the wave-guide tech- 
niques common to microwave radio communication. 


4 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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This paper is one of a planned series of three on the ultrasonic 
flowmeter and includes a general description of the method and 
representative hydraulic test data. The second paper is to be 
written for the American Institute of Electrical Engineers and 
will cover the theory of the method and details of the electronic 
equipment. The development and characteristics of the novel 
antenna-type transducers is to be the subject of a third paper. 


PRINCIPLES OF THE ULTRASONIC METHOD 


In a still medium, compression waves having a fixed frequency 
radiate from a stationary point source as shown in Fig. l(a). 
The propagation velocity being the same in all directions, the wave 
length is constant and obeys the following law 


where 
\ = wave length, ft 
V = absolute propagation velocity, fps 
f = frequency, cycles per sec (cps) 


(q 


IDEALIZED Wave PATTERNS 


1 

(a—Stationary medium. 6—Medium moving with uniform velocity.) 
Fig. 1(b) shows the wave displacement when the medium moves 
uniformly at constant velocity. The wave length is increased 
in the direction of flow and decreased against the flow. The 
basic Equation [1] can be modified to include the effect of the 


velocity of flow v 


Since V has a value of about 4800 fps in water, and the velocity 
of flow » in low-head turbines is often as small as 1 fps, it is neces- 
sary to measure changes in sound velocity due to flow of the order 
of one part in 4800. Further, it is desirable to measure such a 
change to within | per cent or less, which requires that a change 
in sound velocity of about 1 part in 480,000 be measured. As 
shown in Equation [2], a change in flow velocity v produces a 
change in X proportional to the change in V + v. To amplify 
a change in X, the frequency f is chosen high enough to produce a 
train of about 100 waves in the space between the transmitter 
and receiver. The wave at the receiver is advanced or retarded 
with respect to the transmitter by an amount which is the summa- 
tion of the changes in length of the individual waves in the train. 
The magnitude of this wave shift is determined electrically by 
measuring phase angles between the wave being transmitted and 
the wave being received. Other known techniques could have 
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been used, because this determination is essentially a measure- 
ment of the change in transit time due to flow velocity. 

A given change in either V or v will produce an identical change 
in \. This imposes a serious handicap because a 1 deg C change in 
temperature changes the speed of sound in water about 9 fps, 
which is enough to mask the flow velocity to be measured. A 
still more serious handicap has been a small change in the spacing 
between transducers occurring during measurement, because 
such a change could be larger than the minute change in wave 
length which is the basis of the ultrasonic measurement. Earlier 
workers reduced the effect of temperature by combinations of 
transmitting and receiving transducers, but failed to overcome 
the considerable errors introduced by slight changes in trans- 
ducer spacing. Both of these sources of error, in effect, have 
been eliminated in the new method by reversing the direction of 
transmission between a pair of transducers, the maximum benefit 
being derived when transmissions are made in both directions 
simultaneously. Since the magnitudes of the errors are related 
to the rates of change of temperature and transducer spacing and 
these rates are very small in turbine testing, it has been found 
practical to use the less complicated alternate upstream and 
downstream transmission technique. 

The following formula is used to calculate flow velocity 


flow velocity, fps 

absolute propagation velocity, fps 

frequency of ultrasonic waves, cps 

projection of transducer spacing on axis of flow, ft 

difference between the phase angles measured *when 
transmitting with and against flow, deg 


Although the derivation of Equation [3] includes a mathemati- 
cal approximation, the accuracy of the formula is appreciably 
greater than that aiiainable in the physical and electrical meas- 
urements. It will be noted that there are no empirical coeffi- 
cients. 


EqQuiIPpMENT 


A block diagram of the equipment is shown in Fig. 2. The an- 
tenna-type transducers are mounted on opposite walls of the meas- 
uring section and displaced a definite distance along the flow 
axis. ‘The transducer assembly consists of a barium-titanate 
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transducing element bonded to a solid metal horn, which serves 
as a mechanical impedance-matching transformer between the 
transducing element and a slender stainless-steel rod. The bar- 
ium-titanate element, the transformer, and the connecting elec- 
trical cables are moistureproofed by enclosing them in pressur- 
ized jackets. 

When the transducing element is driven by the alternating 
electric signal, it vibrates longitudinally at the same frequency 
as the signal and sends compression waves down the rod, thence 
into the water. This action takes place in the reverse order when 
a transducer is used as a receiver. 

The antennalike transducers have been designed to overcome 
three major problems that may be encountered in large turbine 
intakes: 

1 Obtaining the true average of velocity over the entire area 
of a large flow section. The new transducers do this quite suc- 
cessfully by spreading the transmitted ultrasonic energy evenly 
over the entire area and by vector addition producing a received 
signal whose vector relationship to the transmitted signal is a 
measure of the average flow velocity over the entire area. 

2 The reduction of the effects of echoes or reflections from up- 
stream and downstream surfaces. Since reflected signals may 
pass through flow having velocities differing from those in the 
measuring section, an error in phase angle can occur. These ef- 
fects are attenuated to a negligible level by terminating the trans- 
ducer antenna rods, thereby producing an effective beam width 
so narrow that, as installed, only by the direct path between 
transducers is the signal transmitted or received. To align the 
ultrasonic beam with the direct path, the transducers are tilted 
at an angle dependent upon the width of the flow section, the 
transducer spacing, and the speeds of sound in the transducer 
rods and in water. Terminated rods were used only for the tests 
in the turbine intake. 

3 The problem of interference with normal flow was 
eliminated by using '/,-in-diam rods recessed in the walls. 


The mechanical interchanging switch is motor driven and inter- 
changes the connections to the transducers every 5 sec, thereby 
reversing their functions at a predetermined cyclic rate of six 
times per min. 

The oscillator supplies alternating current to the transmitting 
transducer and a sample of this current to the measuring circuit 
as an in-phase reference voltage. The frequency of the oscillator 
is chosen to produce adequate phase-angle deflections for the 
velocities to be measured, the transducer spacing, and the sensi- 
tivity and precision of the measuring circuit. 

The two-channel amplifier and mixer amplify the reference sig- 
nal from the oscillator and the signal from the receiving trans- 
ducer, electronically reduce their frequency to the audible range 
where the phase-angle recorder can measure their phase relation- 
ship precisely. 

The phase-angle recorder consists of two principal parts: 


1 The phase-angle-measuring circuit which translates the 
phase angle between the reference and receiving transducer sig- 
nals into a proportional direct current. 

2 The Minneapolis-Honeywell high-speed electronic recorder 
which automatically records the direct current as phase angle in 
degrees. The record is made on a strip chart 10 in. wide. 


PERFORMANCE Tests IN 5-IN. X 9-IN. FLow SEcTION 


Test Conditions. The flow section was rectangular, 5 in. X 9 
in., and 3 ft long. Full-section flow was maintained at all veloci- 
ties by locating the regulating valve beyond the discharge end of 
the test section. A weighing tank of 4100 gal capacity, with its 
associated beam scale, was used as the absolute standard of ac- 
curacy in the initial tests which established the validity of the 
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method. To facilitate additional testing of the flowmeter under 
many different conditions, a venturi meter was utilized as the 
reference standard after being calibrated very carefully with the 
weighing tank. The oscillator frequency was 500 ke. 

A standard procedure was followed for each comparison test: 


1 Flow was adjusted to a predetermined rate. 

2 Water temperature was measured to the nearest 0.1 deg C. 

3 Twenty pairs of ultrasonic readings (upstream and down- 
stream) were recorded automatically. 

4 The amount of water passing through the section during 
the period of time the ultrasonic readings were recorded was col- 
lected in the tank and the volume determined by weighing. When 
the venturi meter was used, visual readings from the manometer 
were recorded for each pair of ultrasonic readings. 

5 Water temperature again was read. 


A complete series of comparison tests was made over the entire 
range of flow velocities before making any computations. This 
was done to obtain purely objective data. Before and after each 
series, the reliability of the electronic instrumentation was 
checked. 

Turbidity Effects. Untreated Susquehanna River water was 
used for all tests. From time to time, its appearance varied from 
clear to very muddy and analyses showed that the suspended 
matter ranged from 25 to 1000 ppm. At times, larger entrained 
bodies, such as leaves, twigs, and agglomerations of matter, could 
be observed passing through the test section. Turbidity and the 
larger solids had no measurable effect upon results. This corrob- 
orates the work of Randall (13) who reported a change of only 
0.4 per cent in the speed of sound in water with 150,000 ppm of 
suspended matter. 

Laboratory tests showed that turbidity caused by appreciable 
amounts of entrained air, visible as a white cloudiness, attenuated 
the ultrasonic signal an amount depending upon the frequency 
used and the transducer spacing. Such a degree of cloudiness 
was not observed during any tests utilizing water directly from the 
river. The introduction of large bubbles of air into the flowing 
water caused transients in the indicated water velocity. 

Temperature Effects. The propagation velocity of sound in 
water appears as a second-power quantity in Equation [3], the 
formula for calculating flow velocity. This velocity is 4865 fps at 
20 C and increases approximately 9 fps per 1 deg C (14). In 
practice, only about 1 per cent error in the indicated flow velocity 
is introduced by an error of 3 deg C in the determination of water 
temperature in this range. As stated earlier, the water tempera- 
ture was measured to 0.1 deg C during tests. 

Long experience has shown that the temperature of the Sus- 
quehanna River does not change measurably over periods of sev- 
eral minutes’ duration. Because of this, the relatively long switch- 
ing cycle of 10 sec (15) was chosen to simplify instrumentation 
and to increase reliability and accuracy. 

Effects of Nonuniform Flow. Although the measuring section 
of the ultrasonic flowmeter may be short, it has a finite length. 
Because of this, it is to be expected that asymmetric flow under 
certain conditions can introduce errors as a result of the change 
in flow pattern as the water passes through the measuring sec- 
tion. Analysis shows that velocity gradients through which the 
ultrasonic signal passes are seldom, if ever, great enough to intro- 
duce appreciable refraction and consequent error. 

Fig. 3 shows the excellent precision of the flowmeter when the 
plane of asymmetric flow is parallel to the transducers. The data 
in this figure for the 12-in. transducer spacing are representative 
of those obtained from a series of nine tests made on as many 
different days. The data for the 6-in, transducer spacing are 
representative of four separate tests. 

Fig. 4 indicates the magnitude of errors that can occur when 
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the plane of asymmetric flow is perpendicular to the transducers. 
Two independent sets of measurements were made, along path A 
and along path B, with the pair of transducers at the two differ- 
ent locations indicated. As the water passes through the measur- 
ing section, the higher velocities are reduced slightly and the lower 
velocities are increased correspondingly. When a given mass of 
water with a flow contour as shown in Fig. 4 reaches path A, the 
higher velocity is measured first. As this mass of water nears the 
second transducer, the lower velocity portion is measured. Dur- 
ing the measuring interval, the lower velocity portion has been 
increasing in velocity. The measured velocity of the given mass 
of water is therefore higher than the true average value. When 
the measurement is made along path B, a correspondingly lower 
velocity is indicated. The graph in Fig. 4 shows these effects and 
how the average of the measurements along complementary paths 
A and B yields an accurate value of flow velocity. 

Under the flow conditions of Fig. 4, the presence and direction 
of a transverse velocity were detected when the transducers were 
placed directly opposite each other, that is, when there was no 
transducer spacing on the principal axis of flow. The transverse 
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velocities measured were of the proper magnitudes to account for 
the deviations observed. The exact nature of the phenomenon is 
not known; however, the use of vector analysis providesa plausible 
mathematical explanation. The tendency for the velocities to 
equalize in the measuring section produces a small veetor of veloc- 
ity, exactly opposite in direction to the pressure vector, across 
the pipe from the region of higher velocity toward the region of 
lower velocity. This vector has a component along the direct 
paths between transducers. Under the conditions shown in Fig. 
4, the transverse velocity increases the flow velocity measured 
along path A and decreases it along path B. 

Under the conditions of Fig. 3, the transverse vector of velocity 
is parallel to the transducers and perpendicular to the direct trans- 
mission path between transducers. Consequently, it has no com- 
ponent along the transmission path and introduces no measurable 
error. However, the transverse velocity theoretically can intro- 
duce an error of about one quarter of the maximum shown in Fig. 
4. Under these circumstances, the path in the water would shift 
slightly and slightly change the length of the signal path in the 
transducer rods. 

Turbulent nonuniform flow was produced by placing two or four 
uniformly spaced flat bars at the duct entrance. These bars were 5 
in. high, 1 in. wide, and '/, in. thick along the axis of flow. Explo- 
ration with a pitometer indicated the presence of extreme turbu- 
lence in the measuring section, although no effect was observed on 
the phase-angle recorder or on the cathode-ray oscilloscope used 
to observe instantaneous values of phase angle. 


Tests in A TuRBINE INTAKE, 16 Fr X 25 Fr 


The tests on the 5-in. X 9-in. flow section demonstrated that 
the ultrasonic method is basically sound and warranted further 
development for use on a larger scale. A 42,500-hp adjustable 
blade-type turbine at the Safe Harbor plant was selected for the 
initial installation. The intake of the unit is divided into three 
separaie bays and naturally would require three pairs of trans- 
ducers to measure the total turbine discharge. Since precise cur- 
rent-meter testing equipment is available at Safe Harbor, it is 
possible to measure the discharge of a single bay; therefore, to re- 


~ 
} ‘ 
1040 
— 
- 
7 
] 
| 


SWENGEL, HESS, WALDORF—ULTRASONIC MEASUREMENT, HYDRAULIC TURBINE DISCHARGE 


1041 


Fic. 5 Location or ANTENNA-TyYPE TERMINATED TRANSDUCERS IN TURBINE INTAKE 


duce the scope of the investigation, transducers were placed in 
the middle bay only. Furthermore, if river flow and available test 
personnel did not permit simultaneous comparison with current 
meters, a very good secondary standard is provided by the scroll- 
case piezometers and past data on distribution of discharge be- 
tween the bays. The piezometers have shown remarkable con- 
sistency for more than 15 years of use as the metering elements 
for continuous measurement of discharge and hourly computation 
of plant efficiency. Previous field tests on five different units 
show that the maximum variation in the percentage of discharge 
through the middle bay is only 0.8 per cent. 

Since the turbines are unwatered for maintenance only one 
time per year, considerable care was exercised in the design and 
installation of the underwater components to insure reliability. 
Waterproof housings were used for the electrical parts of the 
transducers and polyethylene tubing as conduits for the coaxial 
cables. Both the housing and tubing were pressurized with dry 
nitrogen. The '/,-in-diam transducer rods were recessed in the 
concrete walls of the intake by cutting an accurate groove with 
carborundum disks on a hand-power saw. The rods and the poly- 
ethylene tubing were fastened securely with clamps and anchor 
bolts. The clamps on the transducer rods were sound-insulated 
from the concrete and the clamps with rubber grommets; also 
the clamps were spaced at intervals which prevented resonant 
effects in the rods. 

Fig. 5 is a cross-section view of the Safe Harbor turbine installa- 
tion showing the location of the antenna-type transducers. The 
frequency used for tests in this unit was 25 ke. 

Operating schedules did not permit simultaneous tests with 
current meters; however, a number of comparison tests were 
made with the piezometer metering as a secondary standard. 
Typical results are shown on the power-discharge curve in Fig. 6. 
The dashed-line curve through the piezometer points is about 0.5 
per cent lower in discharge than the solid line through the ultra- 
sonic points between approximately 6000 and 7000 cfs and, over 
the remainder of the test range, is as nearly the same as average 
curves can be drawn. It is recognized that these comparisons 
do not provide an absolute test of the precision of the ultrasonic 
flowmeter when used to measure large quantities of water. How- 
ever, because of the long-term reliability of the piezometers used 
as the standard of comparison and the agreement between the 
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discharges shown in Fig. 6, it is felt that. the ultrasonic flowmeter 
will find definite application in flow measurements. 
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Discussion 


G. H. Voapen.’ The authors have contributed a very inter- 
esting report on the progress they have made to date toward the 
utilization of ultrasonics in the measurement of hydraulic turbine 
discharge. They are to be commended on their recognition of 
the problems, their efforts to overcome them, the frankness with 
which they have revealed these problems, and their methods of 
attack, and are to be congratulated for their progress. Certainly, 
the Pennsylvania Water and Power Company also should be 
commended for making this investigation possible. 

Measurement of the discharge of an entire turbine has not been 
attempted, but only that in one passage of a three-passage intake. 
It is unfortunate that comparison of the flow thus measured 
could not be made with simultaneous measurements of flow by 
some presently accepted absolute method of measurement. It 
would appear to the writer that several such comparisons on 
different units where hydraulic conditions are conducive to ac- 
curate measurements by some other recognized method should 
now be made. No doubt, some hydroelectric operating company 
or one of the government agencies would be willing to co-operate 
with the authors in obtaining such comparisons during one of 
their planned acceptance tests. 

The point is well taken by the authors that ‘‘sometimes too 
much emphasis is placed upon the results of field tests as the 
criterion of guaranteed performance rather than as a source of 
information for most efficient operation.”” The following further 
comments are offered in this connection: 

If the turbine manufacturer has a laboratory-model test or a 
prototype field test of an homologous or nearly homologous unit, 
an absolute efficiency test is not necessary to determine whether 
or not the manufacturer has met his efficiency guarantees. Cor- 
rections can be made for the size differential between the model 
(or the previously tested homologous prototype) and the unit 
in question, and the efficiency of the latter can be calculated 
within plus or minus | per cent. Since the manufacturer usually 
has at least 2.0 per cent safety margin on his efficiency guaran- 
tees, it will be quite obvious whether or not there is any question 
as to the efficiency guarantees being met. Therefore this pur- 
pose of running an absolute efficiency test is fulfilled only when 
the manufacturer cannot produce a model or other test of a unit 
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closely homologous to that under consideration, or if a manu- 
facturer supplied what was obviously a poorly finished runner. 

Another obvious purpose of an acceptance test is to provide 
performance data as a basis for economical use of water flow and 
distribution of load between units and stations. The “index” 
method of testing, whereby the efficiency of the turbine is deter- 
mined throughout the entire load range relative to a calculated 
or assumed efficiency at the peak, gives sufficient information 
for this purpose in most cases. By “most cases” is meant where 
the turbines are in relatively new condition and homologous or 
nearly homologous model-laboratory tests are available. 

There are several instances in which hydroelectric-utility 
owners have used the index-testing method to the exclusion, 
practically speaking, of all absolute measurements of flow. 
In some cases, however, index tests will not provide the answer 
and an absolute test is necessary, Examples of such cases are: 


(a) Where the manufacturer’s model test of the runner is in 
a setting entirely different from the prototype; 
(b) Where the prototype is in poor condition. 


The foregoing comments prompt consideration of the step-up 
for size between model and prototype. To date no single scale 
formula has received world-wide acceptance although it is fully 
recognized that such a formula is theoretically justified, and com- 
parisons of model and prototype performance in hundreds of in- 
stances over many years have removed all question that a differ- 
ential exists. A tabulation of the many scale formulas proposed 
to date and a discussion of them may be found in a recent paper 
by 8. P. Hutton.* 

The scale formula which presently is in most common use in 
America is the Moody formula 


Ep = 100 — (100 — Em) (2) 
Dp 
where 
Ep = efficiency of prototype turbine, per cent 
Em = efficiency of model turbine, per cent 
Dm = diameter of model turbine 
Dp = diameter of prototype turbine 
nm = an exponent, value of which is not definitely agreed 
upon, but usually a value of either 0.20 and 0.25 is 
used 


The authors’ point is well taken that “field testing has been 
limited by the short length of water passages and the geometry of 
the intakes.” For many installations none of the accepted meth- 
ods of absolute flow measurement is applicable, principally be- 
cause of basic limitations of each of the several methods. Even 
under conditions of water passage which are ideal for the water- 
measurement method being employed, the field-test results are 
not necessarily accurate. The perfect field test has vet to be run. 
Where water-passage conditions are unfavorable for the method 
being employed, the field-test efficiency can readily be plus or 
minus 2 per cent or more from the actual. 

The variation in efficiency of 2 per cent between individual 
units of identical design mentioned by the authors is rare. Per- 
haps the authors would elaborate somewhat on this point in their 
closure. 

It is the writer’s opinion that in the turbine proper, as produced 
by the manufacturer, any variations from the design can be con- 
trolled during manufacture so that resulting variations in effi- 
ciency between duplicate units will be well within the limits of 
accuracy of any field tests. For example, on recent index tests 
of two large “duplicate” Kaplan turbines, the shapes of the two 


¢ Published by The Institute of Mechanical Engineers, 1 Birdcage 
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curves of power versus relative efficiency were almost identical, 
and one blade-gate cam shape was found to be correct for both 
units. 

None of the above comments is intended as any adverse re- 
flection on the work of the authors or their paper. There will 
always be uses for a simpler and more accurate way to measure 
flow of water. If such a method is developed and it is applicable 
to hydraulic turbines the writer will certainly reconsider some of 
his comments herein. Efforts are also being made to arrive at a 
better scale formula which can be more generally acceptable and 
this also would be very desirable. 


AvuTHoRs’ CLOSURE 


Mr. Voaden’s discussion presents an evaluation of indirect 
methods for obtaining the performance characteristics of hy- 
draulic turbines. The authors are well acquainted with the 
index and scale formulas, having used both, and are convinced 
that data from these sources alone do not provide sufficiently 
accurate information to realize maximum economies in operation. 
The index method has been very valuable for extending per- 
formance characteristics over a wide range of head conditions 
after the index was proved reliable and its calibration determined 
from a direct method of field testing. The ultrasonic method in 
its present stage of development will provide reliable measure- 
ments in the type of intakes for which it was designed. 

Throughout the years that hydraulic turbines have been used, 
a number of field tests have been made with other direct methods 
applicable to the installations. Although the results of these 
tests may be somewhat less than perfect, they do provide data 
believed to be more precise than that which can be obtained from 
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indirect methods. As an example, the authors have found the 
results of the two-type current-meter method very consistent. 
Duplication tests on the same 42,500 hp turbine have shown a 
deviation band of less than 0.5 per cent. Reports are also at 
hand that show the results of two-type current-meter tests 
conducted at two different locations in the intake of a 13,000 hp 
adjustable-blade turbine. The average velocity at the two 
locations varied 54 per cent and the geometric form was such to 
induce widely different angularity of flow, yet the efficiency 
agreement was as follows: 40 per cent load, 0.4 per cent; 70 per 
cent load (peak-efficiency load), 0.1 per cent; curves are coincident 
from 83 per cent to maximum load. One of the tests on the 
13,000 hp unit was made simultaneously with another recognized 
method. The details of the comparision have not been pub- 
lished, but it is understood that the results are in close agreement. 
General knowledge of the detailed comparison should provide 
valuable information to the field of flow measurements. 

Reliable results from turbine tests with current meters require 
meticulous calibrations, installation, and care of equipment. 
Aside from rather high costs, the method is limited by the type of 
flow passages and approach conditions. These considerations 
were the principal reasons for the development of the ultrasonic 
method. 

The 2 per cent difference between supposedly identical units in 
the same plant was detected by the relative results of the two- 
type current-meter tests. Substantially the same percentage 
difference has been found in the maximum power capabilities of 
these machines. Perhaps the apparent rarity of differences of 2 
per cent magnitude stems from the dearth of field tests on 
several turbines in multiple-unit plants. 
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Recent Investigations of the Mechanics of 
Cavitation and Cavitation Damage 


By ROBERT T. KNAPP,' PASADENA, CALIF. 


This paper describes water-tunnel investigations into 
the mechanics of “fixed’’-type cavitation and into the 
probable mechanism through which this type causes 
material damage. High-speed motion pictures were used 
to study the cavity mechanics, and indications of the 
damage pattern were obtained by measuring the pitting 
rate on soft aluminum test specimens. Information was 


obtained on the frequency and intensity of the damaging 
blows, the distribution of damage in relation to the area 
covered by the cavitation, and the variation of the in- 
tensity of cavitation with velocity. 


OBJECTIVE or STuDY 


r NHE purpose of this paper is to present additional experi- 
mental evidence on the mechanics of cavitation, with 
particular emphasis on those phases responsible for the 

production of damage on the adjacent solid guiding surface. In 

the past (1)? most of the work done in this field has been con- 
centrated along two lines: (a) Investigations of the general 
mechanics of the cavitation process (2, 3, 4, 5, 6); (b) a study of 

the relative resistance of materials to cavitation damage (7, 8, 9). 

The objectives of most of the studies of the cavitation process 

have been the clarification of the behavior of the cavities in the 

liquid, and the development of analytical expressions to describe 
flow with cavitation. On the other hand, the investigations of 
the relative resistance of materials to cavitation damage have 
been concentrated largely on the behavior of the materials when 
subjected to some standardized type of cavitation. In addition 
to such empirical determinations of the relative resistance, 
considerable work has been done on the effects of the cavitation 
attack on the physical properties of the material. Thus the 
microstructure of the material has been studied to determine the 
physical changes produced by the cavitation which eventually 
lead to the removal of elements of the material from the surface. 

However, as yet there is only a partial understanding of the 

detailed mechanics by which the cavitation process in the liquid 

produces forces of sufficient intensity to cause physical damage 
on the guiding surface. 

In 1917 Lord Rayleigh (10) presented a simple analysis of the 
collapse of an empty cavity in an ideal liquid which demonstrated 
that very high forces would be produced at the instant of collapse. 
However, it is only comparatively recent that the development 
of high-speed cinematography has made it possible to obtain 
experimental evidence showing that traveling cavitation voids 
collapse in good agreement with Rayleigh’s analysis. This 
confirmation suggested the possibility of correlating the mechanics 
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of the cavitation process with the mechanies of surface damage. 
Study along these lines soon brought to light another difficulty. 
The agreement obtained between the Rayleigh analysis and the 
laboratory experiments was for individual traveling cavities. 
However, it developed that the more general type of cavitation 
occurring in hydraulic equipment is of the fixed-cavity variety. 
In this type of cavitation the main flow leaves the guiding surface 
and follows a free trajectory which usually returns to the sur- 
face at some downstream point. The fixed cavity is the space 
between the solid guiding surface and the free-liquid surface. 

On preliminary examination this type of cavitation appears 
to be quite different from that caused by traveling cavities, since 
there seems to be no sudden collapse. If this were actually the 
case, the Rayleigh analysis would be inapplicable; thus some 
other mechanism would be required to explain the production of 
forces of high enough intensity to cause damage. 

Since it is difficult to distinguish between the two types of 
cavitation with the unaided eye, there is only a little evidence to 
show which type occurs in given specific cases. However, the 
available evidence shows, reasonably conclusively, that damage 
is also produced by fixed-type cavitation. Hence it seemed 
necessary to make a more detailed investigation of the fixed- 
cavity mechanics to determine, if possible, the origin of the high- 
intensity forces that produce damage. This paper will be 
restricted to the discussion of laboratory experiments on fixed 
cavities and the evaluation of the results obtained. 


DEscRIPTION OF EXPERIMENTS 


Two types of experiments have been made. The first consists 
of a series of high-speed motion pictures to permit the study of the 
detailed mechanics of fixed-type cavitation on a simple body 
shape (11, 12). Various photographic reduction ratios and 
camera positions resulted in both general views of the entire 
cavitation region and detailed studies of the major features. 
Most of the work was done on a body of revolution consisting of 
a cylindrical center section, a hemispherical nose, and a long ogival 
afterbody. Attention was concentrated upon cavities which did 
not extend beyond the downstream end of the cylindrical section. 
These records showed that an irregular cyclic process was going 
on within the cavity, and enough indirect evidence was obtained 
to give a general idea of the nature of this process. However, it 
seemed desirable to confirm this with more direct evidence. 
Therefore a series of three geometrically similar two-dimensional 
bodies was constructed with semicircular noses, parallel mid- 
sections, and ogival afterbodies. Their mid-section thicknesses 
of 1, 2, and 4 in. were chosen to see if any significant differences 
in the flow patterns could be observed. Each had a span of 2 in., 
with end shields of clear plastic. High-speed motion pictures 
were taken, both in profile and in plan, for various cavity lengths 
at flow velocities of 25 and 50 fps. This was the highest velocity 
usable with the plastic end shields. However, velocities up to 
100 fps were used with the bodies of revolution. 

The second set of experiments was made on geometrically 
identical bodies of revolution, namely, a 2-in-diam cylindrical 
mid-section with a hemispherical nose and an ogive afterbody. 
However, in this series, 3 in. of the cylindrical center section, on 
which the cavitation occurs, was constructed of a material of 
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relatively low resistance to cavitation damage, since the major 
objective was the study of the development of damage and its 
relation to the physical characteristics of the cavitation. Two 
types of information were collected: (a) Relatively large-scale 
high-speed motion pictures of the cavitation actually occurring 
while damage was taking place; and (b) repetitive photomicro- 
graphs of representative areas along the length of the test section, 
These photomicrographs were closely spaced to cover the entire 
length of the cavity and also the adjacent downstream section. 
A technique was developed which made it possible to secure these 
photographs without removing the test body from the tunnel and 
without lowering the water surface enough to expose any portion 
of the body to the air. Thus the critical center sections were not 
handled during the entire run. As a matter of fact, they were 
not even touched. Therefore all changes in the successive 
photomicrographs were due to the cavitation. 

Test Sections. The first test sections were made of free- 
machining brass which is known to have a relatively low resistance 
to cavitation damage, and is usually used as a calibration standard 
for the magnetostriction type of testing equipment. These test 
sections were run in the high-speed water tunnel for maximum 
periods of 25 hr at a flow velocity of 90 fps, and with cavity 
lengths of either 1 or 2 in. The photomicrographs showed 
definite evidence of damage, increasing with time. However, 
the damage rate was considered to be too low since the time 
required to test a single specimen was quite long and the tunnel 
operation, especially at this maximum permissible sustained 
speed, relatively expensive. It was felt that a satisfactory 
material should have the foilowing properties: (a) It should show 
appreciable microscopic damage in an hour or less; (6) different 
lots obtained in the open market should all have the same 
physical properties; (c) it should be a metal, since most important 
cases of cavitation damage involve metallic surfaces; (d) its 
corrosion resistance should be relatively high compared to its 
cavitation resistance to minimize confusion between these two 
effects, 

Commercially pure annealed aluminum conforms closely to 
these requirements. It is more readily damaged by cavitation 
than free-machining brass; it can be annealed readily in a simple 
furnace, after machining, to bring it to a standard and reproduci- 
ble physical condition. Annealed 2S8-F aluminum was therefore 
selected for trial, Since even before annealing, this material is 
very soft and therefore difficult to polish satisfactorily, a process 
was developed in the instrument shop which produced a satis- 
factorily smooth surface with a cutting tool. It was also found 
that the low temperatures required for subsequent full anneal did 
not change the surface finish. 

Procedure for Typical Experiment. The procedure for a typical 
experiment was as follows: The test body was installed in the 
tunnel on a sting support and the tunnel was filled until the water 
was approximately 1 in. above the body. Then a microscope 
support and traverse mechanism were fastened to the open access 
window directly above the aluminum mid-section. A low-power 
microscope with camera attachment was used with a dipping 
cone so that the objective could be immersed to the proper depth. 
A Heine Ultropak illuminator was used, which is a variation of 
the vertical type. Photomicrographs were taken at a magnifi- 
cation of 80 diam with a field coverage of approximately 0.2 in. 
Twelve photographs were taken along the 3-in. test section with 
fields slightly overlapped to give complete coverage of the critical 
damage zone and 50 per cent coverage for the remainder of the 
section. Next, the tunnel was closed, filled, and the test run was 
made at the selected velocity, cavity length, and period. The 
tunnel was then stopped, the window opene:!, and anotker set of 
photomicrographs was taken of the identical areas. 

Objectives of Test Runs. Since these runs were planned tosupple- 
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ment the investigation of the fixed-cavity mechanics, the main 
objectives were to study the variation in damage along the length 
of the test section in relation to the position of the fixed cavity and 
to attempt to correlate the type of damage observed with the 
cavity mechanics. A further objective was to investigate the 
amount of damage as a function of the time of operation under 
cavitating conditions. The final objective was to attempt to 
secure preliminary information about the variation of the 
intensity of cavitation with changes in the velocity of the flow. 

All tests except those used to explore the final objective were 
made with a tunnel velocity of 90 fps. Cavity lengths of 1 and 
2 in. were studied, with separate aluminum test sections. A 
set. of runs, starting with a period of 10 min and approximately 
doubiing the length of each successive run, was made on a single 
test section until a total test period of 7'/2 hr had been obtained. 
Complete sets of 12 photomicrographs were taken (a) before 
the initial run, (b) between each successive run, (c) at the comple- 
tion of the final test period. 

During one run a high-speed motion picture was taken of the 
cavity at an exposure rate of 10,000 frames per sec. A similar set 
of runs was made on another aluminum test section for a cumula- 
tive time of 24 hr, and two otherwise identical sets were made 
using a 2-in. cavity length in place of the 1-in., the first one for a 
cumulative time of 12 hr and the second one for 40 min. This 
last set started with a 2!/2:-min period because considerable pitting 
had been observed to take place in the initial 10-min period of the 
first three sets. A number of pits formed even in 2!/, min; 
therefore another series of tests was run starting with a much 
shorter period. In this series a new test section was used for each 
run so that the damage on the entire section could be studied in 
more detail at a later time. It was found that the shortest 
practicable test period was 30 sec. Beginning with this, separate 
test sections were run for periods of 1'/4, 2'/2, 5, 10, and 20 min. 

The tests made to explore the final objective, i.e., the effect of 
variations in velocity on the intensity of cavitation, also employed 
separate test sections for each run. Since these tests were not 
planned until a preliminary analysis had been made of the results 
of the preceding studies, it was possible to take advantage of the 
experimental fact that for given conditions the rate of pitting did 
not vary with the length of the run. Thus the length of run was 
varied for the different velocities to obtain satisfactory counting 
densities of the pits. The runs were started at the maximum 
speed of the tunnel—100 fps; the next runs were made at 90 fps, 
and the third at 77'/.fps. The run lengths were all 10 min. The 
rate of pitting observed on the test section from the latter run 
was so low that smaller steps in speed and longer times were 
selected for the subsequent tests, i.e., 71 and 63 fps, each for 20 
min. The final run was made at 59 fps using three times the initial 
test period of 10 min. Under these conditions the pitting rate 
was so low that this preliminary series of tests was terminated. 


EXPERIMENTAL RESULTS 


Mechanics of Fixed-Type Cavitation. This discussion is based 
upon observations of cavitation on both the bodies of revolution 
and the two-dimensional bodies. All of these bodies had the same 
geometrical cross section, i.e., a semicircular nose, a parallel 
mid-section, and an ogive afterbody. 

The physical concept of fixed cavitation is that such a cavity is 
formed by the breaking away of the flow from the guiding surface 
at a low-pressure point, usually assumed to be the point at which 
the pressure on the surface has fallen to the vapor pressure of the 
liquid. From this point the stream follows a trajectory deter- 
mined by the pressure field, and usually recontacts the guiding 
surface at some distance downstream from the breakaway point. 
The fixed cavity is the space existing between the guiding sur- 
face and the free surface of the flow. The high-speed motion 
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pictures show that this cavity is fixed only 
in a statistical sense. Steady flow conditions 
are not established; instead, a continuous but 
somewhat irregular cyclical process develops. 
In each cycle three phases can be distin- 
guished: (a) Formation and growth, (b) fill- 
ing, and (c) breakoff. 

For a given set of flow conditions, the 
maximum length of cycle occurs when it starts 
with no residual flow cavity, grows to the 
characteristic length, fills completely, and 
breaks away from the body. The breakoff 
time is negligible compared with that of the 
other phases. Shorter periods occur when 
breakoff comes after only partial filling, or 
when growth commences with a large residual 
cavity. Early breakoff seems to be associated 
with disturbances within the cavity rather 
than within the main flow. The stream of 
liquid that fills the cavity is the re-entrant 
flow which forms in the high-pressure area 
at the downstream end of the cavity. This 
re-entrant flow performs the necessary func- 
tion of supplying the reaction force which 
turns the remainder of the flow downstream 
and parallel to the guiding surface. The 
upstream velocity of this 1 entrant flow is 
proportional to the velocity at the free surface 
of the cavity and would be of equal magni- 
tude if it were not for skin friction. How- 
ever, since the re-entrant flow is a relatively 
thin sheet, skin friction is a large effect 
and rapidly reduces this upstream velocity. 

Fig. 1 is a series of motion-picture frames showing the cavity 
growth, filling, and breakoff. The re-entrant flow is seen clearly 
in the fourth and fifth frame. The last frame shows the breakup 
of the surface which occurs at complete filling. As indicated in 
Fig. 2, the liquid in this re-entrant flow consists largely of the fluid 
that was adjacent to the free surface of the cavity. This is a 
significant factor in the explanation of the observed pattern of 
cavitation damage. Another significant detail shown in Fig. 2 is 
the stagnation zone which divides the re-entrant flow from the 
main flow. This is a zone of high relative pressure, since it is a 
full velocity head greater than the static pressure in the undis- 
turbed flow. 

The free surface of the cavity appears to be covered with a 
multitude of small cavities. Close inspection of the photographs 
shows that these small cavities first appear and grow rapidly to 
their ultimate size at the upper curved end of the main fixed 
cavity. After this initial growth, they move at substantially 
free-stream velocity and maintain a constant diameter until 
they reach the downstream end of the cavity, at which point they 
disappear. 

If the behavior of the majority of these small traveling cavities 
is considered in conjunction with the cyclic process of cavity 
formation, filling, and breakoff, a rational picture develops. 
Most of these cavities, being small and apparently very close to 
the interface, will be in the re-entrant flow. The smaller ones will 
pass close to the stagnation point and larger ones may be swept 
into it. Some of the largest project into the main flow just out- 
side of the stagnation streamline. However, all of these flow 
layers pass through the high-pressure area, and therefore the vast 
majority of these small entrained cavities must be collapsed 
completely. In the photographs a nebulous cloud flows away 
from the downstream end of the cavity during the filling part of 
the cycle. This may consist of minute traces of noncondensable 
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gas left after the condensation of the vapor which fills the voids. 

Cause of Damage From Fixed-Type Cavitation. This description 
of the mechanics of fixed-type cavitation offers a simple explana- 
tion of the production of damage since the collapse of these small 
traveling cavities is concentrated into a narrow zone adjacent to 
the stagnation line. Furthermore, the pressures available to pro- 
duce collapse are very much greater than the free-stream pres- 
sures; hence although the cavities are initially small, the tinal col- 
lapse velocities may well produce pressures high enough to exceed 
the yield point of the guiding surface and thus cause damage. In 
this type of flow the maximum pressure zone is on the surface and 
the direction of motion of the traveling cavities is toward the 
surface so that collapse may take place practically on the surface. 
Another important point is that, although the stagnation point 
remains relatively fixed at the end of the fully developed cavity 
for a major fraction of each cycle, nevertheless during the develop- 
ment phase, this stagnation point sweeps the entire length of the 
cavity. Owing to the many partial breakoffs that are observed, 
the relative time of dwell of the stagnation zone is a minimum at 
the upper end of the cavity and increases to a maximum at the 
equilibrium length. After breakoff the filled cavity acts as a 
foreign body over which the flow has to pass. It starts from rest 
and is accelerated to the stream velocity partly by the friction 
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force of the main stream on this slug of liquid, but also by a 
direct pressure force due to the impingement of the flow that 
passes over the newly formed cavity, Fig. 1. This impingement 
explains the rapid increase in thickness of the upstream end of the 
detached filled cavity. This process continues well below the 
normal downstream end of the fixed cavity, and since this impinge- 
ment produces a stagnation point on or near the guiding surface, 
traveling zones of high pressure must sweep periodically along the 
body for a considerable distance downstream from the equilib- 
rium length of cavity. Such high-pressure zones will collapse 
any traveling cavities which have escaped the first high-pressure 
area or which are rebounds of previously collapsed cavities. 

Effect of Change of Velocity on Cavity Cycle. There seems to be 
a characteristic change in the cavity mechanics with change in 
velocity. The strong cyclical behavior with nearly complete 
filling of the cavity on each cycle seems to be associated with the 
higher velocities, i.e., from 50 fps up. For the lower velocities, 
the flow appears steadier and seems to have a more continuous 
entrainment at the rear. Detailed examination of this entrain- 
ment, however, shows that it is not uniform, but pulsating. It 
seems probable that for these lower velocities the re-entrant flow 
may not have sufficient energy to penetrate upstream until the 
cavity is completely filled. Instead, it may contact the free 
surface near the lower end of the cavity, and such contact may 
result in premature breakoff and regrowth. Since the amount of 
filling is small the corresponding frequency is relatively high, 
which makes the entrainment appear more nearly continuous. 
These last remarks describe the variation in behavior of cavitation 
on the 2-in-diam models used in the water tunnel. It seems proba- 
ble that for other sizes the velocity range for corresponding 
changes would vary since this behavior may be affected by both 
the body size and the properties of the liquid. 

Since the taking rate of the high-speed motion pictures is 
controlled by a very stable oscillator, +0.02 per cent, these 
records can be used to determine velocities, accelerations, and 
other time-dependent quantities. One time of interest is that 
required to fill the cavity. In determining this time, care was 
taken to avoid records which showed partial breakoffs. The 
volume of the fully developed cavity is also obtained from the 
photographs since the length, height, and profile can all be 
measured. Knowing the cavity volume, the time between 
breakoffs, and the re-entrant velocity, it is possible to compute 
the thickness of the re-entrant flow. If a frictionless fluid is 
assumed, the speed of the re-entrant flow will be the same as that 
along the free interface, i.e., the stream velocity multiplied by 
(1 + K)'*. For the real fluid it is probable that the velocity of 
the re-entrant flow is more nearly that of the undisturbed stream. 

It is also possible to estimate the thickness of the re-entrant 
flow from independent considerations. Gilbarg (13) has shown 
that when a cavity is formed downstream from a symmetrical 
curved obstacle, the drag on the obstacle is equal to the change 
in momentum of the liquid which forms the re-entrant jet. This 
relationship can be used to calculate the cross section of the 
re-entrant jet, since its velocity is known. In the experiments 
under discussion the cavity does not envelop the body, but 
collapses on the cylindrical center section. However, the basic 
nature of the phenomenon is unchanged. Thus it can be assumed 
that the increase in the nose drag caused by the presence of the 
cavity is equal to the change in the momentum of the re-entrant 
flow. 

The experimental measurements of Rouse (14) have shown that 
upstream from the point at which the cavity springs clear, the 
pressure distribution on the nose of a body with cylindrical mid- 
section is unaffected by the presence of the cavity. These 
experiments cover a wide range of nose shapes from sharp- 
cornered flat noses to ogives, ellipsoids, and half-bodies. Hence 
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the increase in the nose drag due to the cavity can be calculated 
from the pressure distribution for noncavitating flow, since the 
cavity separates from the nose at the point where the ratio of the 
negative pressure to the velocity pressure equals the observed K 
for the given cavity lengths. 

Fig. 3 shows the distribution of the axial component of the drag 
force on a hemispherical nose. This was plotted from the data of 
Rouse. The total area under the curve, multiplied by 27, is the 
drag coefficient C,. The shaded area is the increase in drag 
coefficient due to the presence of a cavity having a K of 0.378 
This corresponds to one of the tunnel runs for which good high- 
speed motion pictures were available. These pictures were used 
to determine both the average longitudinal cross section of the 
cavity and the cycle time between major breakoffs. This 
completes the information required to estimate the re-entrant 


| 


TOTAL POSITIVE 
AREA + 0.130 \ 


Fie. 3 Axtat Force Disrraisution on HemispHericaL Nose 


flow thickness from two independent points of view: (a) The 
cavity cross section and the observed filling time, and (b) the 
change in the momentum of the re-entrant flow which is equivalent 
to the increase in drag due to the presence of the cavity. 

The momentum calculation is made aa follows 


U? 
AC, Ap > = M(U + V) 


in which 
AC, = change in drag coefficient 
2 
A = cross section of body = " 


p = mass density of liquid 
U = velocity of undisturbed flow 
M = mass rate of re-entrant flow = (mdt)(pV)_ 
V = velocity of re-entrant flow = U JV 1+K 
D = diameter of body 

t = thickness of re-entrant flow 

This reduces to 
Ac,D AC,D 


t= 
81+ K +-V1+K) ~82 + 1.5K) 


Table 1 gives a comparison of the re-entrant-flow thickness as 
calculated by the two methods for several different conditions. 
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In this table the agreement is surprisingly good, especially 
considering the difficulties involved in determining experimentally 
the cavity dimensions. It will be noted that with the exception 
of the first two examples which are for small-diameter bodies and 
short cavities, the thickness of the re-entrant flow, as calculated 
from the experiments, is somewhat greater than the flow pre- 
dicted from the momentum theory. This is quite possibly due 
to the ejection of some of the liquid from within the cavity by 
chance contact of a portion of the re-entrant flow with the high- 
velocity interface. It also can be interpreted to mean that the 
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Graphical integration of the axial force on the upstream half of 
this body gives a drag coefficient of zero since the positive and 
negative zones agree in area within '/, per cent. It is well known 
that the potential flow for a half-body has zero drag. In this 
connection Hoerner (16) states, “Half bodies represent the front 
end of sufficiently elongated bodies with parallel flanks. Positive 
as well as negative pressures are acting upon the frontal area and 
the resulting drag is zero, neglecting the small skin-friction forces. 
This phenomenon of zero drag holds theoretically true for all! 
nose shapes.”’ For this class of nose, the drag due to the presence 
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EXPERIMENTAL OBSERVATIONS VERSUS MOMENTUM THEORY PREDICTIONS 
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Body Length, 
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cavity is not filled completely at breakoff so that the ratio of 
the two thicknesses indicates the degree of fill, the remainder 
being uncollapsed or rebound cavities, ete. Six of the nine runs 
used in the table were made with a tunnel velocity of 90 fps. It 
will be noted that the cycle time varies over a range of nearly 3:1. 
With the same diameter body it increases nearly linearly with 
the length of the cavity, as would be expected. 

The last four runs are on the same body with approximately 
the same cavity length but with velocities varying from 100 down 
to 59 fps. Here, again, the variation in cycle time is rational as 
it varies approximately inversely with changes in speed. 

It is interesting to note in Fig. 3 that the positive and negative 
pressure zones on the hemisphere differ in force by only 10 per 
cent. These are experimental measurements. Landweber (15) 
used as an example of his method of computing the potential flow 
about elongated bodies of revolution the rather blunt body whose 
equation is 


y? = 0.04(1 — X*) 


Re-entrant-flow 
-——thickness, in —— Thickness 
Experi- Momentum ratio, 
mental (1) theory (2) (1)/(2) 


Cycle time, 


0 
0 
0 
0. 
0 
0 
0 
0 
0 
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of the cavity is the total form drag, just as for Gilbarg’s com- 
pletely enveloped body. 

If high-speed photographs of fixed cavitation on the same body 
and same cavitation parameter are compared for a wide range of 
velocities, it is observed that the average size of the small travel- 
ing cavities decreases as the velocity increases. This can be seen 
in Fig. 4. A possible explanation is that the higher pressure 
gradients accompanying the higher velocities may produce 
additional cavities from weaker nuclei than were required for the 
lower velocities, 

Mechanics of Damage. In this phase of the program an attempt 
has been made to correlate the development of cavitation damage 
in a flowing liquid with the mechanics of fixed-type cavitation. 
The damage pattern which developed on the annealed pure 
aluminum test sections furnished much information about the cavi- 
tation-force system and the reaction of the material to the attack. 
The hardness of the test specimens was very low, averaging 41 
Vickers, The yield point is approximately 5000 psi. These low 
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values are desirable because all blows of sufficient intensity to 
produce physical damage of any type on the harder materials 
(bronze, stainless steel, etc.), used in hydraulic equipment where 
resistance to cavitation is required, will cause permanent de- 
formation in the aluminum. Another useful property of pure 
aluminum is that the yield point does not change with rate of 
load application. Thus the same amount of energy will produce 
the same-size pit independent of the rate at which work is done. 
Fig. 5 shows damage development on a test section. The five 30- 
diam photomicrographs show the same area for increasing 
lengths of exposure. Several characteristic features may be 
observed: 


1 The larger pits, such as those in the upper and lower white 
circles, show clearly that they have been formed by a single blow. 
Obviously, no metal has been removed, since the toolmarks can 
be seen, undiminished in sharpness, over the total area of the pit. 
Smaller pits appear to be formed in the same manner. 

2 After 20 min, the pits are widely spaced with no other 
visible surface damage. This means that the cavitation developed 
only a few blows of damaging intensity during this long period. 

3 If the micrographs for the longer periods are compared to 
the 20-min one, many of the original pits are found unchanged; 
the main difference is that new pits appear on the intervening 
surfaces. In some cases, e.g., in the large center circles, the pits 
have changed, apparently due to overlapping hits or “near 
misses,”’ 


Note that this damage was produced by cavitation in cold 
water at the relatively high velocity of 90 fps. This is well above 
the minimum velocity for which cavitation damage has been 
observed in many different metals in hydraulic equipment. Pure 
aluminum in the annealed condition has a very low hardness and 
yield point. 

Frequency of Damaging Blows. The frequency of damaging 
blows is obtained by counting the number of pits, using a modified 
“blood-count” technique. The pits were classified roughly 
according to diameter: i.e., small, below 0.0025 in.; medium, 
0.0025 to 0.005 in.; large, 0.005 to 0.01 in.; extra large, above 
0.01 in. ° 

Fig. 6 shows pitting rate versus exposure time for eight 1-in. 
cavity test sections and one 2-in. cavity. The numbers on the 
points are the test-specimen identification numbers. The 
velocity was constant. Although the range of exposure time is 
large, the number of pits appearing per unit time is about con- 
stant. It tends to decrease with increasing time, largely because 
duplicate hits escape detection. Motion pictures taken of the 
cavity surface during these runs were measured to determine the 
average size and “packing”’ of the traveling cavities. The cavities 
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averaged 0.025 in. diam. Approximately 1.8 < 10° cavities per 
sec per in. of circumference were swept into the stagnation zone. 
Fig. 6 is for the maximum damage zone. 

Figs. 9 and 10 show that the rate of pitting drops rapidly on 
both sides of the maximum. The summation over the 3-in. 
section is 60 pits per sec per in. of circumference. Hence only 
one in 30,000 of the traveling cavities causes a damaging blow. 
The question is—what happens to the other 29,999? The present 
guess is that the high-pressure zone above the surface acts as a 
sorting screen. The smaller cavities collapse so far away that the 
resulting shock wave is attenuated to below the damaging 
intensity before it reaches the surface. Everything favors the 
large cavities—higher collapse pressures with longer collapse 
times which carry them closer to the surface. This concept 
implies that liquid properties such as the size and number of the 
nuclei (17, 18) are of great importance, and may control the 
degree of damage for an otherwise constant cavitation condition. 

In the zone of maximum damage an average of 56 pits, each 
with a mean area of 0.000003 sq in., are formed per sec per sq in. 
Thus each surface element is struck only once every 100 min 
or, assuming 24-hr operation, 5000 times per year. This low rate 
does not appear consistent with the commonly accepted concept 
that cavitation damage is essentially a fatigue failure caused by a 
large number of light blows. This force system seems more 
compatible with the concept that each blow produces permanent 
deformation and damage. 

Intensity of Individual Cavitation Blows. It is possible, by using 
broad assumptions, to calculate the initial size of the collapsing 
cavity required to produce a damage pit. The Vickers diamond- 
pyramid hardness is obtained by measuring the dimensions of the 
indentation produced in the material by a known load. On the 
aluminum test sections the sizes of the hardness indentations and 
the damage pits are of about the same order, and the base-to- 
depth ratios are also comparable. The work done per unit 
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volume of indentation is easily calculated from the dimensions 
of the indentation and the known load applied by the hardness 
tester. It is about 60,000 in-lb per cuin. Assuming the damage 
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pits are spherical segments, their volumes may be calculated 
from their diameters and depths. The work done in forming the 
pit is the product of its volume by 60,000, assuming that the work 
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of formation per unit volume is the same for the damage pit and 
for the hardness indentation. 

The fraction of the total energy radiated from a collapsed 
cavity used in producing a pit may be assumed to be the ratio of 
the volume of the spherical pyramid whose base is the pit surface, 
to the volume of this sphere. Thus the required energy of the 
pit-forming cavity is obtained by dividing the energy used to 
produce the pit by this ratio. The diameter of this cavity is now 
calculable, as the work done (PV) by the fluid during collapse 
must equal the collapse energy. Since collapse must start as soon 
as the local pressure rises above vapor pressure, a reasonable 
estimate of the average pressure causing collapse is half the 
stagnation pressure. The results of such calculations for three 
typical damage pits are given in Table 2. These calculated 
cavities are considerably larger than the average cavities seen 
on the interface. This is consistent with the conclusions of the 
previous section. 

Distribution of Damage. Fig. 7 shows strips from the 12 
photomicrographs of a test section after a 10-min exposure to a 
l-in. cavitation zone. If these strips were each rotated counter- 
clockwise 90 deg and placed end to end, they would be in their true 
relative position, with flow from left to right. Note the toolmarks. 
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zone is approached. Further investigation is needed to evaluate 
the relative importance to the production of damage of these 
opposing variables with cavity length, i.e., the lower pitting rate 
in the maximum damage zone versus the larger average size of 
pits. 

Figs. 9 and 10 both indicate a small secondary maximum in 
pitting rate just downstream from the end of the cavity. The 
cause of this is not clear. One possible explanation, which has 
some confirmation from the photographic record, is that this 
increase may be due to the recollapse of some of the larger cavities 
which may rebound after first collapse in the stagnation zone. 

Effect of Velocity on Cavitation Intensity. In the consideration 
of the results of this series of tests it must be remembered that it 
is a preliminary investigation consisting only of one small series 
of runs. Furthermore, it, like the rest of the experiments reported 
herein, applies only to fixed-type cavities. Finally, in the analysis 
of these tests, intensity of cavitation is assumed to be proportional 
to rate of pitting, modified by qualitative observations as to 
changes in the proportion of large pits produced. 

Fig. 11 shows the observed pitting rate as a function of velociiy. 
The circled points give the average rate of pitting over the entire 
length of the specimen. Thé crosses show the pitting rate in the 


TABLE 2 INITIAL CAVITY DIAMETER AND COLLAPSE CENTER LOCATION 
PREDICTED FROM DAMAGE-PIT DIMENSIONS 


Collapsing cavity 


Collapse 


- Damage pit 


Work of Volume Work of Initial center to 


Diam, in. Depth, in. formation, in-Ib ratio 
77 0.006 0.073 0.005 
29 0.018 0.106 0.010 


0.005 0.0007 0.00042 0. 
0.007 0.0006 0.00052 0 


collapse, in-lb diam, in. surface, in. 


0.0024 0.0004 0.000055 0.10 0.00054 0.033 0.002 


In Fig. 9 the pitting rate is plotted against position along the test 
section. The relative size and location of the fully developed 
cavity is outlined at the top of the diagram. The maximum- 
damage zone coincides with the stagnation zone at the down- 
stream end of this cavity. The pits above and below this zone 
presumably are formed during the sweeping of the stagnation 
zone along the full length of the test section during breakoff. 
This distribution seems in good accord with the concept of fixed- 
cavity mechanics presented herein. 

Figs. 8 and 10 are from a similar cavitation run for a 2-in. 
cavity. One striking feature is the lower pitting rate in the maxi- 
mum-damage zone. However, the average pitting rate over the 
entire length of the test section is nearly identical for both 
cavity lengths, being 59 pits per sec for the l-in. cavity and 
60'/, pits per sec for the 2-in. cavity. This agreement is also 
consistent with the fixed-cavity mechanics since the rate of 
traveling-cavity formation on the first cavity interface is primarily 
determined by the velocity and liquid properties and not the 
cavity length. 

These findings imply that the total amount of damage, as 
measured by the material removed, may be relatively independent 
of the cavity length, whereas the maximum-damage intensity may 
be produced by very short cavities. On the other hand, a com- 
parison of Fig. 8 with Fig. 7 points out a difference with length: 
i.e., although the number of pits on the two specimens was nearly 
identical, the 2-in. cavity produced a higher proportion of large 
pits. This implies that a higher percentage of large traveling 
cavities forms on the interface of the longer fixed cavity. Two 
factors seem to favor this, i.e., a slightly lower absolute pressure 
and a much longer time between inception and collapse. Proba- 
bly the latter is the more important, for although, as previously 
stated, most of the growth in diameter of the traveling cavities 
takes place at the upstream end of the fixed cavity, there is some 
indication that slow growth continues until the high-pressure 
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maximum-damage area at the nominal end of the cavity. There 
is considerable scatter in the results. It is believed that this is 
due chiefly to variation in hardness between the test sections. A 
subsequent investigation showed that the time of anneal had not 
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been adequate to insure uniform properties of the different 
specimens. In spite of this scatter it is very clear that the rate of 
pitting falls very rapidly with decrease in speed. 

Fig. 12 shows the same results plotted on logarithmic co- 
ordinates. For the 90 and 100-ft velocity rate the points plotted 
are the average of the different specimens tested. It will be seen 
that the points fall on the straight lines which best fit the two 
sets of points. Both have steep slopes, approximately six. This 
indicates that the pitting rate varies roughly with the 6th power 
of the velocity. This is, of course, 
a tremendous rate of change. 
The evidence, however, is too 
meager to justify more than 
speculations concerning the im- 
plications. 

Sizth-Power Variation of Pitting 
Rate With Velocity. The 6th-power 
variation implies that the pitting 
| rate would about double for each 


12!/, per cent increase in local 
velocity, assuming all other con- 
ditions, including size and location 
of the cavity, remain the same. 
Such a high sensitivity to the 
local velocity would help to ex- 
plain some of the apparent dis- 
crepancies in the amount of cavita- 
tion damage observed on similar 
machines operating under nearly 
the same field conditions. Another 
type of implication carried by 
these results is the great impor- 
tance of using a carefully stand- 
ardized and controlled cavitation 
intensity in the testing of the rela- 
tive resistance of materials. 

The reason for this high sensi- 
tivity of the cavitation intensity 
to change in velocity is not obvious. Since the cavity size 
remained constant throughout these experiments, the geometry 
of the fiow was unchanged. Hence the velocity distributions at 
any cross section were similar for all speeds. However, the base 
pressure, i.e., the cavity pressure, has the same absolute value 
for all the runs, i.e., the vapor pressure of the liquid. The 
maximum pressure rise above this base was equal to the velocity 
head of the flow along the interface, which is proportional to the 
square of the average velocity. In fact, the entire pressure field 
will vary with the square of the average velocity. Now, Ray- 
leigh’s derivation of the time of collapse of a spherical cavity 
shows that this time is inversely proportional to the square root 
of the pressure difference. Since this pressure difference is pro- 
portional to the square of the flow velocity, the time of collapse 
will vary inversely with the velocity, or since the distance is pro- 
portional to the product of the velocity and the time, the length 
of path required to collapse the cavity will not vary with the 
velocity. This means that for all velocities the cavities will 
collapse in the same position relative to the surface. Therefore 
the great increase in pitting rate cannot be explained on the basis 
that the average distance from the surface to the center of col- 
lapse would be less with the higher velocity. An increase in 
pitting rate will be anticipated if the average cavity size in- 
creased with velocity. Fig. 4, however, shows that, in general, 
the average size of the cavity appears to decrease slightly with 
increase in velocity. This should tend to decrease rather 
than increase the pitting rate. 

Attempts to measure the average size of cavity from these 
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pictures show that the variations with velocity are too small to 
be distinguishable within the available definition. Thus it can 
be said that, within the accuracies of these experiments, the cavity 
size remains sensibly unchanged with changes in velocity. Since 
the energy of collapse is the product of the initial volume of the 
cavity and the pressure causing collapse, this energy will increase 
with the square of the velocity. Therefore, as the velocity 
increases, a given-size cavity collapsing at a given point will 
produce a larger pit and also cavities collapsing at a greater 
distance from the surface will be able to produce pits, 

Another factor which should increase the rate of pitting is that 
the number of cavities swept into the collapse zone increases 
linearly with the velocity. At first sight it would appear that the 
combination of these two factors should increase in pitting rate 
with the cube rather than the 6th power of the velocity. However, 
since the number of cavities swept into the collapse zone for each 
pit is so great, it appears certain that a very small increase in the 
radius of effective action of the collapsing cavities would greatly 
increase the number of cavities able to produce pits. At the pres- 
ent time these three factors seem to offer the most acceptable 
explanation of the high sensitivity of the rate of pitting to change 
in velocity. 

Pit Size-Distribution. In the discussion of the method of 
counting the pits, it was explained that, during the counting, the 
pits were classified according to diameter into four groups, with 
the three larger groups each covering a range of 2:1 in diameter 
and with the smallest group consisting of all those pits below 
0.0025 in. diam. On the previous runs, which were all at 90 fps, 
it was observed that over 95 per cent of all pits were in the 
smallest group. An examination of the counts for the speed runs 
shows that the percentage of pits in the three larger classes varies 
with velocity as follows: 


Ft per sec Per cent 
100 5.1 
90 4.1 
77'/s 2.6 
71 2.65 
63 0 
59 0 


These results do not justify plotting, but it appears probable that 
the percentage of large pits also increases with some large power 
of the velocity; hence it may well be that the damage rate, as 
measured by rate of removal of material, will be found to vary 
even more rapidly than the 6th power of the velocity. 


SuMMARY AND CONCLUSIONS 


Fixed-type cavitation appears to be one of the most prevalent 
forms of cavitation occurring in flowing liquids. The idealized 
concept of fixed cavitation includes no mechanism for producing 
damage. A study of the real phenomenon shows that a multitude 
of small cavities sweep along the interface of the fixed cavity and 
collapse in the downstream stagnation zone. Thus the mecha- 
nism of damage is similar to that for the simpler traveling type of 
cavitation. The small size of the traveling cavities in the fixed- 
type cavitation is apparently counterbalanced by the high 
pressure available to produce collapse in the stagnation zone. 
One important feature of the fixed cavity is re-entrant flow at the 
downstream end. This upstream flow rapidly fills the cavity and 
is the primary cause of the characteristic growth-filling-breakoff 
cycle. Because of this cyclic process the stagnation zone sweeps 
the entire cavity length and the downstream region as well, thus 
creating relatively large areas of moderate cavitation damage on 
both sides of the maximum-damage zone. 

Much significant information about the type and intensity of 
the cavitation attack can be derived from the pitting pattern on 
soft metallic specimens. One surprising fact is the relatively low 
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pitting rate. Thus the annealed aluminum used in this study is 
soft enough to pit under an applied force of much lower intensity 
than the fatigue limits of the materials used in the construction 
of hydraulic equipment. Nevertheless, at 90 fps, which is well 
above the lower limit for cavitation damage on these materials, 
a given point on the surface is hit only once every 100 min. This 
leads to the tentative conclusion that damage produced by fixed- 
type cavitation is caused by relatively infrequent high-intensity 
blows which either remove particles of materia! by each blow or 
by early fatigue. It will be recalled that, on the basis of the 
pitting rate and the average diameter of the pits, it was calculated 
that each point om the surface would, on the average, be struck 
once every 100 min. By chance, the time intervals used in one 
damage run have a 90-min base, corresponding roughly to the 
average time between blows. Thus the five photomicrographs 
in Fig. 13 show the “blow-by-blow” damage to a typical area in 
the maximum-damage zone. 

In the past a basic obstacle to the study of the mechanics of 
cavitation damage has been the lack of any measure of intensity 
of cavitation. Thediscovery that fixed cavitation produces damage 
blow by blow, and that the repetitive rate is relatively low, 
suggests the use of a soft metal brought to a standardized physical 
condition for a working measure of cavitation intensity. For 
this use the specimen should be exposed to the cavitation for only 
a few minutes to avoid superposition of pits. The determination 
would be made by measuring the size range and rate of formation 
of the pits in place of the usual loss-of-weight measurement. The 
damage-resistant properties of the soft test specimen are not 
relevant. This material would only be used to obtain a record 
of the intensity and frequency of all of the blows capable of 
damaging, in any manner, the metal structure of the equipment 
under consideration. 

One significant example of information obtainable by this 
approach is the fact that the total number of damaging blows 
struck in a cavitating region in a given time seems primarily a 
function of the physical properties of the liquid and the relative 
velocity of flow. Reasonable changes in the cavity length, with 
corresponding changes in the cavitation parameter, do not alter 
the total number of blows struck. Thus further study may show 
that total damage is independent of the length of the cavitation 
zone and intensity of damage may be greatest for short cavities. 

Additional work needs to be done to clarify the effect of velocity 
variation on pitting rate and also to correlate pitting rate and 
pit size on standardized test specimens with damage as measured 
by rate of removal of material. Also, it begins to appear im- 


portant to investigate the variation in intensity of cavitation 
with the size and shape of the cavity. Preparations are now 
under way to study pitting rate on a series of geometrically 
similar bodies of the same general shape as those reported herein, 
but varying in size over a relatively wide range, and also to in- 
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vestigate the pitting rate on bodies of the 
same size but with different nose shapes to 
see the effect of this variable and whether it 
can be isolated from that of velocity of flow 
and cavity length. 
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On the Mechanism of Cavitation Damage 


By M. S. PLESSET' A. T. ELLIS, PASADENA, CALIF. 


A new method for producing cavitation damage in the 
laboratory is described in which the test specimen has no 
mechanical accelerations applied to it in contrast with the 
conventional magnetostriction device. Alternating pres- 
sures are generated in the water over the specimen by ex- 
citing a resonance in the “water cavity.” By this means 
the effects of cavitation have been studied for a variety of 
materials. Photomicrographs have been taken of several 
ordinary (polycrystalline) specimens and also of zinc 
monocrystals. The zinc monocrystal has been exposed to 
cavitation damage on its basal plane and also on its 
twinning plane. X-ray analyses have been made of poly- 
crystalline specimens with various exposures to cavitation. 
The results show that plastic deformation occurs in the 
specimens so that the damage results from cold-work of 
the material which leads to fatigue and failure. A variety 
of materials has been exposed to intense cavitation for 
extended periods to get a relative determination of their 
resistance to cavitation damage. It is found that, roughly 
speaking, hard materials of high tensile strengths are the 
most resistant to damage. While this survey is not com- 
plete, it has been found that titanium 150-A and tungsten 
are the most resistant to damage of the materials tested. 
Cavitation-damage studies, which have been carried out 
in liquid toluene and in a helium atmosphere, show that 
chemical effects can be, at most, of secondary significance. 


INTRODUCTION 


UMEROUS studies have been made of the cavitation proc- 
N ess and the mechanism of cavitation damage. No attempt 

will be made here to give a bibliography on this subject; 
reference may be made, however, to the monograph by Nowotny* 
and to an investigation of damage with a magnetostriction os- 
cillator by Kornfeld and Suvorov.‘ In laboratory studies of 
cavitation damage it is often desirable to accelerate the damage 
rate. It has long been recognized that the cavitation produced 
by pressure variations at relatively high frequencies will produce 
damage more rapidly than the cavitation under ordinary flow con- 
ditions. The procedure which has been universally used consists 
in high-frequency acceleration of the test specimen relative to the 
liquid medium. These accelerations are obtained by application 
of the magnetostrictive effect in a nickel rod to the end of which 
the test specimen is attached The liquid partakes of this ac- 
celerating motion and heavy cavitation is produced.* + In such 
experiments the quantities measured are the displacement of the 
test surface and its frequency. Weight loss of the specimen also 
is determined as a function of exposure time to the cavitation field. 


1 Professor of Applied Mechanics, California Institute of Tech- 
nology. Mem. ASME. 

? Senior Research Fellow, California Institute of Technology. 

3 “Werkstoffzerstérung durch Kavitation,’’ by H. Nowotny, Ed- 
ward Brothers, Inc., Ann Arbor, Mich., 1946. 

4“On the Destructive Action of Cavitation,’’ by M. Kornfeld and 
L. Suvorov, Journal of Applied Physics, vol. 15, 1944, p. 495. 

Contributed by the Hydraulic Division and presented at the 
Annual Meeting, New York, N. Y., November 28-December 3, 1954, 
of Tae American Society OF MECHANICAL ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, August 
11, 1954. Paper No. 54—A-76. 


A new method for generating cavitation damage has been de- 
veloped and studied by one of the authors and appears to have 
some important advantages for this type of investigation. While 
this method has been described,’ it is necessary to give a brief 
description of it here so that the results of the present study 
may be more easily interpreted. 


PRESSURE VARIATIONS PRODUCED IN A RESONANT CAVITY 


The apparatus used consists of a cylindrical beaker containing 
water with a barium titanate ring just below the surface, Fig. 1. 
If an alternating electric field is applied across the conducting 
coatings on the inner and outer surfaces of the ring, the volume of 
the ring oscillates with the applied electric field. At the proper 
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frequency of the electric field, a standing wave pattern is set up 
in such a way that a large pressure amplitude is produced at the 
center of the bottom plate. The pressure variation is sufficient 
to produce cavitation over the specimen with a sinusoidal voltage 
of amplitude between 100 and 200 volts. For some of the ex- 
periments, the oscillation frequency was 18,000 cycles; for the 
remainder of the studies, with a beaker of different dimensions, 
the oscillation frequency was 24,000 cycles. Fig. 2 shows the 
well-defined cavitation cloud over the surface of the specimen. 
Fig. 3 shows the complete apparatus with the audio oscillator, the 
power amplifier, and the beaker. 

The acoustic theory for the pressure field in a cylindrical cavity 
is easily developed. The fluid velocity 6 and the time varying 
part of the pressure p are related to the velocity potential ¢ by 
d = —V¢ and p = p, 0¢/Ot, where p, is the density of water. 
Viscous and streaming effects are neglected. One seeks a charac- 
teristic solution of the wave equation 


5 “Production of Accelerated Cavitation Damage by an Acoustic 
Field in a Cylindrical Cavity,” by A. T. Ellis, Hydrodynamics Labora- 
No. 21-14, California Institute of Technology, Pasadena, 

alif. 


1055 


¢ 
- 
——--- 
| 
SPECIMEN 
4 
48 
4 
yt 
= 


= 


of the form @ = R(r)Q(z)e™ where c is the sound velocity in 
water, w/27 is the exciting frequency, r is the radial distance from 
the axis of cylindrical symmetry, and z is the distance measured 
along this axis, Fig. 1. The origin of z is at the water surface 
and the positive direction of z is upward. The boundary con- 
ditions may be described as follows: The massive steel plate at 
the bottom of the container is assumed to move as a free rigid 
mass. Under this assumption, Newton’s second law of motion 
gives a condition on the velocity potential at the interface of the 
liquid and the steel plate 


(ee aig 
(32) tou 0, ats 
or 
be (24) 
0, ats = —t.......... [2) 


where p, is the density of the steel plate and d is its thickness. The 
boundary condition at the beaker wall is determined under the 
assumption that this wall is under simple hoop tension. The 
force per unit length of the cylindrical wall is Ebda/a where E is 
the Young’s modulus of the glass (pyrex), b is its thickness, and a 
is its unstrained radius. Then the force equation at the wall, 
r = a, leads to the boundary condition 


E b 
(2-1) =o, atr=a....... [3] 
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Fie. 3 Compiete Apparatus INCLUDING OscILLaToR, AMPLIFIER, 
AND BEAKER 


where p, is the density of the glass. There is finally the bound- 
ary condition at the free surface of the water 


The characteristic solutions which satisfy these boundary condi- 


tions are 
Sma = Am, Sin 8.) ... [5] 


where J» is the Bessel function of zero order and 8,, is a solution of 
the equation 


tan pd 
Pw 


The angular frequency »,,,, is given by 


where the constant a,,, is determined from the solution of the 
equation 


A series of characteristic frequencies has been computed and 
has been compared with measured resonant frequencies for the 


water cavity. Agreement between theoretical and observed 
values is very good. A comparison of theoretical and ob- 
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TABLE 1 THEORETICAL AND OBSERVED CHARACTERISTIC 
ANGULAR FREQUENCIES 


Dimensions of the pyrex beaker are a = 4.83 cm, b = 0.254 em, d = 2.54 
= 8.13 em. Young’s modulus for pyrex 6.76 X 10% dynes/cm?; 
velocity of sound in water at room temperature ¢ = 1.52 X 10® cm/sec; 
density of water pw = 1 gm/ce, density of stainless-steel bottom plate ps, = 
7.93 gm/ce, density of pyrex pg = 2,23 gm/cc. 

Calculated values Measured values 


wu 88 85 
wei 117 
wai 168 167 
wal 217 213 
wit 167 171 
wu 253 
wi 340 
wee 184 


served characteristic frequencies for specific beaker dimensions is 
shownin Table 1. The pressure amplitude has been measured as 
afunction of r andz. These variations also agree well with those 
determined by Equation [5]. Of immediate practical importance 
is the fact that the most easily excited mode has the largest pres- 
sure amplitude at the center of the bottom plate. Thus the 
cavitation cloud is readily confined to the small region over the 
specimen. Fig. 4 shows the cavitation bubble cloud at two dif- 
ferent points of the pressure cycle. The upper picture shows the 
bubble cloud near the pressure maximum and the lower picture 
shows the bubble cloud near the pressure minimum. Fig. 5 gives 
somewhat greater detail in the bubble cloud near the maximum 
(the lower half of the picture is a reflection of the bubble cloud in 
the stainless-steel plate). 

In the opinion of the authors, the method used here for produc- 
ing cavitation damage in the laboratory has several important 
advantages over the magnetostriction oscillator method. The 
use of the barium titanate electric transducer to generate stand- 
ing pressure waves in the water cavity results in an apparatus 
which is very simple electrically and which, at the same time, is 
appreciably less expensive than the magnetostriction oscillator. 
The present device is stable in operation and requires a minimum 
of maintenance and attention. A wide range of frequencies is 
readily available. Of perhaps greater significance is the fact that 
one has here an efficient way of producing the oscillating cavita- 
tion field. As a consequence, there is negligible heating of the 
water or the test specimen even in very long exposures at high 
powers. Under heavy cavitation conditions the water tempera- 
ture has been observed to rise less than 3 deg C in 1 hr. It also 
should be remarked that there is negligible streaming of the water 
in the container and there is no pumping action on the water. An 
additional consideration which led the authors to the adoption 
of this resonant “cavity” procedure was the fact that the test 
specimen is stationary throughout its exposure to cavitation. No 
mechanical acceleration stresses are applied to the specimen as 
there are when it is attached to a magnetostriction rod. As a 
specimen receives cavitation damage, small regions of reduced 
strength are produced and these small regions might be torn out 
of the specimen under mechanical acceleration. From the point 
of view of an analytic consideration of the cavitation bubble be- 
havior, it also would seem advantageous to have a stationary 
boundary and no gross water velocity or acceleration. 

For the photomicrographic observations and for the x-ray 
analyses of cavitation damage, the specimens were mounted flush 
in the base plate, Fig. 1. Under these conditions the cavitation 
cloud has a diameter of approximately 0.37 in., Fig. 2. 


PHOTOMICROGRAPHIC OBSERVATIONS OF CAVITATION DAMAGE 


A series of experiments were made to observe the optical changes 
in the surface of a specimen under cavitation damage. Fig. 6 
shows the surface of a nickel specimen after a 5-min exposure to 
the cavitation cloud. It is of interest to note the unevenness of 
the damaged surface. This appearance of microscopic “‘hills and 
valleys” is characteristic of the behavior of very soft materials. 
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Fie. 4 Bussiz Croup at Two Dirrerent Points or PRESSURE 


(a) Before exposure to cavitation 


(b) After 5-min exposure 
to cavitation 
Fie. 6 or Nicke. Specimen; 560 
Fig. 7 shows a stainless-steel specimen which is of somewhat 
greater interest, metallurgically, since slip lines are clearly in 
evidence. These results may be compared with the photomicro- 
graphs of a harder material, an example of which is titanium 
130-A, Fig. 8. No optical alteration in the surface of this material 
is evident even after prolonged exposure to the cavitation cloud. 
This series of photomicrographs is typical of results with other 
materials. The very soft materials quickly show a microscopic 
hill-and-valley effect and not much can be deduced regarding 


: 
teil, 
Fie. 5 Bussie Crovp Tor Licurine 
¥ 


(a) Before exposure to cavitation 


(b) After 5-min exposure 
to cavitation 


Fic. 7 PHOTOMICROGRAPH OF STAINLESS-STEEL SPECIMEN; X560 


(a) Before exposure to cavitation (b) After 2-hr exposure 


to cavitation 


Fic. 8 or Tirantum Specimen (With 7 Per 
Crnt MANGANESE); X200 


crystallographic changes. In materials of intermediate hardness, 
this hill-and-valley effect is not so evident and some evidence of 
crystallographic changes may be observed. In the very hard ma- 
terials no change is evident. In these studies the cavitation 
damage was kept sufficiently light so that no significant weight 
loss in the specimens was obtained. Optical observations and 
photomicrography appear to be of limited value for a poly- 
crystalline material which is the usual state of a specimen. 

Photomicrography can be a powerful tool in revealing altera- 
tions in crystal structure if the specimen is a single crystal. A 
zine monocrystal was made available to the authors through the 
kindness of Dr. Thad Vreeland, Jr., of the Engineering Division, 
California Institute of Technology. A basal plane (0001 plane) 
was obtained for exposure to cavitation by cleavage in liquid nitro- 
gen. When this surface is stressed by the cavitation field, the 
hexagonal structure of the exposed plane becomes evident. 

Fig. 9 shows this effect when the surface is exposed to a cloud of 
extent small compared with the exposed area. The nearly point 
application of the cavitation stress brings out the hexagonal struc- 
ture very readily. Fig. 10 shows a basal plane in a zinc crystal be- 
fore exposure to cavitation. Figs. 11, 12, and 13 show this same 
specimen after exposure to a broad cloud of cavitation covering 
the specimen. Similar observations have been made on a zinc 
crystal cut parallel to a twinning plane and the results are shown 
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Fre. 9 CrnTeR or DamaGcep AREA ON (0001) PLANE or a SINGLE 
Zinc Crystau Arrer 10-Min Exposure TO !/i6-In-D1am CaviTaTION 


Bussie CLoup; X38 


Fie. 10 ANNEALED SuRFACE or A Zinc Monocrystat CLEAVED 
AtonG A Basat PLANE—UNDAMAGED; X250 


in Figs. 14, 15, and 16. The geometry of the zinc crystal is 
sketched in Fig. 17. 

While some of the previous photomicrographs gave evidence 
that cavitation damage is initiated through plastic deformation 
of the exposed specimen, very striking and detailed additional 
evidence of this mechanism are obtained from these studies on 
the monocrystal. In particular, severe plastic deformation of 
the zinc monocrystal is found in the form of twinning in the 
specimens exposed on a slip plane and in the form of slip in 
the specimens exposed on a twinning plane. 


X-Ray OBSERVATIONS OF CAVITATION DAMAGE 


Changes in structure can be observed readily in a polycrystal- 
line specimen by the use of x-rays. For this reason a series of ob- 
servations were taken on ordinary specimens exposed to cavitation 
damage. Fig. 18 shows x-ray diffraction patterns from a nickel 
specimen before exposure to cavitation, after 2-sec exposure to a 
broad cavitation cloud, and after 10-sec exposure. The blurring of 
the patterns, which is quite marked after only 2-sec exposure, 
shows that plastic deformation of the nickel microcrystals starts 
almost immediately upon exposure to cavitation. Fig. 19 shows 
similar results in brass. These specimens showed no significant 
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Fie. 11 ANNEALED SuRFACE OF A Zinc MonocrystTat CLEAVED Fie. 12 
ALONG A Basat PLANE 


(Note appearance of many new twin bands, cross twins, and hexagonal pits, 
15-see exposure; X 250.) 


ANNEALED SurFACE OF A Zinc Monocrystat CLEeAVED 
ALONG A PLANE 
(Observe the increase in surface roughness and pitting, 30-sec exposure; 
X 250.) 


Fie.14 Po.isHEep ANNEALED SURFACE Or A Zinc MONOCRYSTAL 
Cut PARALLEL TO A TWINNING PLANE 


(Texture of surface is due to preferred attack of etchant. The ropy line 
across the surface is a twin band due to cutting the specimen, undamaged; 
x 500. 


Fie. 13 ANNEALED SurRFACE or a Zinc MonocrystTaL CLEAVED 
ALONG A BasaL PLAne—DEVELOPMENT OF CaviTaTION DAMAGE 
(Note slip lines in twin bands and growth of pits 80-see exposure; X 100.) 


Fig. 15 Povishep ANNEALED SURFACE OF A Zinc MoNocryYSsTAL 
Cut PARALLEL TO A TWINNING PLANE Fic. 16 Po.tsHeD AND ANNEALED SurFace or a Zinc Mono- 


(Texture of surface is due to preferred attack of etchant. Ropy line across crystal. Cut Paratten TO A TWINNING PLANE 
surface is a twin band due to cutting the specimen—note rectangular pits (Texture of surface is due to preferred attack of etchant. Ropy line across 
in the surface, 10-sec exposure; 500.) surface is a twin band due to cutting the specimen, 210-sec exposure; 500.) 


| 
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Geometry of a Zinc Crystal 


slip directions 
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Basal plane projection 


slip line 


Projection of the twinning plane 


twinning plane = (1012) 
slip plane = (0001) 
slip direction = (1120) 


Fig. 17 Gromertry or a Zinc CrysTaL 


optical change or weight loss; yet the alteration in structure is 
very evident from the x-ray observations. 

To determine the depth of the region of plastic deformation, 
thin layers were removed from the surface until the x-ray pattern 
returned approximately to its original configuration. Layers were 
“peeled off” uniformly by the process of electrolytic polishing. 
These results are illustrated in Figs. 20 and 21 for nickel, and in 
Fig. 22 for brass. A similar study was made of a pure titanium 
specimen and is illustrated in Fig. 23. Here the x-ray diffraction 
spots are replaced by circular lines since the specimen was rotated 
while being exposed to the x-ray beam. The broadening of the 
circular lines shows again the plastic deformation which takes 
place on exposure to cavitation. To determine the depth of pene- 
tration of the region of plastic deformation in titanium, layers were 
removed in steps by etching until the lines returned approximately 
to their original sharpness. 

The x-ray diffraction patterns in Figs. 18 to 23 show the effects 
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of light exposure to cavitation in a group of metals which are 
easily damaged. Similar x-ray studies have been made with va- 
nadium, molybdenum, and tungsten which are much more resist- 
ant to cavitation damage. As with all the other samples for which 
x-rays have been taken, these specimens were annealed, and the 
deformation of the lattice structure arising from exposure to 
cavitation is shown by the blurring of the x-ray diffraction spots, 
Figs. 24, 25, and 26. While Figs. 20 and 22 show a significant 
amount of plastic deformation in nickel and brass after a few 
seconds’ exposure to cavitation, a similar amount of deformation 
takes several minutes for vanadium, approximately an hour for 
molybdenum, and several hours for tungsten. 

The resistance of tungsten to cavitation damage might have 
been expected in view of its great hardness and high ultimate 
tensile strength, Table 2. That these properties are not neces- 
sary for high resistance to cavitation damage is shown by molyb- 
denum. The molybdenum specimens have a hardness and ulti- 
mate tensile strength similar to those of brass, and yet were very 
much more resistant to cavitation damage. The x-ray studies 
presented here show that cavitation damage takes piace through 
plastic deformation, or cold-work, of the exposed solid. In some 
materials, such as nickel or brass, this plastic deformation occurs 
very quickly; in others, such as molybdenum or tungsten, rela- 
tively long exposures are required. The mechanism of plastic 
deformation demonstrates that the essential property for re- 
sistance to cavitation damage is the fatigue resistance of the solid. 
Further, the fatigue behavior of a solid is related in a complex 
way to its usually measured properties. It also must be kept in 
mind that the stresses applied to the solid by cavitation are of 
very short duration so that the fatigue behavior under low 
frequency stress application is not necessarily a measure of re- 
sistance to cavitation damage. The exceptional resistance of 
molybdenum to cavitation damage in view of its hardness and 
tensile strength may be understood from the known lag in the 
yielding of this solid to an applied stress. Thus, for the short 
stress pulses produced in cavitation, the deformation of molyb- 
denum may be expected to be reduced. 


Rate or Materiat Loss tn CaviTaTion DAMAGE 


A series of experiments were undertaken to secure a rough 
measure of resistance to cavitation damage in a group of poly- 
crystalline substances. This series has a definite engineering in- 
terest. To get significant damage quickly, the specimens were 
made with a smal! tip protruding above the level of the bottom 
flat plate. By this means the cavitation cloud was concentrated 
over the end of the tip and did not appear elsewhere; the diameter 
of the region over which the cavitation cloud extended under these 
conditions was approximately 0.07 in. With this configuration, 
the cavitation cloud drilled nearly cylindrical holes in the speci- 
mens. The depth of these cylindrical holes for given exposure 
time is a measure of the resistance to damage. Measurements of 
this kind are summarized in Table 2. A photograph of a stellite 
specimen exposed to this concentrated cloud is shown in Fig. 27, 
anc a corresponding photograph of a titanium 150-A specimen is 
shown in Fig. 28. 


CuemicaL Errects IN CAvITATION DAMAGE 


There has been considerable speculation that cavitation damage 
is primarily the result of chemical action. Such a corrosion pic- 
ture of the damage is in contradiction with the view presented 
here of the damage arising from cold-work. In order to give fur- 
ther information on this question, a series of experiments were per- 
formed in which the cavitation cloud was generated in liquid 
toluene from which any dissolved air was completely removed. 
At the same time, helium at 1 atm was maintained above the 
liquid. Toluene is known to be a very inert liquid chemically and 
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(a) Before exposure (b) After 2-sec exposure (c) After 10-sec exposure 


X-Ray Drrrraction Parrern or Nicket Specimen SHow1nG Rapip Onser or Cotp-WorK on 
Exposure To CAVITATION IN WATER 


(a) Before exposure (b) After 2-sec exposure (c) After 10-sec exposure 


Fie. 19 X-Ray Drirrractrion Patrern or Brass Specimen SHowine Raprp Onset or Cotp-Work 
on Exposure To CaviTaTION 


Fic. 20 ANNEALED Nicket—DamacGep 30 Sec—Depru or Laver Fic.21 Anneatep Nicxker—Damacep 30 Min—Deprta or Layer 
Removep Arrer Damace Is SHown tn MICRONS Removep Arrer Damace Is SHown 1n MICRONS 
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Fic. 22 ANNEALED Brass—Damacep 30 Min—Depts or LAYER 
Removep Arrer DamaGeE Is SHownN tn MICRONS 


(a) Before exposure 


(b) After 30-min exposure 


Fig. 24 X-Ray Dirrracrion Patrern oF VANADIUM SPECIMEN 
SHowinc Coitp-Work on Exposure To CavITATION IN WATER 


helium is, of course, an inert gas. Fig. 29 shows a photomicro- 
graph of the surface of a nickel specimen before exposure to 
cavitation and after 5-min exposure in liquid toluene. Cavitation 
damage to the surface is evident. Fig. 30 shows an x-ray diffrac- 
tion picture of a nickel specimen before exposure to cavitation 
and after 2-2ec exposure in liquid toluene. A comparison of Fig. 
30 and the corresponding x-ray pattern obtained with nickel after 
2-sec exposure in water, Fig. 18, shows that essentially the same 
type and extent of plastic deformation take place. Similar re- 
sults have been found with stainless steel. It is to be concluded 
that, in so far as the basic process of cavitation damage is con- 
cerned, chemical effects are not of primary significance. It must 
not be concluded that there are no chemical effects at all; in fact, 
it is known that a chemically active environment can affect the 
fatigue properties of a solid material. 


SuMMARY AND CONCLUSION 


The apparatus for this study of cavitation damage, in the 
authors’ opinion, is an inexpensive and efficient device for cavita- 


Fie. 23. Pure ANNEALED TiTantum—Damacep 30 Min—DeptuH 
or Layer Removep Arrer Damace Is SHowN IN MICRONS 


(a) Beiore exposure (b) After 1-hr exposure 


Fig. 25 X-Ray Durrraction PATTERN oF MOLYBDENUM SPECIMEN 
SHowine Cotp-WorkK oN Exposure TO CAVITATION IN WATER 


(a) Before exposure (b) After 5-hr exposure 


Fie. 26 X-Ray Dirrraction Patrern or TUNGSTEN SPECIMEN 
SHow1ne CoLp-WorkK on Exposure To CaviTATION IN WATER 
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(b) Damaged 1 hr 


STELLITE SpPECIMEN—-MAGNIFICATION X40 


(a) Undamaged 


Fig, 27 


(a) Before exposure 


(b) After 5-min exposure 


Fic. 29. ANNEALED EtcHep Surrace or NicKeL SPECIMEN 
Exposrep To Cavitation Liquip tn 4 Hevium ATMOs- 
PHERE 


tion research or testing. Cavitation tests are extremely simple, 
and relative resistance to cavitation damage such as is given in 
Table 2 is very easily obtained. 

Ordinary polycrystalline specimens and pure monocrystals 
have been exposed to cavitation damage. Photomicrographic 
examination and x-ray diffraction patterns both show that plastic 
deformation occurs. This plastic deformation appears to set in 
almost immediately in soft substances such as nickel, brass, or 
pure titanium. Since these are substances with ultimate tensile 
strengths of the order of 50,000 psi, it is indicated that cavitation 
stresses may be at least of this magnitude. On the other hand, 
the very slow onset of damage in a material such as tungsten or 
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TABLE2 CHAR ACTERISTION ree VARIOUS MATERIALS AND SUMMARY OF CAVITATION 
AMAGE SUSTAINED IN TESTS 


Depth of cavitation da hole in microns 
em) 


Modulus 
Material (arranged in Ultimate of elas- 
order of increasing hard- tensile —. 
ness) composition, Hardness, strength (psi 
per cent Bhn (psi X 10%) 108) 10sec 1 min 15min 30min 1 hr 2 hr 3 hr 
Aluminum (soft)... .... 16 16 10 10 80 
Titanium (annealed)... . 58 79 16 43 78 
90 50 30 80 115 
Molybdenum........ 120 57 50 10 25 60 100 
rass, Cu 70, Zn 30.. 123 56 13 1 85 128 
Stainless steel, Cr 18, 
163 102 29 15 28 
Titanium 75-A......... 203 80 16 30 66 
Steel (4130). 258 130 30 32 55 
Tungsten. . 350 597 51 0 0 3 12 
Titanium 130-A, Ti 92, 
351 130 16 0 3 16 
Cc olmonoy . 400 61 0 3 18 34 
Titanium 150-4. Ti 96, 
Cr 2.7, Fe 437 150 16 0 0 3 26 
Stellite, Co 35. ¢ r33,W6 495 100 36 0 3 14 29 


(a) Undamaged (b) Damaged 1 hr 


Fie. 28 Trrantum 150-A X40 


(a) Before exposure 


(b) After 2-sec exposure 


Fie. 30 X-Ray Dirrraction Parrern or NICKEL SHOW- 
ING Rapip Onset or Co_p-Work on Exposure To CAVITATION IN 
A HeELIuM ATMOSPHERE 


titanium 150-A with ultimate tensile strengths of the order of 
130,000 psi or greater might be taken as an indication that cavita- 
tion stresses lie below this magnitude. 

It should be emphasized that cavitation damage represents the 
interaction of a complex of properties of the solid sothat considera- 
tion of ultimate tensile strengths alone, or of hardness alone, or 
any other single property would be misleading. The general 
mechanism of the damage does appear to be reasonably clear. A 
polycrystalline or monocrystalline specimen exposed to cavitation 
undergoes eventual or almost immediate plastic deformation, de- 
pending on its hardness and yield properties. This plastic defor- 
mation is a cold-work of the material which leads to fatigue and 
failure of portions of the specimen. 

The similarity in the plastic deformation produced in a variety 
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of specimens with different chemical properties makes it unlikely 
that chemical action is of particular significance in cavitation 
damage, at least as produced here. Conclusive additional evi- 
dence on this point is furnished by the photomicrographic and 
x-ray studies of cavitation damage produced in air-free toluene 
with a helium atmosphere. Toluene and helium are particularly 
inert substances chemically. These experiments show the same 
damage effects as are found in water. 


ACKNOWLEDGMENTS 


This study was supported by the U. S. Navy Office of Naval 
Research, Mechanics Branch. The authors wish to express their 
appreciation to Mr. J. E. Neimark for valuable assistance with 
the observations on zinc monocrystals. The authors are also 
greatly indebted to Profs. Pol Duwez and David Wood of the 
Engineering Division of the California Institute of Technology, 
not only for making facilities available to them but also for their 
helpful interest and comments throughout the study. 


Discussion 


Irvine Tayutor.* The authors of this splendid paper have very 
nearly proved that chemical actions play no part in the mecha- 
nism of cavitation pitting. Before taking this completely for 
granted, it is advisable to consider two plausible phenomena that 
could be important, if secondary. 

Not only the most resistant materials but also the medium- 
resistant materials (vanadium, molybdenum, 4130 steel, stainless 
steel) showed “incubation periods,” in Table 2 of the paper and in 
the x-ray studies. If these delays are required for fatigue, then 
what is the mechanism of the fatiguing? The authors have 
allowed that a chemically active environment can affect the 
fatigue properties of a solid material. Two possible contributors 
that may need to be considered are (a) partial dissociations of 
the liquid to free radicals and chemical attack on portions of the 
solid, (b) partial dissociations to free radicals and penetration of 
the solid by hydrogen atoms. 

The chemical inertness of a liquid does not guarantee an en- 
vironment free of chemical activity once cavitation occurs. In- 
tensely active molecular fragments of short life are likely pro- 
duced momentarily and locally from toluene as well as from 
water molecules, by partial dissociations, either at the cavity 
collapse-points or along the solid surface by shock-wave impacts.’ 
These fragments include free atoms and free radicals such as H-, 
-OH, -OOH, -CHs, -C.Hs, -CsH;CHe, note that these are not 
ions. Free radicals are known to play vital roles in extremely fast 
chemical reactions such as flames and explosions, and are reported 
to cause adjacent stable substances to break down or become 
labile along with them. A stable metal surface (particularly of a 
good catalyst like nickel, iron, copper, or palladium) probably be- 
comes so activated in the local presence of radicals from cavita- 
tion that its atoms participate in chemical reactions impossible 
elsewhere. Other reactions would concurrently restore the 
metal atoms, but not necessarily in the same exact place. 

Also, there is a likelihood of penetration into the solid, by some 
of the free hydrogen atoms or by hydrogen molecules. Inter- 


*Senior Mechanical Equipment Engineer, The Lummus Com- 
pany, New York, N. Y. Mem. ASME. 

7™“Cavitation Pitting by Instantaneous Chemical Action From 
Impacts,” by Irving Taylor, ASME Paper No. 54—A-109., 
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stitial hydrogen seems to make titanium alloys become brittle. 
This possibility of hydrogen penetration—through impacts and 
shock waves, partial dissociations, more impacts and shock 
waves—could well be an intermediate step between the be- 
ginning of cavitation and the finding of cold-work or deformation. 
The hydrogen inside the lattice, some of it still active chemically, 
could bring about “‘unbindings” or “loosening” of metal atoms 
one from another. Would not the x-ray patterns also be changed 
before any microscopic cracks could be observed? 

Despite the weight of the authors’ evidence there remains some 
uncertainty that the first deformations after exposure to cavita- 
tion are due to cavitation stresses alone—at least on the more 
resistant materials. As in the somewhat analogous phenomenon 
of fretting corrosion analyzed by H. H. Uhlig,* a combination of 
mechanical and chemical factors may comprise the mechanism of 


cavitation damage. 
AutuHors’ CLOSURE 


We wish to correct a possible misinterpretation which might 
arise from Mr. Taylor’s opening remark that “The authors have 
very nearly proved that chemical actions play no part in the 
mechanism of cavitation pitting.’’ We may reiterate our state- 
ment: “It is to be concluded that, in so far as the basic process 
of cavitation damage is concerned, chemical effects are not of 
primary significance. It must not be concluded that there are 
no chemical effects at all; in fact, it is known that a chemically 
active environment can affect the fatigue properties of a solid 
material.”’ 

The point under discussion is whether distilled water or liquid 
toluene are chemically active environments or not. Mr. Taylor 
proposes that these inert liquids become active through dissocia- 
tion into free atoms or radicals. It is to be observed that the 
dissociation of water into H and OH requires an energy of 5.14 
electron volts; to break a carbon-hydrogen bond in an organic 
molecule requires on the average about 4.3 electron volts, and to 
break a carbon-carbon bond requires on the average about 3.4 
electron volts. Since 1 electron volt = 23.6 kilocalories per 
mole, it follows that we are concerned with activation energies for 
the dissociation of water or toluene in the neighborhood of 80 to 
100 kilocalories per mole. Now a shock wave in a liquid can 
only supply this energy by shock heating. It appears that the 
shocks of concern have pressure jumps of about 100,000 psi or 
less and a computation of the temperature rise for such shocks in 
water or toluene gives a temperature rise of less than 20 C. It 
follows that these shock waves cannot produce dissociation of 
the liquid. The possibility remains that higher temperatures 
may be encountered in the vapor of the cavitation bubbles when 
they are collapsed. Even if dissociation occurs at the point of 
collapse, the lifetime of the dissociation products is so small that 
it may be presumed that recombination would take place before 
they could diffuse through the liquid to the solid surface. 

Our observations all point to the interpretation of cavitation 
damage as arising primarily from repeated application of high 
stresses of short duration which accompany vapor bubble col- 
lapse. Any attempt to explain the phenomenon by chemical 
dissociation in the liquid would seem to be based on unlikely 
speculations. 


8 “Mechanism of Fretting Corrosion,” by H. H. Uhlig, Journal of 
Applied Mechanics, Trans, ASME, vol. 76, 1954, pp. 401-407. 
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Secondary Flow in Axial-Flow 
Turbomachinery 


By L. H. SMITH, JR.,2 CINCINNATI, OHIO 


A method is presented by which one can include the 
principal effects of secondary flow in the design of multi- 
stage axial-flow turbomachinery. The method uses the 
conventional axial-symmetry solution as a basic flow pic- 
ture from which the induced turning and radial velocities 
characteristic to the secondary flow can be deduced. 
Frictional effects, such as the growth of boundary layers 
on the blades, are excluded from the analysis, but the dis- 
position of the fluid which comes from boundary layers 
on the hub and casing surfaces upstream of a blade row 
can be accounted for in an approximate manner by as- 
suming that the fluid is frictionless while in the blading. 
To get a first-order approximation of the secondary flow 
in a blade row, it is necessary to know only the number of 
blades in the row and the axisymmetric-flow solution. 
The principal assumption involved in this approximation 
is that the distortion of the flow surfaces due to the sec- 
ondary velocities is small. The method is sufficiently ac- 
curate for predicting the secondary flows which occur as a 
result of nonuniform blade loading, but solutions for 
boundary-layer flows must be considered only qualitative 
because of the large flow-surface distortions which are 
associated with these flows. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a = distance between dividing streamlines (Fig. 3), ft 

b = distance between hub and tip measured along normal 
direction, ft 

distance along upstream streamline (Fig. 3), ft 

distance related to time lag between particles (Fig. 1), ft 

coefficient in secondary vorticity expansion, Equation 
[25], 1/see 

constant controlling boundary layer secondary vorticity, 
Equation [27], dimensionless 

distance normal to axisymmetric stream surfaces, ft 

number of blades in a row, dimensionless 

radial co-ordinate, ft 

strength of source field, 1/sec 

time, sec 

time difference for particles traversing an airfoil, Equa- 
tion [1], sec 


23 


absolute fluid velocity, fps 


1 The work on which this paper is based was done at the Johns 
Hopkins University, Baltimore, Md., under the sponsorship of Wright 
Air Development Center, Dayton, Ohio. The author wishes to 
acknowledge the stimulation and guidance given him by Drs. George 
F. Wislicenus and Hsuan Yeh during the course of the work. 

2? Compressor Aerodynamics Engineer, Aviation Gas Turbine 
Division, General Electric Company. Assoc. Mem. ASME, 

Contributed by the Compressor Committee of the Hydraulic 
Division and presented at the Annual Meeting, New York, N. Y., 
November 28-December 3, 1954, of Tae American SocreTy oF 
MECHANICAL ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
September 7, 1954. Paper No. 54—A-158. 


velocity induced by source field, fps 
secondary velocity causing vortex sheet, fps 


fluid velocity relative to blade system being considere:| 
fps 

distance normal to streamlines and normal to n-direction, 
ft 

distance in n-direction, ft 

a/b, dimensionless 

angle between relative velocity and meridional stream 
line, dimensionless 

circulation around moving circuit, Equation [3], ft?/sec 


2r 
vane circulation, Ty = — reVe2); for applica- 
tions, I’, is always considered to be positive, ft®/sec 


absolute vorticity of axisymmetric flow, f =V xX V, 
1/sec 


secondary vorticity; i.e., vorticity contributing to cellu- 
lar pattern of secondary circulations, 1/sec 

y/b, dimensionless 

y/a, dimensionless 

angle of distortion of a stream surface, dimensionless 

z/a, dimensionless 

mass density, lb-sec*/ft* 

distance along a streamline, ft 

velocity potential for source field flow, ft?/sec 

stream function for secondary flow, ft?/sec 


Subscripts: 


1 = component perpendicular to relative velocity 
= vector mean of upstream and downstream conditions 
actual flow (primary + secondary) 
blade-to-blade flow 
meridional component 
component of secondary quantity in z-direction 
component of secondary quantity in y-direction 
tangential component 
component of dimensionless secondary quantity in z- 
direction 
component of secondary quantity in primary streamline 
direction 
stations before and after a blade row 


INTRODUCTION 


The flow of a frictionless adiabatic fluid through a turbomachine 
is described by the Euler equations of motion, which are special 
cases of the Navier-Stokes equations, for the viscosity equal to 
zero. If the fluid entering the machine is everywhere irrotational, 
it will remain irrotational regardless of the shapes or motions of the 
passages through which it moves, except on a number of surfaces 
called vortex sheets where a discontinuity in velocity exists. 
These vortex sheets will be shed from the trailing edges of the 
moving and stationary vanes when the vane circulation is not uni- 
form and/or when the relative flow approaching the vanes is not 
steady. If there are at least two blade rows in the machine, one 
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of which is moving relative to the other(s), the flow will never be 
steady and hence there will always be vortex sheets created. The 
picture is therefore quite complex even in the simplest cases. 

The far-reaching assumption which is generally made in order to 
permit a reasonably simple analysis is the assumption that each 
blade row in the machine is composed of an infinite number of in- 
finitely thin blades. This reduces the problem to one of two inde- 
pendent variables rather than four, since all physical quantities 
become uniform in the tangential direction and the flow becomes 
steady. This is called the assumption of axial symmetry. In the 
axisymmetric picture we are able to visualize axisymmetric 
stream surfaces which are obtained by revolving a fluid streamline 
about the axis of rotation. 

It is usually assumed, when designing the finite number of 
blades to give the desired flow distribution, that the fluid remains 
on the axisymmetric stream surfaces. On this basis two-dimen- 
sional blade-to-blade solution procedures have been developed; 
for instance, those given by Stanitz and Ellis (1)* and Wu, 
Brown, and Prian (2). These methods give the velocity fields 
around the blade profiles under the assumption that there is 
no flow normal to the axisymmetric stream surfaces which were 
obtained from the infinite blade solution. For axial-flow 
machines, theoretical and experimental two-dimensional (plane) 
cascade methods may be used as an approximation for the blade- 
to-blade flow. 

It is pertinent to inquire about the discrepancies between the 
actual three-dimensional flow and the flow which is obtained when 
one uses the two two-dimensional procedures just described. One 
discrepancy is caused by friction in the fluid; the boundary layers 
which build up on the blades certainly do not act as one would pre- 
dict from two-dimensional theories. A second occurs because 
of the unsteadiness of the flow which is caused by the relative 
motion of adjacent blade rows. Still a third discrepancy occurs 
because, in order to satisfy the equilibrium equations, the flow 
does not actually remain on the axisymmetric stream surfaces. 
The object of this paper is to provide a means for taking into 
account quantitatively this third discrepancy. Thus, it is desired 
to determine the velocities of the fluid particles normal to the axi- 
symmetrically determined stream surfaces and the tangential and 
meridional velocities which are associated with them. 

In order to isolate the effect which is to be investigated, it is 
assumed that the flow is frictionless while passing through any 
given blade row, and that the flow is axisymmetric as it enters 
each row. Let the term “primary flow” be given to the flow which 
one obtains by using successively the axisymmetric and blade-to- 
blade methods, and let the term “‘secondary flow’’ denote the 
difference between the actual flow and the primary flow. 

Although friction has been excluded from the analysis in each 
individual blade row, it is not necessary that the cumulative 
effects of friction be neglected. These may indeed be included in 
the initial axisymmetric solution, and if this is done realistically, 
the typical hub and casing boundary layers of the latter stages 
will appear. The secondary flow as defined will, therefore, include 
the boundary-layer secondary flow, which has received much at- 
tention from many writers lately, as well as the secondary flow 
which results from nonuniform blade loading. 

Method for Finding Secondary Velocities. In order to find the 
secondary flow, we must be able to solve the problem of the flow 
with vorticity in a curved channel. The channel is the space 
bounded by two blades and the hub and casing surfaces. This 
problem has received a fair amount of attention, for instance 
from Squire and Winter (3), Hawthorne (4), Kronauer (5), 
Eichenberger (6), and Ehrich (7). These investigators obtained 


3 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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solutions by solving (more or less approximately) for the flow 
field inside the channel, using the channel shape and the upstream 
flow as boundary conditions. For general channel shapes this 
type of procedure is obviously quite difficult. 

By using the fact that the channel is bounded on two sides by 
airfoils, and using the circulation around these airfoils as part of 
the boundary conditions, we can arrive at a more tractable method 
of solution. This adds no new complication since the vane circu- 
lation I'y is known (excluding secondary-flow effects) once the 
tangential velocity distributions and the number of vanes are 
specified (see I’) in Nomenclature). 

Before going into the details of the method, it will be well to 
consider the physical nature of the problem. A vane turns the 
fluid because there is a pressure difference across the thickness of 
the vane. Now if this pressure jump is different for different 
sections along the span of the vane, there will be a pressure gradi- 
ent along each face of the vane in the spanwise direction, in 
addition to the pressure gradient caused by axisymmetric equi- 
librium. This gradient causes spanwise velocities which con- 
tribute to the secondary flow. 

In order to have constant loading along the span (and thus have 
no induced spanwise velocities), we must have the product of the 
vane circulation times the oncoming meridional velocity times the 
fluid density (['V,,o) constant along the span, since this product 
gives the tangential blade force and thereby the pressure jump 
across the vane. This statement is of course only qualitatively 
true since the pressure distribution for a given force is dependent 
on the axial blade length and loading distributions. 

The spanwise (normal) velocities (which have different direc- 
tions on the pressure and suction sides of the vane) create a trail- 
ing vortex sheet. The strength of this sheet is proportional 
(approximately) to 


1 ad 
an mb) 


and not proportional to dI'y/dn as has been sometimes implied. 

Although an insight into the nature of secondary velocities is 
obtained most easily by a consideration of pressure gradients, the 
actual calculation of these velocities is more conveniently done by 
use of the vortex laws of fluid mechanics. We find, however, that 
these laws usually require an a priori knowledge of the fluid 
motion. For instance, one of the Helmholtz laws states that a 
vortex line moves with the fluid. Kelvin’s law says that the 
circulation around a circuit which moves with the fluid remains 
constant. It is therefore necessary to know ahead of time, at 
least approximately, the primary fluid motions in order to calcu- 
late the secondary motions. 

This brings us to the following method of approximation: 

We assume initially that the flow behaves as if it were to re- 
main on the axisymmetric stream surfaces. We solve for the pri- 
mary flow picture by using blade-to-blade methods, or, if we have 
an axial-flow machine, by using two-dimensional cascade data 
corrected for changing axial velocity. With this flow as a basis, 
we invoke the laws of vortex motions to calculate secondary ve- 
locities. . 

The fluid is assumed to be frictionless while going through the 
system, regardless of how its vorticity came to exist originally. 

Instead of solving for the complete primary flow picture as 
mentioned in the foregoing method, we need only deduce, for 
practical purposes, one particular characteristic of the flow. 
This characteristic is contained in the following problem: 

Consider the two-dimensional problem of the irrotational flow 
of a perfect fluid around an airfoil, see Fig. 1. We ask the question: 
Given the particle A, where is the particle B which will be at the 
trailing edge of the vane when A gets there? Or we might ask 
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C- 
A’ 


Fic. 1 


LocaTION oF ParticLes TRAVERSING AN AIRFOIL 


equivalently: How much more time does it take for a particle 
to get from the leading edge to the trailing edge of an airfoil if it 
goes under rather than over it? 


Let V = velocity 
At = time difference (bottom—top) 
a distance along airfoil 


T 
a- f 


Cy 


This problem has been considered in some detail by the author 
in references (8) and (9). The matter is complicated by the fact 
that particles which approach the airfoil along its stagnation 
streamline require an infinite amount of time to reach the blunt 
leading edge. By restricting applications to thin airfoils, and/or 
by choosing particles which are not exactly on the stagnation 
streamline, it was found that the formula 


represents a good approximation for conventionally shaped air- 
foils either isolated or in cascade. 

The manner in which this information about the primary flow 
is used will be discussed in the following sections. There are two 
avenues of approach which can be used to calculate secondary 
velocities. The first, which we shall call the “airfoil theory,” 
treats the blades as airfoils; the secondary flow is induced by the 
vortex sheets which are attached to the vane trailing edges. The 
other method which we shall call the “channel theory” has been 
described briefly in the foregoing in connection with several 
workers who have used it. We shall discuss the airfoil theory first. 


Tue Arrror, THEORY 


In this section a method for calculating the characteristics of 
the vortex sheets which are shed from the trailing edges of the 
blades will be presented. The well-known Prandtl wing theorem 
which states that the strength of the vortex sheet shed by a wing 
is equa! to the spanwise gradient in circulation along the wing will 
not generally be valid for turbomachinery, because this theorem 
assumes that the flow approaching the wing is irrotational. We 
will therefore investigate how this theorem must be modified so 
that it will be applicable to rotational flows. For the present pur- 
poses we will be interested in the case when the flow upstream of 
the vane is axially symmetric. Thus the flow will be steady rela- 
tive to the vane and the vorticity vector upstream will lie in a 
plane which is normal to the span of the vane. 

Formulation of the Theory. We focus attention on one of the 
airfoils in a cascade, moving or stationary, Fig. 2. The oncoming 
fluid (frictionless but compressible) has distributed vorticity but 
no entropy gradients. Consider the circuit ABCDEF 4A in the on- 
coming fluid which is chosen so that at some time later it will wrap 
itself around the vane in the position A’B’C’D’E’F’A’. The 
lines A’B’, D’C’, A’F’, and D’E’ are selected to lie in the axi- 
symmetric stream surfaces of the primary flow solution. If the 
vane has a blunt nose the particles A and D take an infinite 
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Fig. 2 Movine Circuit Upstream or VANE AND, aT Later Time, 
on VANE 


amount of time to get to the vane. For this kind of vane it is 
necessary to think of the circuit as always being an infinitesimal 
distance from the vane surface. However, if the profile nose is 
wedge-shaped or cusp-shaped or, if the whole profile is infinitely 
thin with the fluid flowing smoothly across the leading edge, then 
we may take a circuit which touches the vane. The line AF does 
not coincide in direction with the line AB in Fig. 2 because it is 
desired to have B’ next to F’ at the trailing edge of the vane. 
Therefore, due to the spanwise secondary motion, particles F and 
B must come from different streamlines. 

Kelvin’s theorem says that the absolute circulation around this 
circuit will remain constant.‘ In general there will be a circula- 
tion around the circuit because the upstream flow contains abso- 
lute vorticity. This circulation can be calculated by integrating 
the vorticity over any area bounded by the circuit according to 
Stokes’ Theorem. The circuit upstream, Fig. 2, is folded over on 
itself along the line AD so that the contribution of the area 
AFED to the circulation integral is just canceled by the over- 
lapping part of the ABCD area. The fact that F and B are not 
on the same streamline is neglected here, but this results in no 
appreciable error since £ and C are displaced by nearly the same 
amount. We integrate over the remaining area FBCE to get the 
circulation around the circuit. This gives the result 


in which (| is the component of the absolute vorticity which is 
perpendicular to the velocity. We shall consider [ and ¢ | posi- 
tive when they tend to cause the secondary velocity V,, to be in 
the n-direction on the suction side of the vane, as shown in Fig. 2. 
This will happen whenever the vector represented by the vector 


product W X ¢ points in the n-direction. The vane circulation 
will always be taken to be positive. 

By stating that the whole is equal to the sum of its parts we 
have, for the circuit wrapped around the vane 


= Tepe — + 2V 


Noting that the first two of these are actually vane circulations, 
we can write 


= 4(n2) [ + ins + 2V.dn, 


r= any dis 
dnz 


* See, for instance, Vazsonyi (10). 
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The subscript A attached to the vane-circulation symbols are to 
indicate that these symbols refer to the actual flow including the 
effects of any induced secondary turning which may be present. 
If the secondary flow turns out to be small, then these quantities 
will be nearly equal to those of the primary flow. Substituting for 
T from Equation [3] and solving for V, we have 


1 dm 


Tt has been assumed that V, has the same magnitude on either 
side of the vortex sheet. Since the co-ordinates nm, and nz are taken 
from the axisymmetric flow approximation, which is supposed to 
represent the mean flow, it is necessary for the secondary flow in 
the n-direction to average to zero along an are between two 
blades. Thus, without a detailed knowledge of the flow between 
the blades, we assume that V, is the same on both sides of the 
sheet. 
The distance f, we know to be 


fi W, Li = WwW, [6] 


in which W is the velocity relative to the vane and At is the time 
difference for the two particles to go around the vane as given by 
Equation [2]. Substituting f, from Equation [6] into [5] we ob- 


tain 


This equation gives the secondary velocity which creates the 
trailing vortex sheet. It is seen to be made up of two parts, one 
being proportional to the spanwise gradient in vane circulation 
as in the Prandtl wing theory, and the other being a function of 
the vorticity in the oncoming flow. It should be noted that 
only the component of the vorticity which is perpendicular to the 
flow enters into the relation, and that the magnitude of the effect 
is proportional to the vane circulation. 

Equation [7] was derived under the assumption that there were 
no entropy gradients in the fluid. In reference (8) it is shown that 
Equation [7] should contain an additional term if there are (axi- 
symmetric) entropy variations in the flow approaching the blade 
row. It is shown in reference (11) that this new term is of a 
smaller order than the others for subsonic boundary-layer 
secondary flow. 

Application al the Hub and Casing. When J, is zero, the two 
terms in Equation [7] are equal and opposite. This happens if 
we consider the sections where the vanes intersect the hub and 
casing surfaces. Here V, is forced to be zero since no flow can 
cross these boundaries. From Equation [7] we get 


at the hub and tip sections. Thus, with the flow conditions given 
upstream, and with the vane circulation specified, Equation [8] 
gives the gradient of the vane circulation at the hub and tip. For 
the design problem this is equivalent to the specification of the 
slope of the tangential velocity distribution at the hub and tip. 
The restriction caused by Equation [8] does not appear if only 
axisymmetric flows are considered since for these cases the 
secondary velocity, as given by Equation [7], is always zero due 
to the fact that I'y is zero with an infinite number of vanes. 
If, however, it is desired to have the axisymmetric flow capable of 
being produced as an average by a finite number of vanes, Equa- 
tion [8] must be considered. The neglect of this consideration 
becomes more serious if a small number of vanes is used in a blade 
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row since, for a given amount of turning, the secondary velocity 
is inversely proportional to the number of vanes. This is im- 
mediately evident if I'y is expressed in terms of the tangential 
velocity distributions as is done in the Nomenclature, and then 
substituted into Equation [7]. 

It should be noted that when the flow upstream of the blade 
row is irrotational, the gradient in vane circulation at the hub 
and tip is zero. This fact was pointed out previously by Siestrunck 
and Fabri (12) and Lieblein and Ackley (13). 

Some evidence as to the distance from the hub and casing 
within which the restriction placed by Equation [8] has an effect 
will be presented later. 


Tue CHANNEL THEORY 

We can think of the passage bounded by two adjacent blades 
and the hub and casing surfaces as being a channel through which 
the flow must pass. We consider the channel to be continued up- 
stream and downstream of the blades, with the surfaces com- 
posed of stagnation streamlines as its walls. If we were to 
solve the complete problem, being given only the flow at upstream 
infinity and the geometry of the blades, the shape of these sheets 
would be derived. We will assume in this section that the true 
stagnation streamlines correspond to those obtained from the 
axisymmetric solution, and on this basis we will attempt to trace 
the path of a vortex line as it moves through the channel. 


Sm, ‘a, 
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Determination of Secondary Vorticity. In Fig. 3 we see a cross 
section of the channel cut by an axisymmetric stream surface. 
The subscript b on some of the vorticity vectors indicates that 
these vectors would be obtained by using the blade-to-blade solu- 
tion to transport the (absolute) vorticity, this being our best 
approximation of the actual flow. Vectors without subscripts 
represent the (absolute) vorticity of the axisymmetric flow. 


The scale of the vorticity is chosen such that {1/p; just fits in be- 
tween the dividing streamlines, as shown in the figure. Now the 
Helmholtz laws tell us that as the line of particles tagged by this 
vector moves through the channel, the vorticity (divided by the 
density) of the fluid always has the direction of the line of par- 
ticles and a magnitude proportional to the length of the line. We 
assume that the line remains straight’ so that the vorticity-vector 


5 In assuming the vortex line straight, we use the average value. 
It is felt that this is sufficient, in view of some of the other assump- 
tions, and it is certainly desirable, from the point of view of simpli- 
fication, to have the vorticity constant from blade to blade. 
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diagrams shown in the figure apply to any point in between the 
dividing streamlines in front of and behind the system. Since we 
found previously how much faster a particle travels around one 
side of the vane than the other, we are able to deduce easily the 
point S:, as shown in Fig. 3. The point which is a distance eW./W, 
away from the trailing edge of the vane on the right would mark 
the tail of the vorticity vectors if particles traveled around the 
suction and pressure sides of the vanes in the sarne amount of 
time. The distance f, which is given by 


fs = W.At = 


accounts for the time difference. 


It is not immediately obvious that ¢2/p2, which represents the 
axisymmetric vorticity at station 2, should have the same com- 


ponent perpendicular to the relative flow direction as {\2/p2, as 
has been indicated in Fig. 3. This can be seen to be true, how- 
ever, if we note that the circumferential blade pitch represents, to 
the scale which is being employed here, the quantity 


cos B 
When we consider that the equation governing the axisymmetric 
flow can be written® 


cos T, COs 


we see that this equation is satisfied if [| ,/ps fits in between the 
downstream dividing streamlines, because the ratio of the down- 
stream to upstream blade pitch is just equal to r,/r;. Therefore 
the three-dimensional and the axisymmetric solutions both have 
the same perpendicular vorticity component. 

The secondary vorticity, which is the difference between the 
actual vorticity and the axisymmetric vorticity as expressed by 
the following equation 


= 


is therefore parallel to the relative velocity. 
From the geometry of Fig. 3 we see that 


a cos B, W, 


This equation is written in units of vorticity over density 
rather than in units of length. Thus in the first term on the right 
in Equation [10] we have multiplied the distance f, by a scale 
factor which is seen to change length to vorticity over density. 
In the second term the length e has already been converted, and 
so also with the last term. Multiplying by p.a we find 


= fe + 


Using the facts that 
dn, PoreV ma 
dng Vint 


Ws _ Ve cos Bi m _ cos Bi dm 


cos By rz dne 
a_ _ 
N 


cos By 


* See, for instance, reference (8). 


this becomes 
dn, 


= t+ * mi = 


In order to evaluate this further, we recall that the vane circula- 
tion is given by 


2r 
ry = WV — r2Ve2) 


so that the gradient in vane circulation downstream of the blade 
row is 
avy = ar Vn) dm (12) 


dnz dm dn dng 


Since in the axisymmetric flow the meridional vorticity is equal 
to the normal gradient in angular momentum divided by the 
radius, Equation [12] can be written 

aly dn, 

When this is substituted into Equation [11] we obtain the result 


ary 
Seis + “dna 


Using 
together with the axisymmetric formula 
dn 
= 
ne 


we can write 


[a= (wit + 


dm 


dn, dnz 


This equation gives us the vorticity which contributes to the 
secondary flow in terms of quantities which are all known from 
the primary flow, except I'y,4, which can be replaced by I'y for 
small secondary motions. As with the airfoil theory, it will be 
found most convenient to regard the vane circulation as always 
positive and the secondary vorticity positive when it induces 
secondary velocities on the suction side of the vane which are in 


the n-direction. { is positive when the vector product W x £ 
points in the n-direction. 

Comparison of Airfoil and Channel Theories. The striking 
similarity between Equation [13] and 
Equation [7] of the airfoil theory should 
be noted. The right-hand members of 
both these equations are identical ex- 
cept for the fact that the actual (pri- 
mary plus induced) vane circulation is 
used in Equation [7] whereas the vane 
circulation used in the second term of 
Equation [13] is clearly that of the 
primary flow only. 

In order to compare the relations 
further, we study a strip in the flow 
between two vortex sheets downstream 
of the blade row, Fig. 4. We view the 
strip by looking parallel to the flow in 
the upstream direction. By Stokes’ 
law, the secondary circulation obtained 
by integrating the secondary velocity 


Vortex Sheets — 
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around the border of the strip must equal the integral of the 
secondary vorticity over the area of the strip. 
Hence 


One 


da 
2V dn, + Va — an) (« + in) = f,adn. 
2 
in which V, indicates the average value of the cross-flow velocity 
between two vortex sheets. Neglecting higher-order differentials, 
this becomes, after rearrangement 


2r 
2V,— a = —— — (127, cos 2) 
N one ( 2": 
Now J, cos 8: represents the component of the secondary velocity 
in the tangential direction, so we may write 


in which I’y, is the increase in vane circulation due to the second- 
ary flow. This equation, which must always hold since it is only 
a restatement of Stokes’ law, relates the secondary velocity in the 
vortex sheets with the secondary vorticity. We have separately 
derived relations for both of these quantities, Equation [7] and 
Equation [13], and these will now be substituted inte Equation 
[15]. Hence we find 


dn, dne dn, dn. 


which is seen to be an identity, this proving that the airfoil 
theory and the channel theory, as presented in this paper, are 
compatible. 

Determination of Secondary Velocities. By means of Equation 
[13] we can determine the secondary vorticity ¢,, at all points in 
the flow downstream of the cascade. We have assumed that the 
vortex lines remained straight as they passed through the blade 
channel so that ¢, does not vary in the tangential direction but 
only in the normal (spanwise) direction. 


It should be pointed out that even though ¢, was specified in 
Equation [9] to be the difference between two absolute vorticity 


vectors, for a rotating system ¢, is also the secondary vorticity 
relative to the moving vanes. This is seen to be true from the 
following relation 


_- 


= — 2w — — 2w) 
which was obtained from Equation [9] by adding and subtracting 


2w. Thus ¢, as obtained from Equation [13] can be used in the 
rotating co-ordinate system. 
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We establish a surface in the region downstream of the blades 
by drawing the line A-A, Fig. 5, perpendicular to the relative 
streamlines and midway between the vortex sheets. The lines 
B,-C,, B:-C2, ete., lie in the axisymmetric stream surfaces and 
are drawn perpendicular to the streamlines to determine the 
integration surface. 


Integration 
Sur fece-, 


~ Vortex Sheets 


Fic. 5 Specirication or SurRFAcE ON Wuicu SeconDARY VELOcI- 
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As the flow moves downstream the shape of the surface 
changes because the vortex sheets twist. Since the sheets them- 
selves follow the primary flow, their motion was subtracted from 
the total motion in arriving at the secondary vorticity. There- 
fore the secondary motion is of a cellular type in between the 
sheets. We will only examine the flow at one integration surface 
downstream of each blade row, and we will assume that the lines 
B-C intersect the line A-A at right angles for this surface. A 
more realistic surface could be taken, but the added complica- 
tion would not be justified in view of the other assumptions that 
will be made. 

In order to make the problem two-dimensional, we assume that 
we can neglect the fact that the surface is warped. We draw 
on a plane surface the line A-A with its developed length and 
then draw the lines B,-C,, B.-C:, etc., at right angles to A-A. 
We retain the component of the curvature of the B-C lines 
which lies in the integration surface, but we reduce to zero the 
curvature component normal to the surface, this being a necessary 
requirement for a plane figure. We use the developed length of 
these lines. 

Let x and y, Fig. 5, together with a, which points in the direc- 
tion of flow, be the space variables. The z-direction is always 
chosen to correspond to the direction of main-stream turning 
(running from the pressure side of a vane to the suction side of the 
adjacent vane) and the y-direction corresponds to the n-direction. 
For the purposes of this paragraph z and y should be considered 
as being Cartesian co-ordinates so that the boundaries of the sur- 
face are not necessarily lines z = const or y = const. Assuming 
that the variation in the density of the fluid can be neglected, we 

ean write the continuity equation as follows 


ov, , We 
ox oy oo 


Here V,, V,, and Vz represent the velocities of the secondary 
flow. Since we found that the secondary vorticity vector is 
parallel to the flow direction, the secondary velocities will be in- 
duced principally in the z, y-plane. Neglecting any velocities in- 
duced in the o-direction’ the foregoing equation becomes 

ov, ov. 


7 Further discussion of this point will be given in the Appendix. 
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The vorticity {, can be expressed as velocity gradients in these 
co-ordinates 


Using these with Equation [18] we obtain Poisson’s equation 


which must be solved for ¥. The boundary conditions are given 
by the fact that Y must be constant around the edges of the inte- 
gration surface in Fig. 5. The velocities deduced from the solu- 
tion of Equation [20] should be added to the primary flow to ob- 
tain the actual flow at the outlet of the blade row. 

In order to solve the boundary-value problem at which we have 
arrived, we expand y in a double series of functions each of which 
satisfies the boundary conditions separately. The nature of these 
characteristic functions depends on the shape of the boundaries. 

One of the principal reasons we are investigating secondary flow 
is that we wish to establish the amount of induced fluid turning 
that this flow causes so that we can make corrections for this in 
the blade-to-blade solution. It is seen that this induced turning is 
described in terms of V,. Because this quantity varies across the 
width of the channel, however, we will want to find its average 
value. This is desired since the axisymmetric flow, which is the 
basis of the method outlined in this paper, was shown by Ruden 
(14) to represent the circumferential average of the flow with a 
finite number of blades. 

In the following paragraphs some results found for the flows in a 
rectangular surface and a semi-infinite strip will be presented. 

Solution With Rectangular Boundaries. 
In Fig. 6 we see a rectangular strip of 
width a and height b with the origin of 
the co-ordinates at one corner of the strip. 
Consider the flows induced in such a sur- 
face by the family of secondary vorticity 
distributions represented by 


xX 
a 


Fig. 6 Recranau- 

LAR STRIP By letting i assume the values 0, 1, 2, . 
. . -» Equation [21] is seen to represent uni- 
form, linear, quadratic, etc., distributions of vorticity. The scale 
factor k represents the magnitude of the vorticity at the top of 
the strip (y = 1). 


In order to work with dimensionless quantities, we define 


iV: iV. 


We use the 7 as a prescript when it would otherwise interfere with 
the subscripts. 

The values for ; 7; found in reference (8) for several cases are 
shown in Figs. 7 and 8. 

Since Equation [20] is linear in y, and since the velocities are 
obtained from y by a linear operation, we can add vorticity dis- 
tributions in an attempt to approximate the desired distribution 
¢,, and we also can add the velocities deduced for each of the 
vorticity distributions., Thus if we have 


= 
i=0 


it follows that we also have 


P.(n) = > 


1=0 


In order to use the results plotted in Figs. 7 and 8, we find the 
constants k; such that ¢,(7) is represented by 


= kn’ 


1=0 


The total induced velocity would then be, using Equation [22] 


Pn) =~; > 


i=0 


It is, of course, necessary, when adding the distributions, to be 
sure that all of them are for the same boundary shape. The upper 
limit of summation, j, indicates the number of terms taken in the 
approximation. 

In applying the results of this section to practical cases in turbo- 
machinery we must make some allowance for the fact that the 
width of the strip a is not constant from hub to tip. For lack of a 
better method, it is suggested that the rectangular strip whose 
value of a is nearest to that of the actual strip be used, but that 
the correct values of a be used in Equation [26] for each value of 
n. If the shape of the strip is far from rectangular, and does not 
resemble any other geometric shape for which characteristic func- 
tions are known, the problem is best approached through the 
solution of Equation [20] by relaxation methods. 

Solution for a Semi-Infinite Strip. If there is a large concentra- 
tion of vorticity near one end of the integration surface of Fig. 5 
such as that which would be caused by a boundary layer on the 
hub or casing in the upstream flow, we can replace the surface by 
a semi-infinite strip. In Fig. 9 we see such a strip of width a. 
Consider the flows induced in such a strip by the family of second- 
ary vorticity distributions represented by 


= 


These represent distributions of vorticity which have the values 
¢ at the bottom of the strip and which drop off to zero exponen- 
tially with m,. By adjusting the constant m the rate at which the 
function diminishes can be controlled. Results for three values 
of m have been plotted in Fig. 10. As before, we write the veloci- 
ties in a nondimensional form such that the actual dimensional 
values are obtained by multiplying the nondimensional values 
(indicated by Greek subscripts) by 


[27] 


4 
ato 


It is interesting to note for the case of uniform vorticity (m = 0) 
that the z-averaged secondary velocity is largest at the bottom of 
the strip and diminishes to a negligible value within one strip 
width from the bottom. Thus we would expect that the restric- 
tion discussed earlier in connection with Equation [8] is limited in 
effect to a region extending no further than one blade spacing from 
the hub or casing. 

The vorticity distribution corresponding to m = 4 is seen to re- 
semble that which might be caused by a boundary layer upstream 
of the cascade. The induced velocity ,V7¢ is such that it would 
cause overturning near the wall but underturning a short distance 
away from the wall and up into the main stream. This phe- 
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nomenon has been observed experimentally by many investiga- 
tors. Because of the large stream-surface distortions which occur 
with boundary layers, the method of this paper will, of course, give 
only qualitative information about such flows. Some work on the 
problem of large distortions has been done by Loos (15). 


CoNCLUSIONS 


1 When the flow approaching a vane or wing is rotational and 
steady, the spanwise velocities which make up the trailing-vortex 
sheet shed from the vane are caused by two effects. one being the 
well-known gradient in vane-circulation effect, which is present 
even with irrotational approach flow, and the other being caused 
by the distributed vorticity in the flow. 


-0.4 


2 Because the spanwise velocities which make up the trailing- 
vortex sheet must be zero at the hub and casing surfaces, a rela- 
tion is found which gives the gradient in vane circulation in terms 
of the upstream flow and the vane circulation itself at these loca- 
tions. For the special case of irrotational upstream flow, this re- 
lation gives the result previously reported by Siestrunck and Fabri 
(12) and by Lieblein and Ackley (13) that the vane-circulation 
gradient must be zero at the hub and casing. The effects of this 
necessary condition at the walls extend into the stream a distance 
roughly equal to the distance a between stagnation streamlines. 

3 Thesecondary flow was found to be proportional to the vane 
circulation (for given velocity triangles) and hence inversely pro- 
portional to the number of vanes in a row.. For numbers of blades 
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which are commonly used in practice in the jet-engine field, the 
secondary flow is usually small enough to be neglected. 

4 A good estimate of the magnitude of secondary flow to be 
expected can be easily obtained from the axisymmetric solution 
and an assumed number of vanes. To do this, it is only necessary 
to calculate 'y from the formula given in Nomenclature, and then 
to find V, from Equation [7]. The number of vanes can then be 
adjusted to give acceptably small secondary flow. 
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Appendix 


The primary flow which we chose to transport the vorticity has 
no velocity component normal to the axisymmetric stream sur- 
faces, so that the vortex lines remain in these surfaces as they 
move through the blade rows. Actually, because of the secondary 
motion, the flow surfaces which were axisymmetric are twisted 
through an angle in the z, y-plane, and the secondary vorticity 
acquires a component normal to the axisymmetric stream surfaces 
which we shall call ¢,. Because of ¢, there is flow induced in the 
o-direction (the direction of the primary flow). 

Let the angle in the z, y-plane through which a stream surface 
twists because of secondary flow be A. It is assumed that the 
secondary flow is linear from blade to blade so that ) is constant 
in the z-direction. Let V,, be the secondary velocity in the nor- 
mal direction of a particle which travels near the suction wall of 
the channel, that is, near the blade suction surface and, conse- 
quently, near the vortex sheet downstream of the blade. Then 


in which 7 is the time taken for a particle to travel from the inlet 
of the blade row to the point under consideration. We can change 
this from a time integral to a distance integral with the substitu- 
tion 


do = Wadl 


where go is the distance along a streamline measured from the inlet 
of the blade row and W is the primary velocity. Thus 
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Because the absolute vorticity is carried by the flow particles 
in the surface which twists, we find 


tan 
and, from Equation [28] 


2 Vue 


If we assume that ¢, does not induce any flow normal to the 
vortex sheets, which is reasonable for our physical problem, then 


Ve= 


in which V, represents the secondary velocity induced by ¢,, in 
the o-direction. Joining this with Equation [29] we have 


a 2 


and 


We have already assumed that V, varies linearly from blade te 
blade, that is 


Kronauer (5) arrived at this result by considering that the pri- 
mary velocity of a particle remains constant as it moves in the y- 
direction. 

The complete continuity equation can now be seen to be 


ov, ov, V 

or oy 
which should be used instead of Equation [17]. Let us try to 
assess the error which arises when Equation [17] is used. Equa- 
tion [30] describes the flow in a two-dimensional region with dis- 
tributed sources of strength (V,/W){\ per unit area. We can 
think of the complete secondary flow as being composed of two 
parts superimposed, one part (which we already have solved) 
having distributed vorticity but no sources, and the other part 
being irrotational but with distributed sources. Now a difficult 
point arises here in that the source strength is not known until 
both parts have been solved, because the source strength is a 
function of the complete V,. However, if the contribution to V, 
from the source flow solution is small compared to that from the 
vorticity flow distribution, it is permissible to neglect the former. 
If this is not the case, we must iterate using the sum of the two 
V,’s to find the new source distribution, or we must abandon the 
idea of solving two relatively simple flows separately and attack 
the problem as a whole.® 


§ Kronauer (5) has done this and arrived at a second-order linear 
differential equation with V, as the dependent variable. Judging 
from a numerical example which he gives, some tedium is involved in 
satisfying the boundary conditions by trial-and-error numerical solu- 
tion, but in some cases this may still be easier than iterating as sug- 
gested above. 
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In order to get an idea of the source flow strength so that it can 
be compared with the flow caused by the vorticity, we can define 
a potential @ such that 


= —V¢ 


where V’ is the velocity induced by the source field. Then 
[31] 


in which S is the strength of the distributed sources. For our case 
S =(V,/W)f\. The part of the complete secondary flow which 
is induced by the vorticity is represented by 


Since both Equation [31] and Equation [20] are of the same 
form, and since velocities are found from both @ and w by taking 
first derivatives, and since, furthermore, the boundary conditions 
on both equations are such that no flow is induced when the 
equations are homogeneous, the ratio S/¢, is indicative of the 
relative strength of the two flows. 

We thereby arrive at the following procedure for testing to find 
the significance of the source flow. First, ¢, is found from Equa- 
tion [13]. Then V, (the maximum of V, at any radius) is esti- 
mated from Equation [7]. A maximum value of S is then calcu- 
lated from S = (V,/W)f{\ and the ratio S/f, is examined. If 
S/f, is less than 0.2, we can neglect the source solution. If this 
ratio has a value higher than 0.2, we should include the source 
effect or use a different method. 

It has been found in reference (9) that, for secondary flow other 
than that caused by boundary layers, the source effect usually 
can be neglected. 


Discussion 


H. G. Loos.* In this work the author has succeeded in making 
an important contribution toward our understanding of rota- 
tional flows past airfoils. In particular, it is fortunate he found 
that the strength of the trailing-vortex sheet behind an airfoil in 
nonuniform flow is not equal to the spanwise derivative of the 
circulation, but that there is an additional contribution due to the 
vorticity in the incoming flow. One might gain more physical in- 
sight in this matter by investigating the transport of the vortex 
lines with the flow past an airfoil element in a cylindrical surface, 
which is coaxial with the blade row. Because of the different ve- 
locities at suction and pressure surface, the ‘‘spacing’’ of the vortex 
lines must be larger at the suction surface than at the pressure sur- 
face, so that there is a difference in the vorticity flux through these 
surfaces. This amount has to be shed in the trailing-vortex sheet 
and represents the additional contribution due to the vorticity in 
the incoming flow. 

In the Appendix the influence of the twist of the surfaces of 
constant total pressure is calculated. This linearized analysis is 
only valid for small secondary vorticity so that in Equation [30] 
V, and V, are of order ¢,, and the right-hand side is of order 
(¢,)*%. Hence the twisting gives only a second-order contribu- 
tion to the secondary velocity. It does not seem justified that this 
second-order effect is accounted for while another effect of the 
same order (induced transportation and deformation of the 
secondary vorticity) has been neglected. 

Equation [30] also holds for a flow with a large nonuniformity, 
which is slightly turned or disturbed.” In this case Equation [30] 


* California Institute of Technology, Pasadena, Calif. 

0 “Lifting Line Theory for a Wing in Non-Uniform Flow,” by Th. 
von Karman and H. 8. Tsien, Quarterly of Applied Mathematics, vol. 
3, 1945, p. 1. 
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has significance because, although V,/W and V,/W are small, ¢, 
is not small so that the right-hand side is now small of first order. 


G. L. Meutor, Jr.,'! anp R. C. Dean, This paper which 
is a condensation of a larger report (author’s reference 8), to- 
gether with the author’s experimental work (author’s reference 9), 
represents a major contribution to the theory and understanding 
of secondary flow in axial turbomachinery with finite blade spac- 
ing. 

The statement in the author’s conclusion 4, that ‘the number of 
vanes can be adjusted to acceptably small secondary flow,” since 
the secondary velocity is inversely proportional to the number 
of blades, naturally leads us to the question—how much secondary 
flow is “acceptably small?”’—or, in general, what effect does 
secondary flow have on axial compressors? 

This is answered in part by the author when he points out that 
for a conventional compressor design, secondary flow has small 
effect on the prediction of air angles through axisymmetric solu- 
tions. This fact has been experimentally verified by the author 
(reference 9), Bowen, Sabersky, and Rannie,'* and Beatty, 
Savage, and Emery.'* 

We should now inquire whether or not secondary flow leads to 
losses. The kinetic energy of the secondary flow itself may be 
shown to be very small"* and its eventual dissipation insignificant. 
However, in a compressor stage which is designed for an entering 
flow with a radial stagnation-pressure gradient, secondary flow or 
vortex sheets (they do not exist separately) have a chance to 
bring about significant losses. 

For a basis of discussion, let us consider a ‘‘typical’’ compressor 
stage where the outlet-velocity distribution is identical or almost 
identical with the inlet distribution. For this case the stagna- 
tion-pressure gradient will not vary from blade row to blade row. 
Furthermore, the work distribution must be constant with 
radius to satisfy this condition. If we assume that the entering 
flow is axisymmetric, which is true on a time average, then prop- 
erties in the tangential direction will be constant and surfaces of 
constant stagnation pressure will be surfaces of revolution before 
the blade row. If the blade design is such that secondary veloci- 
ties exist, then stagnation pressure-surfaces will warp in passage 
through the blade row. The outlet flow will exhibit skewed sur- 
faces with the result that a component of the stagnation-pressure 
gradient will be in the tangential direction. The fluid eventually 
will mix out to a constant stagnation pressure at any given radius. 
The mixing process, of course, involves losses, the amount of which 
is at present open to speculation but it may be appreciable. 

It is felt by some investigators that losses due to time fluctua- 
tions in an entering relative flow may be significant. The 
fluctuations are usually considered to be due to preceding blade 
wakes. However, a “‘sawtoothed” velocity distribution in the 
tangential direction will be present in the exit flow just de- 
scribed. This should increase losses due to time fluctuations. 

From the definition of 'y, in the author’s nomenclature, it 
can be seen that dI’,-,/dn = 0 for the constant work stage under 
discussion, Also a now common fluid-dynamic relationship is 


11Gas Turbine Laboratory, Massachusetts Institute of Tech- 
nology, Cambridge, Mass. 

12 Gas Turbine Laboratory, Massachusetts Institute of Technology. 
Cambridge, Mass. Assoc. Mem. ASME. 

18 “Tnvestigation of Axial Flow Compressors,’ by J. P. Bowen, 
R. H. Sabersky, and W. D. Rannie, Trans. ASME, vol. 73, 1951, pp. 
1-15. 

“4 “Experimental Investigation of Flow Through Three Highly 
Loaded Inlet Guide Vanes Having Different Spanwise Circulation 
Gradients,” by L. A. Beatty, Melvyn Savage, and J. C. Emery, 
NACA RM L52D25a, July 28, 1952. 

‘6 “Vorticity and Vortex Sheets in Axial Turbomachinery,” by G. L. 
Mellor, Jr., SM thesis, Massachusetts Institute of Technology, Cam- 
bridge, Mass., 1954. 
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WS, = ¥ aa the stagnation-pressure gradient. If we insert 
these terms into the author’s Equation [7] we see that 


1 di 0 Tvs 
2V, = (vortex sheet strength) > dn W.? 


where the vortex sheet strength is proportional to the radial stag- 
nation pressure gradient. 

Our conclusion is that along with the design of “typical” com- 
pressor stages with varying stagnation pressure, there are in- 
herent losses which are chiefly a function of the stagnation-pres- 
sure gradient itself. If these losses are significant, then this is the 
importance of secondary flow. 


G. F. Wisticenus."* The writer shares with others at the 
Mechanical Engineering Dept. of the Johns Hopkins University 
a certain pride about this paper as a good job done by a member 
of their team. 

The paper is a condensed version of two reports (references 8 
and 9 of the paper) on an extensive investigation by the author. 
Whereas the most essential theoretical developments are pre- 
sented quite clearly in this paper, there was no room nor time left 
to include the results of concurrent experimental investigations 
by which the author was able to confirm, at least in principle, the 
practical validity of his theoretical findings. The writer feels 
the author should add a brief account of the comparisons between 
his theoretical and experimental results, as well as of the practical 
means by which this comparison was achieved. It also will be of 
interest that the test stage which the author designed and built 
for this investigation turned out to be an efficient and promising 
element of an axial compressor which performed essentially in 
accordance with the author’s design expectations. Finally, the 
writer believes that the author’s simple method of observing the 
three-dimensional flow conditions after a stationary blade row are 
well worth mentioning. 


AUTHOR’s CLOSURE 


The author wishes to thank the discussers for their contri- 
butions to the paper. 

As Dr. Loos suggests, the formula for the vortex-sheet strength, 
Equation [7], can be derived by considering the transport of 
vortex lines past an airfoil. I have done something similar to 
this in reference (8), but the idea of conservation of vorticity 
flux into the blade is somewhat different and is a convincing 
way to look at the concept. 

The linearized analysis of the paper is only valid for small 
secondary vorticity, small secondary velocities, and small angles 
of stream surface distortion, A. In short, the secondary flow 
must represent a small perturbation to the primary flow. It 
does not follow, however, that the vorticity, {) of the primary 
flow itself has to be small. Thus the case mentioned by Dr. 
Loos in the last paragraph of his discussion is an admissible one 
and justifies the inclusion of the Appendix. If the primary 
flow with large is more than “slightly” turned or disturbed, the 
analysis breaks down because the “induced transportation and 
deformation of the secondary vorticity’? mentioned by Dr. 
Loos becomes significant. Unfortunately, most of the interest- 
ing cases of boundary-layer secondary flow fall into this category. 

Mr. Mellor and Professor Dean have pointed out one of the 
consequences of secondary flow in a turbomachine that has a 
radial stagnation-pressure gradient, i.e., a sawtoothed tangential 
gradient will be formed. Such a gradient was found in a machine 
that the author tested; the results are presented in reference 


16 Director of Water Tunnel and Professor, Garfield Thomas Water 
Tunnel Division, Ordnance Research Laboratory, Pennsylvania State 
Mem. ASME. 
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(9). At a distance of five blade chords downstream of the last 
blade row in the machine (a stator), the corners of the sawteeth 
had been rounded off giving a sine-wavelike distribution. 
Accurate loss measurements were not obtained. 

The experiments mentioned by Professor Wislicenus were 
conducted in a 36-in-diam low Mach number compressor-test 
stage consisting of inlet guide vanes, rotor, and stator. The stage 
was designed to produce highly rotational flows and to have 
radially nonconstant energy addition. The secondary flows 
caused by these effects were given primary attention in the 
experiments; the hub and casing boundary layer secondary 
flows were examined in less detail. 

Since it was impossible to measure the induced turning V, 
with any degree of accuracy, the vortex sheets that were shed 
from the blades were examined. The following technique was 
used: The machine was provided with windows at each station. 
A flag consisting of a piece of knitting wool about 1 in. long 
was fastened to a sewing needle with a piece of fine thread so that 
the needle exerted no moments on the flag. The needle was 
affixed to a probe stem and thereby the flag was suspended in 
the flow near the trailing edge of a blade. As the flag was 
slowly moved in the tangential direction behind the blade, an 
observer viewed it from the other side of the machine along a 
line of sight coinciding with the tangential direction through a 
sighting tube equipped with cross hairs. The quantity that was 
measured was the pitch angle ¢ that a meridional streamline 
makes with the axis of the machine. 

The results of one of the traverses behind a stator blade is shown 
in Fig. 11. A jump in meridional flow angle of about 5 deg was 
found across the blade wake at that location, and from this the 
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vortex-sheet strength was calculated. The continual increase 
of ¢ from the left to the right in the figure over and above 
the periodic sawtooth effect was caused by the fact that the 
flag could not be viewed in a purely tangential direction because 
of limited window area. This discrepancy was accounted for in 
the analysis of the data. The vortex-sheet strengths deduced 
in this manner checked Equation [7] to within experimental 
accuracy, but since derivatives of measured quantities had to be 
taken, a precise comparision could not be made. No secondary- 
flow measurements were obtained for the rotor so the theory 
remains unchecked for rotating blade rows. 
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Development of a Miniature 
Electrohydraulic Actuator 


By S.-Y. LEE! ann J. L. SHEARER,* CAMBRIDGE, MASS. 


A qualitative discussion is given of the factors establish- 
ing the need for a compact electrohydraulic actuator to 
operate at a relatively low input-power level and capable of 
providing an output motion proportional to the magnitude 
of an electric input signal. The basic requirements of such 
an actuator are discussed, and then the design of each of 
its components including torque motor, valve, ram, and 
feedback mechanism, are described in detail. The results 
of a dynamic analysis of the complete system are em- 
ployed to show how adequate system damping is provided, 
and to show how theoretical speed of response is obtained. 
The results of steady-state and dynamic tests are com- 
pared with the results of the analytical work. This 
actuator has been found to fulfill the needs of a number of 
instrumentation and control applications, and preliminary 
tests using compressed air instead of hydraulic oil indicate 
that pneumatic operation of such a device is also feasible. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
a = length of valve-plate suspension arms, in. (0.750) 


coefficients of characteristic equation of actuator 


ram area, sq in. (0.025) 

orifice area, sq in. 

viscous-damping coefficient, lb-sec/in. 

height of outer legs of torque-motor field magnet, in. 
(0.125) 

half-height of center leg, in. (0.063) 

valve coefficient, in*/lb-sec 

ram leakage coefficient, in*/lb-sec 

orifice discharge coefficient (0.625) 

width of all magnet legs, in. (0.250) 

derivative with respect to time, d/dt 

force at air gap No. 1, lb 

force at air gap No. 2, lb 

friction force on valve plate, lb 

external load force, Ib 

pressure force on bottom of valve plate, Ib (20) 

friction force at ram seals, Ib 

feedback-spring force, Ib 

Fu = steady-flow force, lb 

F, = torque-motor force, Ib 


1 Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology. 

? Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology. Mem. ASME. 

Contributed by the Instruments and Regulators Division and pre- 
sented at the Annual Meeting, New York, N. Y., November 28- 
December 3, 1954, of Tae American Society or MEcHANICAL EN- 
GINEERS. 

Norse: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, October 1, 
1954. Paper No. 54—A-196. 


Fus = unsteady-flow force, lb 

Fya viscous-damper force, lb 

Frys valve-spring force, lb 

thickness of center-leg air gap of torque motor, in. 
(0.0015) 

thickness of air gap No. 1, in. 

thickness of air gap No. 2, in. 

thickness of g, and g. when they are equal, in. (0.0045) 

electric current in coil No. 1, amp 

electric current in coil No. 2, amp 

composite spring stiffness associated with torque motor 
and suspension valve including stiffness of feedback 
spring, lb/in. (73.7) 

vaive coefficient, sq in/sec (168.0) 

C; + C2, in*/Ib-sec (4 x 10-*) 

fluid-compliance coefficient, in*/Ib 

electromagnetic constant, lb-in*/weber? 

electromagnetic constant, webers/amp-turn-in. 

torque-motor coefficient, Ib/amp (11.1) 

torque-motor coefficient, lb/in. (20.7) 

stiffness of feedback spring, lb/in. (29.6) 

steady-flow-force coefficient, lb/in. (80.0) 

effective stiffness of torque-motor-reed pivot, lb/in. 
(43.0) 

unsteady-flow-force coefficient, lb-sec/in. 

stiffness of valve suspension, lb/in. (11.8) 

net effective mass of valve plate and moving parts of 
torque motor, lb-sec*/in. (6 10~*) 

mass load attached to ram, lb-sec*/in. (1.29 K 107?) 

number of turns per coil (2000) 

pressure drop across orifice, psi 

pressure difference across ram, psi 

supply pressure, psi (2000) 

flow rate, cu in/sec 

leakage flow rate past ram, cu in/sec 

radius of torque-motor armature, in. (0.375) 

volume of fluid under compression in one end of ram, cu 
in. (0.0025) 

valve position, in. 

ram position, in. 

bulk modulus of hydraulic fluid, psi (2.5 * 10°) 

small change 

mass density of fluid, lb-sec*/in.* (8 X 10~*) 

time constant, sec (0.0002) 

magnetic flux in air gap No. 1, webers 

magnetic flux in air gap No. 2, webers 

natural frequency, rad/sec (3500) 

natural frequency of ram and mass load, rad/sec (8870) 

subscript denoting initial condition 

subscript denoting steady state 


INTRODUCTION 


In many high-performance control systems for industrial and 
military applications it is necessary to create a mechanical dis- 
placement (e.g., move a shaft) against a variable load such that 
the displacement is proportional to the magnitude of a low-energy- 
level electric signal. 
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Where a high-power-level output motion with fast response to 
changes of input signal is required, an electromechanical trans- 
ducer and two or more stages of hydraulic amplification (1)* may 
be needed. Experience gained in the Dynamic Analysis and Con- 
trol Laboratory at the Massachusetts Institute of Technology 
with the development of torque motors (2, 3, 4) indicates that 
speed of response of a torque motor decreases rapidly when it is 
designed for increased output-power (stroke-and-force) level. At 
the same time, torque-motor size grows rapidly with increased out- 
put-power level. Such results seem to indicate that electro- 
mechanical transducers can be used most effectively at the input 
with very low electric-power levels followed by a first stage of 
hydraulic amplification taking place at a relatively low power 
level. An electrohydraulic actuator composed of a very small 
torque motor, control valve, ram, and feedback mechanism has 
been developed which is very compact and which is by itself, 
without further amplification, directly useful in many instrumen- 
tation and control applications. 


Design REQUIREMENTS 


The actuator discussed in this paper was designed specifically 
for stroking a 5-hp 4-way valve. The design requirements are as 
follows: 


Input signal power level.................. less than 5 watts 
2000 psi 

Load mass 1 lb 

Peak output velocity. 18 ips 


A linear relationship between output position and electric-input 
signal (with no load on output) was required within +1 per cent. 
Hysteresis, the ratio h/Ymax in Fig. 1, was not to exceed 1 per 
cent during a test made with full-amplitude output motion. 
Load sensitivity as measured by the magnitude of output 
motion caused solely by the application of a 35-lb load force was 
not to exceed 5 per cent of maximum output motion. 

Of utmost importance was the need for reliability of operation 
with emphasis on simplicity of design and ease of application. 
Operation with hydraulic fluid slightly contaminated by foreign 
particles was essential, but incorporation of a very small filter in 
the actuator was permissible. 


DESCRIPTION OF MINIATURE ACTUATOR 


Fig. 2 is a schematic diagram of the complete actuator system. 
A small 4-way control valve with a hole-slot-and-plug construc- 
tion (5) is used to modulate the flow of hydraulic fluid from a 
constant-pressure source to the chambers of a double-acting ram 
which delivers the power required to produce output motion. 
The control valve moves in response to various forces acting on 
it. These forces consist of the electromagnetic force generated by 
the flow of electric current (input signal) through the torque- 
motor coils and the force exerted by the feedback spring, the 
lower end of which is attached to the ram. The feedback is 
negative. Initially, the torque-motor current is steady, the valve 
is centered, and the ram is motionless at a position such that the 
net force due to deflection of the feedback spring just balances 
the electromagnetic force generated by the flow of current in the 
torque-motor coils. A change in torque-motor current may cause 
leftward valve motion which produces a flow tending to move the 
ram to the right, thereby increasing the spring deflection and 
creating a force acting in opposition to that generated by the 
torque motor; hence, if the system is dynamically stable, the 
valve eventually will be returned to its center position, and the 


*’ Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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ram will assume a new position which is proportional to the mag- 
nitude of the torque-motor current. Fig. 3 is a functional block 
diagram of the system showing the sequence of events just de- 
scribed. 

Although the series of events in the preceding description starts 
with operation of the torque motor and although the valve and 
torque-motor designs are intricately interrelated, the control 
valve is in many respects the heart of the system. 

A photograph of the complete actuator is shown in Fig. 4. 
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Fig. 4 Muintatore Actuator TO ORDINARY Paper CLIP 


DesIGN CHARACTERISTICS OF THE COMPONENTS 


Control Valve. Because of the decision to use a low-power-level 
torque motor with a small stroke, it is necessary to employ a 
valve which will provide the maximum required ram velocity 
with small valve displacement. In order to minimize quiescent 
leakage and meet the load-sensitivity requirement, a closed-center 
valve (zero overlap) with small clearance between fixed and 
moving parts is required. Such factors make it necessary to 
achieve very accurate relative location of the corners of the 
metering orifices in the fixed and moving parts of the valve. 
Friction forces in the valve must be minimized in order to keep 
torque-motor size down. From an economic point of view, ease 
of manufacture is an important factor, since cost inevitably must 
play an important role in the acceptance of the actuator for 
general use. 

Fig. 5 is an isometric drawing of the flexure-suspended valve- 
plate construction which was developed for the actuator. This 
unit measures approximately in. */, in. X in., and it 
may be machined from a solid piece of steel or fabricated from 
simple parts. The thin portions of the vertical suspension arms 
serve as flexure pivots which enable the valve plate to move freely 
along only its major axis while the upper ends of the arms are 
held motionless by the rest of the structure which is firmly 
fastened at the bottom to a block which serves as the fixed part of 
the valve. A similar type of suspension employing a construction 
with the suspension arms in tension rather than in compression 
proved to be more difficult to manufacture and adjust. 

A nominal clearance of 0.0062 in. between the valve plate and 
valve body is attained during final grinding of the bottom surface 
of the suspension unit. Very accurate alignment of the metering 
orifices can be attained by drilling and lapping the metering holes 
of the suspension unit and the fixed part of the valve when they 
are clamped together. However, for quantity production, it has 
been found advantageous to machine the two parts separately 
by using a pair of drilling and reaming jig plates as shown in Fig. 
6. This technique insures that the holes match very accurately 
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at the mating surfaces. Parts thus made are interchangeable, an 
important factor in quantity production. The accuracy of valves 
made in this way can be determined best from a displacement- 
flow curve; a typical one is shown in Fig. 7. 

The upward force due to hydraulic pressure acting on the 
bottom face of the valve plate is the cause of two significant 
effects: (a) It causes the suspension arms to deflect under com- 
pression. This makes metal-to-metal contact between the valve 
plate and valve body impossible, thereby minimizing valve fric- 
tion, but it also increases the valve clearance and therefore the 
quiescent leakage of the valve and the load sensitivity of the 
actuator. Actual measurements show that the significant factors 
in suspension-arm deflection are direct compression in the thin 
sections and column-type bending in the thick sections. The 
valve was so designed that the total deflection under maximum 
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pressure force does not exceed 0.0001 in. (b) The upward pres- 
sure force can cause the valve to tend to open in one direction or 
the other, depending on how much the valve plate is deflected 
relative to its reed pivots, as shown in Fig. 8. When the pres- 
sure force is constant, any unbalance due to initial deflection rela- 
tive to the pivots when the valve is centered can be canceled by 
an adjustment somewhere in the system or by biasing the torque- 
motor current, so that the opening effect simply acts like a nega- 
tive spring of constant stiffness acting on the valve plate. When 
the pressure varies, as for example, because of supply-pressure 
variation, the opening force will vary with pressure and the error 
appearing in ram position will be proportional to the pressure 
variation. Only proper initial alignment of the centered valve 
plate relative to its reed pivots will make possible a steady ram 
position that is insensitive to supply-pressure variations. 

Sticking of the valve due to operation with dirt-contaminated 
hydraulic fluid has been minimized by incorporating a small felt 
or sintered-bronze filter in the fluid supply line. 

A valve motion of +0.004 in. proved to work well with the 
torque-motor design and the flow requirements of the valve. At 
2000-psi drop across the ram, a net ram area of 0.025 sq in. is re- 
quired to produce a force of 50 lb. With a maximum desired no- 
load ram velocity of 18 ips, a maximum flow of 0.5 cu in. per sec 
(cis) is required through the valve. When the pressure drop 
across each orifice is 1000 psi, the maximum valve orifice opening 
is found from 


Ao c, Yep 1.6 X 10~‘ sq in. 


In order to produce this area with a stroke of 0.004 in., a port 
width of 0.04 in. is required. The total quiescent leakage flow to 
the valve when it is supplied with hydraulic oil at 2000 psi is 0.03 
cis, a value which represents a quiescent power drain of 0.009 hp. 
The maximum power which the valve can deliver to the ram is 
0.15 hp. 

Torque Motor. In providing a torque motor for the actuator 
it was necessary to employ a design simple to make and maintain, 
compact, powerful enough to overcome any sticking effects in 
the valve, large enough to provide the required valve motion, and 
easily driven from a vacuum-tube amplifier. Fig. 9 is an iso- 
metric view of the torque motor which was designed for use in the 
actuator, A detailed analysis of the torque-motor design is given 
in the Appendix. This design is very nearly insensitive to linear 
accelerations because of its nearly symmetrical construction. The 
armature is supported by a single flexure pivot which is mounted 
on the center leg of an E-shaped field-magnet structure. Two coils 
each consisting of 2050 turns of No. 44 copper wire are energized 
electrically to establish electromagnetic forces in the air gaps at 
the outer legs of the field magnet. Each coil is connected in series 
with the plate of a vacuum tube, and the vacuum tubes are driven 
in push-pull fashion so that the current in one coil is increased as 
the other is decreased, thereby increasing the force at one air gap 
and decreasing the force at the other. The net effect is a couple 
or torque acting on the armature proportional to the difference of 
the coil currents. Each of the working air gaps is 0.0045 in. thick 
and the maximum torque that can be generated with the arma- 
ture in its center position is 0.19 in-lb. This corresponds to a 
valve-stroking force of 0.5 lb. The input impedance of the torque 
motor may be approximated by 500 ohms resistance in series with 
an inductance of 0.615 henry. The maximum current for each 
coil is 40 milliamp. Its over-all dimensions are approximately 
3/5 in. x 5/, in. x 1'/, in. 

Ram. The ram consists of a single piece of hardened steel with 
a piston diameter of 7/3: in. and a shaft diameter of */;;in. The 
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ram shaft is sealed at each end by O-rings as shown in Fig. 10. 

Feedback Spring. The feedback mechanism is merely a flat 
cantilever-type spring rigidly attached to the ram. Since the de- 
flection of this spring is equal to the difference between the ram 
motion and the valve motion, the force exerted by the spring on 
the valve plate is proportional to ram motion only when the valve 
plate has been returned to its center position (as during any 
steady condition). The effective stiffness of this spring is 31 
Ib/in. 


Dynamic ANALYsIS oF ACTUATOR SysTEM 


In order to reveal a number of important facts about the com- 
plete system, a dynamic analysis of the actuator system has been 
made for small changes of all system variables. This analysis, 
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which consists of carefully characterizing each part of the system 
mathematically and then combining the various component 
equations into a single mathematical expression, is given in the 
following paragraphs. 

Output Force of Torque Motor. From the detailed analysis in 
the Appendix, the force developed on the valve plate by the 
torque motor is found to be a function of both the net difference 
of the coil currents and of the position of the armature. With the 
assumption that only small changes occur, the following equation 
may be used for the torque motor 


AF, = k,(Al, — Al;) — k,AX..... 


where A indicates a small change. 

Feedback-Spring Force. The feedback spring exerts a force 
which tends to oppose the force from the torque motor, as shown 
in Fig. 11. This force is given by 


AF, = k(AY + AX) 


Also acting on the suspension valve plate are (a) an upward 
pressure force F, which is directly related to the system supply 
pressure; (b) a spring force Fy, due to the stiffness of the flexure 
pivots (represented by an equivalent coil spring of stiffness k); 
(c) a viscous-damping force Fya due to a damping device which 
may be incorporated to provide adequate system stability; (d) a 
friction force F, due to friction between the valve plate and valve 
body (usually an erratic type of stick friction which is encountered 
as dirt-laden oil passes through the valve); (e) a steady-flow 
force (6) Fs due to the fluid flowing through the valve (which 
tends to move the valve plate toward its center position). 

H ydraulic-Supply-Pressure Force. In this valve the pressure 
force F, has been estimated to be approximately 20 lb when the 
supply pressure is 2000 psi. The action of F, is equivalent to a 
force equal to F,X/a acting in the horizontal direction on the 
valve plate. 

Flerure Spring Force. The spring force Fy. is given by 


Viscous-Damping Force. The viscous-damping force Fva is 


given by 


TORQUE MOTOR 


Steady-Flow Force. The steady- 
flow force may be approximated by 


Friction Force. A friction force F, 
also may exist because of the effects 
of foreign particles getting stuck be- 
tween the valve plate and the valve 
body. As long as the pressure drop 
across the ram is a small fraction of 
P,, the unsteady-flow force may be 
approximated by 

dX 


FEEDBACK Pes 
SPRING dt 


when the pressure drop across the 
ram is a small fraction of P,,. 

Summation of Forces. After sum- 
ming the horizontal forces acting on 
the valve plate and applying Newton’s 
second law to it, we find in terms 
of small changes of all variables 
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where m is the effective mass of the torque motor and the moving 
part of the valve. 
When terms are collected 

d?AX 


dAX 
+ (b— kus) + kAX 


= k( Al; — Al) — k, AY — AF, 


where 


F 
k = ky + ky + ky + kat — —* 
Pressure-F low Characteristics. The pressure-flow characteristics 
of the valve are similar to those discussed by Blackburn (8) and 
Shearer (9). For small changes, the flow rate Q to the ram may be 
expressed by 


AQ = k, AX 


where P,, = P, — P,, the pressure difference across the ram. 

An estimate based on the work by Shearer (9) on the dynamic 
characteristics of valve-controlled servomotors is made in the 
Appendix and indicates that the natural frequency of the ram 
system driving a mass of '/; lb is more than 1000 cps. This means 
that the effects of load mass and fluid compressibility are probably 
negligible in this system. Therefore the flows to and from the 
valve are exactly equal to the displacement of the ram plus leak- 
age past the ram; therefore 


A m — BGO). [9] 


Fer small pressure difference across the ram, the leakage flow 
past the ram is viscous (laminar) and is given by 


Ram Forces. The forces acting on the ram include the pressure 
forces from the hydraulic fluid, the spring force F,, a friction force 
Fs, and an external load force F;. Although the exact character- 
istics of F;, are not known in detail, this friction force, which is 


caused by rubbing action in the ram seals, seems to act very 
much like coulomb friction. After summation of the horizontal 
forces acting on the ram and ignoring the small mass load 


AP,,A = k(AY + AX) + AFrs + AF; [11] 


Final Dynamic Equation. The information contained in Equa- 
tions [7] through [11] completely describes the system for small 
changes. The set may be assembled in a number of ways in order 
to examine the static and dynamic behavior of the actuator. 

A block diagram consisting of integrations, coefficients, and 
summations can be made up to represent a system of this kind. 
Fig. 12 is a block diagram of this type for the actuator. 

When Equations [7] through [11] are combined into a single 
differential equation 


[mD? + (b — kus) D + k] [ ap ~ *) 


A 
= —Al:] — AF, 


[mD* + (b — kus)D + klk: + APs] 


kek, 
(x A 


where D represents d/dt, and ke = C; + Co. 

Of primary interest in assessing the merits and demerits of the 
actuator are steady-state characteristics including errors in ram 
position due to changes of external load AF,, ram friction AF r., 
and valve-plate friction AF, and dynamic characteristics includ- 
ing degree of system damping and speed of response. 

Analysis. Since, during any steady-state condition, following 
a step- or pulse-type disturbance, all the derivatives in Equation 
[11] are zero 


ky 


kke 
1) k,AY = k,(Al, — Al; 


ar. + AF;) [13] 


— kek, 


If the coefficient k, could be made to vanish, the actuator output 
motion would be insensitive to changes in ram friction force AF rs 
or external load force AF;. In order to make kz equal to zero, it 
would be necessary to build a valve which is perfectly closed at 
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its center position and to provide a seal around the ram piston 
which would allow no leakage past the ram. Because of valve 
clearance, imperfect location of all of the metering orifices, and 
rounding of the corners of the metering orifices, a truly closed- 
center valve cannot be built. The suspension valve employed 
here nevertheless very nearly approaches being a truly closed- 
center valve. Leakage past the ram can be reduced to practically 
zero when a packing is used, but space limitations in this design 
made it necessary to try to achieve a reasonably good seal around 
the ram piston by minimizing the clearance between piston and 
cylinder walls. 

The actuator output motion however still remains sensitive to 
changes in valve friction force AF, even when ky is zero, tending 
to decrease slightly with a small increase of k, from zero. 

Dynamic operation of the actuator is characterized largely by 
the left-hand side of Equation [12]. Although variation of the 
friction forces AF, and AF; are dependent to some extent on the 
motion of the valve plate and ram, respectively, these variations 
usually occur only when the respective members come to rest or 
change their direction of motion. If these variations are con- 
sidered to be additional inputs to the system, Equation [12] is 
linear, and the methods and techniques that have been worked 
out for the study of linear systems can be used. 

The characteristic equation for such a linear system is obtained 
by letting the right-hand side of Equation [12] be equal to zero. 
When this is done, the characteristic equation may be written as 
follows 


‘ b — kus)A? rok —— Kus A? 
| mo» + (b — | kA | 


A* A* 


+k, AY =0......[14] 


Application of Routh’s criterion (10) reveals that in order for the 
system to have better than marginal stability (that is, respond to 
an input with a damped or decaying oscillation) the following in- 
equality must be satisfied 


kik —k,) ki 
m + [15] 


Although it is theoretically possible to satisfy this inequality 
when the quantity (b — kus) is zero, the fact that k, has been made 
very small to minimize the steady-state load sensitivity of the 
actuator suggests the possible need of a viscous damper on the 
valve plate in order to provide sufficient margin to satisfy Routh’s 
criterion for stability. 

When the left-hand side of Inequality [15] is just equal to the 
right-hand side, the system is marginally stablé and it will oscillate 
unendingly in response to an input, and the characteristic equa- 
tion may be written 


(a;D*® + + aD + a)AY 
1 
~ +1)ar =0 [16] 
where 


k 
= [kek —k,) + kA]; = (kek,(b — kus) + kA?) 


a; = + (b — kus)A?]; a3 = m 


and 7 and w, are the time constant and natural frequency, re- 
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spectively, of the system. The values of 7 and w, are useful in 
making an estimate of the system’s speed of response. By equat- 
ing the coefficients of terms with like powers of D in Equation 
[16], the expressions for r and w, are found to be 


Rus) + kA? 


[kok — k,) + kiAlk, [17] 
[kok —k,) + kA | k, 
Vie + (b kus)A? [18] 


Because it is usually desirable to have a system which responds 
with a rapidly decaying oscillation rather than with an unending 
oscillation, the time constant and natural frequency of such a 
system will differ somewhat from r and w, given in Equations 
[17] and [18], but 7 and w, are useful if only a rough estimate of 
speed of response is required. 


EXPERIMENTAL WorK 


Dynamic Characteristics. When the actuator was first as- 
sembled, the viscous damper on the valve plate was omitted, and 
the system was found to oscillate with increasing amplitude when 
subjected to a small disturbance at any point in the system. In 
order to provide adequate system stability, viscous damping was 
employed on the valve plate. This damping action was ac- 
complished by attaching a small plate to each of the vertical sus- 
pension arms in such a way that it covered, but did not touch, the 
adjacent solid vertical supports as shown in Fig. 10. The space 
between the damping plates and vertical supports is filled with oil 
which exerts a damping force tending to oppose valve-plate mo- 
tion as the thickness of the space is changed by valve-plate 
motion. 
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Because of the experimental difficulties anticipated in making 
useful measurements of the characteristics of this damping device, 
its final design was achieved by trial and error. Satisfactory sys- 
tem stability was obtained with a total effective plate area of 0.25 
sq in. with a space 0.004 in. thick with the valve plate in its center 
position. The fluid used in the dampers is the same as that used 
to drive the ram, namely, Univis 40. 

Fig. 13 shows the amplitude and phase-lag characteristics of 
the complete actuator system that were obtained from frequency- 
response measurements after the viscous-damping plates were in- 
stalled. A set of calculations, given in the Appendix, shows that 
the values of 7 and w, for this system are 0.0004 sec and 3500 
rad/sec, respectively, when the system is marginally stable. Fig. 
13 shows that the real (well-damped) system has a somewhat 
lower natural frequency than the analysis of a marginally stable 
system indicates. The graphed frequency-response characteris- 
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tics include the dynamic characteristics of the electronic amplifier 
and torque motor. Frequency-response measurements relating 
torque-motor current to amplifier input signal revealed very little 
lag or attenuation up to 400 eps. 

Since the speed of response of the actuator is more than ade- 
quate to meet the requirements, it was not necessary to seek an 
optimum system speed of response. A thorough study of the 
fundamental equations together with an analog study based on 
the block diagram of Fig. 12 would be useful to the designer who 
wished to arrive at a design with optimum speed of response. 

Static Characteristics. The relationship between actuator output 
position and input current during very low-frequency variations 
of the input is closely linked to the steady-state characteristics 
discussed in the analysis section. All of the derivatives in Equa- 
tion [12] are small in this case, and the steady-state Equation 
[13] may be employed to gain an insight into the factors which 
cause a hysteresis effect to exist between the input and the output 
of the actuator. The friction forces AF, and AF rs. may be thought 
of as consisting of coulomb friction. As such, they are nearly inde- 
pendent of velocity of relative motion and always act to oppose 
motion so that they change rapidly from a negative value to a 
positive value as relative velocity changes from a positive value 
to a negative value. Thus, during a test at very low frequency, 
these forces change only at the extreme positions of the valve and 
ram, respectively. Because of the very low force levels involved, 
these forces have not been measured directly. The experimental 
data that have been derived from low-frequency response tests, 
however, do indicate that this concept of coulomb friction to- 
gether with Equation [13] does describe the important effects 
which take place. As an example, decreasing the net spring stiff- 
ness k of the torque motor and valve relative to the feedback- 
spring stiffness k, resulted in a proportional decrease in hysteresis 
as indicated by Equation [13], so that it was possible to reduce 
the hysteresis to a value less than 1 per cent. 

Another important factor in the operation of the actuator is 
its sensitivity to an external load force AF;. Fig. 14 is a graph 
showing how ram position is related to external load force as de- 
termined by steady-state measurements. The slope of this curve 
at any point is given by AY/AF, which may also be obtained 
from Equation [13]. Of primary concern is this slope at the 
origin where the stiffness is smallest. The slope measured from 
the curve is 0.00018 in/lb, while that computed in the Appendix 
from the system constants is 0.00019 in/lb. 


CoNCLUSIONS 


The miniature actuator which has been developed does satisfy 
the design requirements that were established for it. It is con- 
siderably smaller in size than the smallest torque motor which 
would be required to provide the same output, and its response is 
considerably faster than such a torque motor would have. As 
predicted by a dynamic analysis of the system, a viscous damper 
on the valve plate may be employed to provide adequate system 
stability. 

Extensive tests that have been conducted by operating the 
actuator with oil contaminated by dirt and miscellaneous foreign 
particles reveal that the control valve is sensitive to highly con- 
taminated hydraulic fluid, but that small felt or sintered-bronze 
filters serve as adequate means of preventing valve sticking when 
the fluid is highly contaminated. Since the maximum flow to the 
valve is very small, the filter is accordingly small and may be in- 
corporated in the actuator without appreciably increasing its size. 
The operation to date has shown that the actuator with a suitable 
filter never fails to operate because of dirty hydraulic fluid. 

Preliminary tests with the actuator operating on compressed 
air at 1000 psi instead of hydraulic oil indicate that development 
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of an electropneumatic actuator with speed of response nearly as 
fast as the electrohydraulic actuator is feasible. 
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Appendix 


Torque-Moror ANALYSIS 
Fig. 15 is a drawing of the torque-motor configuration em- 
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ployed; in the actuator. The electromagnetic force exerted on the 
armature at each of the active gaps is given by 


In order to consider small changes from a set of initial condi- 
tions, Equations [19] and [20] may be written 


Fy + AF, = = (dis + Ady)?.........-- [21] 


ke 
Fx + AF, = ba 5 [22] 


so that when Equation [19] is combined with [21], and [20] is 
combined with [22] 


AF, = + [23] 


AF; = + (Adz)*]........... [24] 


When Ad; and A¢: are only a few per cent of dis and $2, the 
terms (A¢,)* and (Ad@:)? may be neglected 


The flux in each air gap is a function of the magnetomotive 
force generated by the current flowing in each coil and the total re- 
luctance of each magnetic circuit. As a first approximation the 
reluctance of the magnetic material in the field magnet and arma- 
ture may be neglected so that the reluctance of each magnetic 
circuit is due to its air gaps. Half the area of the air gap at the 
center leg may be considered to contain ¢, and the other half to 
contain ¢:. The following equations then may be used 


[27] 
bid ed 
nl 
[28] 
bid ed 


The values of g; and g: are the same and equal to gp when the 
armature is centered. When the armature is away from center 


Combining Equations [27] with [29] and Equation [28] with [30] 
and using logarithmic differentials 


Al AX 
Adi = ou Ths b 
1 
[31] 
I 
[32] 


The changes in ¢; and ¢: may be eliminated by combining Equa- 
tion [25] with [31] and Equation [26] with [32] to give 


2. Al AX 
[33] 
X 
AF; = 2k (dx)? Al. A 
bid 
go — X, + [34] 
Summing the forces acting on the torque-motor armature 
AF, = AF, — AF; — kepAX..... [35] 


When the initial conditions are Jy, = Ix, = J;, X; = 0, and 
Fu =0 


AF, = k,(Al, — Alz) — k,AX............ [36] 
where 
2] 
[37] 
2 
+ 
c 
4k ks? 
ky = ky — [38] 


ar 
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For the miniature actuator, k, may be calculated using 
= 1.4 X 107 Ib/(amp turn)? 
and the values of the constants given in the list of nomenclature 
2(1.4 X 10~7)(2000)*(0.02)(0.125 (0.25) = 11 Ib/amp [39] 
.0015)? 
+ 00015) 


and k, may be calculated 
4(1.4 
(0.0075) 
= 43.0 — 63.7 = —20.7 lb/in.. . [40] 


ky = (43.0) — 


The maximum force developed by the torque motor in its center 
position may be determined by using Equations [19] and [27] 
because the current in one coil is a maximum of 40 ma and the 
current in the other coil is zero 


kak 


(« + 
c 


(1.4 X 
(0.0075)? 


F, = 


or 


= 0.5 Ib. . [42] 


F,= 
NATURAL FREQUENCY OF Ram AND Mass Loap 


With the constant k, very small, the natural frequency of the 
ram and mass load may be approximated as follows 


Calculating was when m; weighs 0.5 lb 


(2)(0.025)*(2.5 X 10°)(386) 
Wns = \ (0.0025 \(0.5) 8870 rad/sec. . [44] 
CALCULATION OF T AND Wn 
For unending oscillation, Routh’s criterion gives 
[kekym + (b — kus)A®] [kek,(b — kus) + kA?] 
= mk,A*[ko(k — k,) + kA}. [45] 
Assuming kz is zero 
kik, m 
(b — kus) = [46] 
and 
kA 
T [47] 
Solving for r 
(73.7)(0. 025) _ 0004 
(168)(29. 6) [48] 
Continuing with the assumption that k. = 0 
(73.7) 
w= 10°) = 3500 rad/sec..... [49] 


A more exact expression for w, is given by Equation [18] or by 
its counterpart 
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k 
w= 
m 


The assumption that k, is zero leads to a somewhat higher natural 
frequency than when k; is not zero, but the term (k,k2)/kA%b — 
kus) was found to be approximately 0.0007 in this case. Therefore 
the foregoing assumption regarding ky is justified. In any event, 
this assumption yields a conservative value of w,. 


— 
kA* 


CALCULATION OF LoAD SENSITIVITY 

The steady-state load sensitivity is given by 
AY 


kke 

kk kA k, 

k, (ki A — kek, 2 — 
(ki ke +1) ( kok 


The value of k,/k2 at the center position of the valve was found 
experimentally by blocking the ram and finding load pressure as 
a function of valve position. These measurements showed k,/k2 
could be as low as 5.3 X 10° pci. Calculation of the load sensi- 


tivity gives 
AY 
AF, | (5.3 X 10°)(0.025) (29.6) 
(29.6) (1 
0) ( (73.7) 
= 1.88 X 10-in/Ib...... (51) 
Discussion 


Sipney Lees.‘ The authors describe the successful completion 
of a miniature hydraulic actuator using flat valve plates rather 
than the more conventional hydraulic valve design. They have 
paid careful attention to detail with respect to both structure 
and performance. One cannot take issue with the design for which 
the authors merit congratulations. The writer finds a few points 
of difference with them in the presentation. For example, a de- 
vice which generates force with respect to an input current is not 
one the writer would characterize as a torque motor. It would 
seem that a name such as force motor is more suitable for this 
particular application. 

It is estimated that the size of this device is a cube 1'/2 in. on 
edge. To explain its performance the authors found it necessary to 
employ 68 symbols conveniently collected at the beginning of the 
paper. The symbols are all necessary; however, for lack of a well- 
developed self-defining notation, it is found that the symbol b is 
used to represent the viscous damping coefficient while }, is the 
height of outer legs of the torque-motor field magnet. A profusion 
of k’s with numerical subscripts refer to valve coefficient, fluid- 
compliance coefficient, electromagnetic constant, torque-motor 
coefficient, etc. The same spatial displacement direction is re- 
ferred to as X or Y depending on whether it is the valve or the 
ram which is involved. The writer found it necessary continually 
to refer to the nomenclature in order to be able to read the paper. 
Furthermore, he found it rather difficult to keep the ideas straight, 
since he was never sure the symbol meant what he thought it did. 
A partial use of self-defining symbolism is exhibited but the 
authors stopped well short of completion. It is believed the 
paper is a good illustration of where self-defining notation is very 
applicable. 


R. E. 


4 Massachusetts Institute of Technology, Cambridge, Mass. 
‘Research Project Engineer, Minneapolis-Honeywell Regulator 
Company, Minneapolis, Minn. 


MicueE..’ The authors have presented an interesting 


and unique method of valving and have given a capable develop- 
ment of the analytical expressions describing the behavior of the 
complete hydraulic servoactuator. The paper is concise and well 
organized and the information presented should prove to be 
very useful to the designer of this type of electrohydraulic 
actuator. 

The designer who is concerned with valve sticking due to 
operation with dirt-contaminated hydraulic fluid should con- 
sider the possible merits of the suspension valve described in this 
paper over the conventional spool type. The suspension valve is 
no less susceptible to silting than the piston-type valve but the 
phenomena of lateral forces due to valve-land irregularities that 
are inherent or caused by dirt in the hydraulic fluid cannot result 
in high friction loads on the suspension valve because the moving 
element is restrained from contacting the valve body. It is in- 
teresting to note that as silting takes place on a piston valve the 
configuration is effectively changed to one in which the piston is 
tapered with the higher pressure applied to the larger end resulting 
in a decentering force. A paper by J. F. Blackburn‘ describes the 
phenomena of these side forces in detail. 

A few minor questions arise: (1) What is the amplitude of 
ram motion of Fig. 13? It is of interest to know the amplitude 
of ram displacement corresponding to the “‘log-amplitude ratio” of 
zero. Inherent nonlinearities which one often neglects in an 
analysis of a system will, in general, produce a resonant fre- 
quency which is lower at larger amplitudes of displacement. It 
would be of further interest to know if the frequency-response 
characteristic of this system varied appreciably when different 
amplitudes of motion are used. (2) What is the pressure drop 
across the valve in the flow-displacement curve of Fig. 7? The 
curve would seemingly be most significant when the pressure drop 
across the valve is such as to make the horsepower delivered by 
the ram at a maximum. 


D.G. O’Brien.” The paper is well written; the development is 
logical and easily followed. The authors are to be congratulated 
for their contribution toward the development of miniaturized 
components for the hydraulic-control field. A great deal of 
effort has, of course, already been devoted to the problems of 
miniaturizing electronic circuitry but, because hydraulic mecha- 
nisms are, in general, quite small for their power capabilities when 
compared with other systems which perform similar functions, 
attempts to miniaturize hydraulic systems have not been widely 
prevalent up to the present time. 

Since many potential applications for a device of the type 
described in the paper have no significant limitations as far as 
allowable quiescent internal oil leakage is concerned, the thought 
has occurred to the writer that perhaps the internal leakage might 
be increased somewhat in such a way as to maintain at the exist- 
ing level most performance specifications, while at the same time 
allowing some production economies to be made which may sig- 
nificantly lower the cost of the completed device. Specifically, it 
is suggested that: 


1 The valve’s coefficient K, may be increased somewhat 
without too much deterioration in the good linearity shown in 
Fig. 7. 

2 The area of the actuating piston as well as the leakage co- 
efficients C; and C; may also be increased. 

3 If the proper choice of the foregoing constants is made, it 
should be possible to maintain at very nearly the present level the 
steady-state load sensitivity as given in Equation [50], while in- 

“Contributions to Hydraulic Control—5, Lateral Forces on Hy- 
draulic Pistons,” by J. F. Blackburn, Trans. ASME, vol. 75, 1953, 
pp. 1175-1180. 


7 Vice-President, Engineering & Production, Midwestern In- 
struments, Tulsa, Okla. 
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creasing the actuator’s damping to the point where possibly the 
viscous damper may be eliminated. 

4 The possible elimination of the damper as well as the in- 
creased clearance between mating parts that may be allowed in 
view of the increased leakage should make the device less expen- 
sive to fabricate. 


It is realized by the writer that suggestions for possible im- 
provement of the device without access to much more information 
(particularly experimental) than was presented in the paper may 
be out of order. The writer’s experience to date in the field of hy- 
draulic controls, however, has indicated a continuing need for 
hydraulic servocomponents which are less expensive than those 
now commercially available, and the fact that in many applica- 
tions the excellent dynamic capabilities of available components 
are fot needed or, in many cases, wanted. 

The information which is available to the authors of the paper, 
as a result of their work on this device, should make it possible for 
them rather easily to determine whether or not the changes pro- 
posed by the present writer are feasible. 


F. B. Tureur.* The clear and logical description and analysis 
of this new hydraulic actuator is certainly a most worth-while 
contribution to the field of hydraulic control. As anyone who has 
had any experience in the design of hydraulic valves knows, one 
of the most difficult problems is the construction of a high-pressure 
valve which is capable of being operated by an electric solenoid 
of only limited force capabilities. In the ordinary piston valves 
one always encounters lateral forces which tend to push the valve 
piston against one side of the sleeve and thus produce very large 
coulomb friction forces. In addition, valves are usually subject 
to hydraulic reaction forces tending to close the metering orifices 
unless special precautions,” “ that are never completely effec- 
tive, are taken against them. Apparently the authors have in 
good part overcome both difficulties by their ingenious slid- 
ing valve design. The pressure under the valve forces the sliding 
plate off the main body by a small, but precisely controllable 
amount, thus reducing friction to a minimum without introducing 
excessive leakage; at the same time, the off-center force resulting 
from the suspension tends to open the valve, thus canceling, in 
part, the troublesome hydraulic reaction forces. A further wel- 
come feature is the relative ease of constructing the metering 
orifice with great accuracy; this is usually also a difficult matter 
in piston-valve design. 

It would seem that the steady-flow force F's: should bea function 
not only of valve displacement but also of flow through the 
valve; thus a term proportional to dY/dt would enter the 
equations. Possibly this term is negligibly small in the system 
considered. In any case, it would seem to be possible by proper 
choice of the distance a and the spring constant k, and k, tomake 
the effective valve spring constant k equal to zero. Under these 
conditions the loop would contain an additional integration so 
that the steady-state load sensitivity AY /AF ;j. could be reduced 
to zero. This fact is also indicated by Equation [50]. The 
stability condition, Equation [15], would not be changed very 
vitally by letting k = 0, so that the system could still be stable. 
Thus it seems that a superior system might result. 

The actual curve of steady-state load sensitivity, Fig. 14, indi- 
cates some definite nonlinear effects, not completely explained by 
the linear analysisgiven. Apparently what takes place is that near- 
zero deflection, the valve constant k;, is reduced (as shown in Fig. 
7) and also the leakage constant k; may be increased. This, from 


*Department of Electrical Engineering, Yale University, New 
Haven, Conn. 

* Reference (6) of paper. 

” Reference (7) of paper. 
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Equation [50], would indicate the larger slope of AY /AF is near- 
zero deflection as is borne out by Fig. 14. 

Interesting additional data would be step-function response to 
input and to load disturbances. 


Avutuors’ CLosuRE 


The comments of Professor Lees regarding usage of the term 
torque motor are well taken but since the term seems to be so 
firmly entrenched in the minds of the people working in this 
field, it is not likely that it will be changed. 

In response to Mr. Michel’s questions: The amplitude of the 
ram motion at low-frequency operation for the curves given in 
Fig. 13 was about 0.008 in. peak-to-peak. The response charac- 
teristics did not change appreciably with amplitude, but at very 
large amplitudes (larger than 0.020 in. peak-to-peak) the effects 
of velocity limiting due to saturation of the control valve were 
evident. The caption for Fig. 7 states that the supply pressure 
was 1750 psi. Because there was no pressure drop across the 
load, the drop across the valve was 1750 psi. Since this curve 
was obtained in order to determine linearity of the metering orifices 
and flow passages as well as to determine the quiescent leakage 
flow through the valve, there was no reason to maximize load 
power output. 

In answer to Mr. O’Brien’s queries, the authors agree that there 
are many applications in which less precision in the manufacture 
of the valve and other components is required. Each application 
should be considered on its own merits. It is hoped that the 
attempt to define valve performance with simple coefficients such 
as ky, c:, and ¢ will assist competent system designers in selecting 
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the proper type and quality of components for each application. 
The need for viscous damping at the valve seems to arise when- 
ever the speed of response of the entire system approaches the 
natural frequency of the valve and torque-motor assembly. In 
systems where a relatively low speed of response is required, 
the damper can be eliminated with considerable simplification of 
the design. This does not seem to be a case in which the allow- 
ance of greater valve leakage will provide the type of damping 
required. This can be readily seen in Fig. 12 which shows clearly 
the greatly different roles played by valve damping } and valve and 
ram leakage ke. 

As Professor Tuteur suggests, the steady-flow force is a function 
not only of the valve opening but also of the pressure drop across 
the valve. In cases where the pressure drop across the ram is 
appreciable, it would seem advisable to take this effect into 
account in the proper manner. It is possible to consider the 
steady-flow force as a function of valve opening and ram flow, 
but when this is done it is not so easy to visualize the effects of 
ram load conditions. 

With reference to making k equal to zero, the authors do not 
recommend trying to do this in a system of this kind because of 
resulting extra integration which makes it very difficult to attain 
adequate system stability without increasing valve and ram 
leakage. 

Detailed pressure-stroke characteristics of the valve, mentioned 
only briefly in the paper, do show that definite nonlinear effects 
exist when large changes in ram pressure drop occur. This 
topic could well be discussed at length in a future paper. 
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Residual stresses resulting from surface grinding a 
hardened ball-bearing-type steel under closely controlled 
conditions were measured by the deflection method and 
the effects of wheel grade, unit downfeed, and grinding 
fluid upon the stresses generated were studied. The stress 
gradients close to the surface were found to be quite steep 
and, in a number of instances, both components of the 
biaxial stress were compressive at the surface. This be- 
havior contrasts with previous dry-grinding experiments 
on annealed steel and indicates the possibility of generat- 
ing compressive surface stresses in hardened steel by grind- 


ing. 


INTRODUCTION 


UBLISHED information concerning the magnitude and 
distribution of residual grinding stresses in hardened steel 
is very meager. Glickman (1)* and his associates made 

measurements on hardened high-chromium stainless steel but 
made no attempt to correlate the stresses with grinding conditions. 
Since the severity of the grinding operation very likely has a great 
deal to do with the magnitude, and perhaps the distribution, of 
the induced stresses, there is a need for experiments in which the 
grinding conditions are closely controlled. Some information of 
this kind has been published on grinding stresses in annealed steel ; 
it is known, for example, that the stresses are at least biaxial and 
that their magnitude and depth of penetration depend upon the 
wheel depth of cut (2, 3). 

In the absence of specific information concerning the nature of 
grinding stresses in hardened steel, it is frequently assumed that 
they have high tensile values and that, because of this, the service 
life of ground parts, under conditions of fluctuating applied stress, 
is impaired by the grinding operation. A comprehensive study 
has been started to determine just how grinding stresses and 
fatigue properties are actually affected by grinding conditions. 
The present paper is concerned with a preliminary study of the 
effect of several combinations of grinding conditions, differing in 
severity, upon residual stresses induced in hardened steel. 


SPECIMENS 


The steel was a ball-bearing type, similar to AISI 52100, having 
the following percentages of alloying elements: 1.01 carbon, 1.25 
chromium, 0.27 manganese, 0.19 vanadium, 0.36 silicon, 0.011 
sulphur, and 0.011 phosphorus. It was furnished by Vanadium 
Alloys Steel Company as a special heat to duplicate as closely as 


1A contribution from the L. Leslie Byers Memorial Fellowship 
sustained at Mellon Institute by the Grinding Whee! Institute and 
the Abrasive Grain Association. 

2Senior Fellow, Mellon Institute. 

5’ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Research Committee on Metal Processing and 
presented at the Annual Meeting, New York, N. Y., November 28- 
December 3, 1954, of THe American Society oF MBCHANICAL 
ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, August 
2,1954. Paper No. 54—A-56. 


Residual Grinding Stresses 
in Hardened Steel 


By H. R. LETNER,* PITTSBURGH, PA. 
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- 
Fia. 1 


or Test Bar SHow1ne Posrrions From 
SpeciMENS FOR Stress MEASUREMENTS WERE CuT 


possible the steel used earlier in the fatigue studies reported by 
Tarasov and Grover (4). Flat fatigue bars of the shape shown by 
the solid line in Fig. 1 were prepared from 0.200-in-thick hot- 
rolled and annealed sheet, their long dimension being taken in the 
rolling direction. After equal amounts had been ground off both 
sides to remove decarburization completely, the bars were 
austenitized 10 min at 1550 F in a salt bath, quenched in oil, and 
tempered 2 hr at 450 F to a Rockwell hardness of C59. A check 
revealed that at a depth of 0.020 in., ths thickness subsequently 
to be removed from each side by grinding, the residual stresses re- 
sulting from heat-treatment were too small to cause any apprecia- 
ble error in determining the grinding stresses. 

Approximately 0.010 in. was ground carefully from each surface 
of the bars, under machine-shop conditions, to bring them to a 
uniform thickness of 0.140 in. The grinding was done on a 
horizontal spindle, reciprocating-table type of surface grinder 
equipped with a 10-in. X 3-in. X 3-in. 46-grit aluminum-oxide 
abrasive wheel, soft grade, open structure, and vitrified bond 
(32A46-F12VBEP). A grinding fluid consisting of a 2 per cent 
concentration of a general-purpose miscible oil in water was used. 
The residual stresses in the surfaces of a typical bar were checked 
at this stage to be sure that the stresses induced in grinding the 
bars to the 0.140 in. thickness would not influence the stresses 
induced by the test grinding to follow. 


GrinpInG Tests 


The grinding tests were designed to give information on the 
effect of wheel grade, downfeed, and grinding fluid upon residual 
stresses. They were conducted on a horizontal spindle, reciprocat- 
ing-table type of surface grinder under laboratory conditions. 
Grinding was done on the periphery of 8-in. X 0.75-in. X 1.25-in. 
medium-structure wheels of letter grades H to M,*‘ containing 46- 
grit white fused aluminum-oxide abrasive in a vitrified bond 
(38A46-H8VBE to 38A46-M8VBE, inclusive). The wheel speed 
was 6000 sfpm, traverse speed 60 fpm, and the unit cross-feed 
0.050 in. per table stroke. 

The bars were ground lengthwise, one at a time, the top surface 
(identifying numbers on edges erect) first and then the bottom. 
Approximately 0.010 in. was removed from each surface to give a 
final thickness of 0.120 in. The wheel was freshly dressed before 
grinding each surface, using a 0.001-in. downfeed and a moder- 


4 Letter grades extend from A to Z in order of increasing hardness. 
For the surface grinding of a hardened steel, H and M-grade wheels 
would be considered soft and very hard, respectively. 
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TABLE 1 SUMMARY OF CONDITIONS STUDIED IN 
GRINDING TESTS 


Wheel Grinding Downfeeda———. 
Bar no. grade fluid Top Bottom 
H 4-1 4-1 
8-0.5 8-0.5 
6-0. 25 6-0 .25 
6-0.1 5-0.1 
1-0. 25 
H e 4-1 4-1 
12-0.5 12-0.5 
H 12-1 12-1 
H 6-2 6-2 
I 12-1 12-1 
K e 12-1 12-1 
L 12-1 10-1 
M 12-1 11-1 
M 2 5-2 
M d 12-1 8=1 
M 10-1 10-1 
BEG. M 5-2 2 


@ The wheel was fed down at the end of each complete cross-feed. The 
number preceding the dash is the number of complete cross-feeds; the number 
following the dash is the unit downfeed in thousandths of an inch. 

+ Accidental error of feed mechanism. oe 

¢ 2.5 per cent transparent emulsion of a general-purpose soluble oil in 

ir. 

¢ Highly activated sulphochlorinated grinding oil, 80 sec Saybolt Universal 

Viscosity at 100 F. 


ately rapid cross-feed of the diamond to leave the wheel face open. 
The wheel condition at any stage of grinding was thus the same 
for both surfaces, 

The grinding conditions which were studied are summarized in 
Table 1. The conditions for many of the tests were more severe 
than would be encountered in good grinding practice because of 
the excessive hardness of some of the wheels. In a comparable 
commercial operation, wheels equivalent to the H or I-grade 
wheels would normally be used. 


MEASUREMENT OF STRESSES 


Stresses were determined by the deflection method. Curva- 
tures parallel and perpendicular to the grinding lines, the direc- 
tions of the principal stresses (3), were measured as successive 
uniform layers were etched from the test surface. The principal 
stresses were calculated by means of the relationship 


61 —v*) L dw dw 


+ + — rol + 


o,'(w) = 


and a similar equation, with subscripts 1 and 2 interchanged, for 
o:'(w).® In Equation [1] w is the initial thickness of the speci- 
men before sectioning and w is the instantaneous thickness as 
successive layers are removed; C; and C2 are the curvatures in 
planes containing the normal to the surface and the principal 
stresses and o;’, respectively; is Young’s modulus, is 
Poisson’s ratio, and z is a co-ordinate parallel to the thickness of 
the specimen. 

Deflection measurements were made with a comparator which 
utilizes the differential-transformer principle. All measurements 
were made on 2.0-in. X 2.0-in. X 0.120-in. specimens with the 
exception of those for the bottom surface of bar No. 205, which 
were made on a 1.25-in. X 1.25-in. X 0.120-in. specimen. The 
former were cut from the bars at position A and the latter at 
position B in Fig. 1. This was accomplished with an abrasive 
cutoff wheel mounted on a horizontal spindle surface grinder, 


5 o;" and 2’ are the principal stresses in a specimen which is con- 
strained so as not to bend. This situation is closely approximated. 
when grinding a workpiece of such rigidity that no appreciable dis- 
tortion can take place. A summary of the derivation of Equation [1] 
is given in the Appendix. 
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Weight 
Specimen 
-Spindle 
Supports 


Fic. 2 Comparator Wits 2-In. Square SPECIMEN IN PosITION FOR 
MEASUREMENT 


using 0.0001-in. downfeeds per traverse and a good flow of grind- 
ing fluid to guard against modification of the grinding stresses by 
heating. 

The comparator and a jig to position the specimen accurately 
for each measurement are shown in Fig. 2. Two supports are so 
positioned that the spindle of the comparator contacts the ref- 
erence surface of the specimen, i.e., the surface opposite that 
being sectioned, midway between the two. A third support, be- 
hind the spindle in the photograph, maintains the specimen in a 
horizontal plane. The spherical tips on the spindle and the two 
critical supports are of polished boron carbide and have radii of 
about 0.2 in. A weight with three legs, which rest on the upper 
surface at points vertically above the supports, prevents the 
specimen from tipping. The position of the specimen is fixed by 
three vertical posts which contact two of its edges. 

Curvatures along lines through the mid-point of the specimen 
parallel and perpendicular to the direction of abrasive travel were 
determined from the displacement of the mid-point of the 
reference surface with respect to the straight line joining its 
points of contact with the two spherical boron carbide supports. 
The supports were spaced 1.8 in. apart for the 2.0-in. square 
specimens and 1.0 in. apart for the 1.25-in. specimen. Each value 
of curvature used in plotting working curves for calculating 
stresses was the average of five separate comparisons of the test 
specimen with a standard of known flatness. 

When the comparator is adjusted to its most sensitive range, 
each small-scale division corresponds to a 10-microinch displace- 
ment of the spindle. In determining the curvatures, readings 
were estimated to tenths of divisions, a practice justified by the 
smoothness of the resulting data. The internal consistency of the 
data is illustrated in Fig. 3 which shows the are heights obtained 
as successive layers were etched from the top surface of the speci- 
men cut from bar No. 205. 

Both sides of the specimens were sectioned; consequently, a 
ground surface served as the reference surface when the first side 
was sectioned and an etched surface when the second side was 
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sectioned. Subsequent experience has shown that more con- 
sistent results are obtained if the reference surface can be lapped 
or polished. The data in Fig. 3 were obtained with a ground 
reference surface. 

The test surfaces were sectioned by etching in dilute nitric-acid 
solutions. A 10 per cent solution of concentrated acid in ethyl 
alcohol was used to remove the first 0.001 in. and a 10 per cent 
solution in water to remove the remainder of the stressed layer. 
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| 
THICKNESS REMOVED BY ETCHING (inches) 
Fie. Variation or Arc Heicuts as Successive Layers WERE 
Etcuep From Top Surrace or 2-In. SQUARE Specimen Cut From 
Bar No. 205; hi AND Ae Rerer TO Arcs PARALLEL AND PERPENDICU- 
LAR TO DrREcTION OF ABRASIVE TRAVEL, RESPECTIVELY 


Edges of the specimen were protected with a thermosetting 
resin which remained in place throughout the test. The reference 
surface was protected with electrical tape which was removed 
after each etch. The apparatus used for etching is shown in Fig. 
4. The specimen was held horizontally by the horseshoe magnet, 
test surface down, and lowered into the etchant by means of the 
operating handle until the test surface was immersed. The bath 
was agitated by the magnetic stirrer which swept away bubbles 
and improved the uniformity of the etch. The thickness of the 
layer removed was calculated from the weight loss of the speci- 
men, its area, and density. 


Resutts 

In the figures which follow, the principal stresses parallel and 
perpendicular to the direction of abrasive travel are designated by 
o;’ and 02’, respectively. Positive values of stress represent ten- 
sion and negative values compression. All the stress distributions 
begin 0.00005 in. below the surface because of uncertainties in the 
behavior of some of the specimens at shallower depths. 

Wheel Grade. The stresses generated by grinding with wheels 
of letter grade H through M at a unit downfeed of 0.001 in., using 
an oil-water emulsion, are shown in Fig. 5. The maximum tensile 
stresses in all the surfaces occurred at depths slightly less than 


Counterweight 


Fic.4 Apparatus EMpPLoyep SecTioninc GrounpD SURFACES BY 
Ercuine 


0.001 in. The variation of these peak values with wheel grade 
was not clean-cut; the difference between the top and bottom 
surfaces of the same specimen was, in some cases, larger than that 
between surfaces ground with different wheels. Although the 
effect of wheel grade is somewhat obscured by the scatter of the 
results, it is perhaps significant that the highest tensile stresses 
were found in the bars ground with wheels in the middle of the 
hardness range tested and that, taking both the top and bottom 
surfaces into consideration, the smallest and shallowest stresses 
were found in bar No. 205, ground with the softest wheel tested. 

The transverse stress o2’ was compressive close to the surface 
in all of the bars represented in Fig. 5. In the bottom surface of 
bar No. 211, it reached a minimum at a depth of 0.0001 in. and 
began to increase at shallower depths. The parallel stress a,’ was 
tensile, but decreasing, in all except the lower surfaces of Nos. 
210, 211, and 212. (The upturn in No. 210 is not shown because 
it occurred inside the 0.00005-in. minimum depth arbitrarily 
chosen for plotting the stresses.) The fact that the minima 
occurred only in the bars ground with the three hardest wheels 
may be significant. Why they were found only in the bottom 
surfaces is not clear. 

Downfeed. The stresses resulting from grinding with an H- 
grade wheel at unit downfeeds ranging from 0.0001 to 0.002 in., 
using an oil-water emulsion, are shown in Fig. 6. In every case the 
maximum tensile stresses were found a few ten-thousandths of an 
inch below the surface. Closer to the surface, a,’ had lower ten- 
sile values and o2’ was compressive for all except the 0.002-in. 
unit downfeed. Although the lowest maximum tensile stresses 
were found in the top surface of bar No. 203 and the highest in 
bar No. 206, the difference was by no means commensurate with 
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the twentyfold increasein unit downfeed. In fact, thedifference in 
either the magnitude or depth of penetration of stresses resulting 
from unit downfeeds up to 0.001 in. was quite small. A unit 
downfeed of 0.002 in. resulted in a significant increase in both the 
maximum tensile stresses and the thickness of the stressed layer. 

The difference between stresses induced by 0.001 and 0.002-in. 
unit downfeeds when grinding with an M-grade wheel, using an 
oil-water emulsion, were somewhat less pronounced than when 
grinding with the softer H-grade wheel. This behavior is re- 
vealed by Fig. 7 which shows that the thickness of the stressed 
layer was the same in Nos. 212 and 213, ground at downfeeds of 
0.001 and 0.002 in., respectively. Although the peak tensile 
stresses in the top surface of No. 212 were about the same as in 
both surfaces of No. 213, the average stresses in the latter were 
somewhat greater. Close to the surface, the stresses in No. 213 
were more compressive than in No. 212 and in the bottom sur- 
face of both specimens, o;’ passed through a minimum and 


began to increase (algebraically) as it approached the surface. 

The effect of downfeed was much more pronounced when 
using a straight grinding oil with the M-grade wheel, as Fig. 7 also 
shows. The peak tensile stresses and the thickness of the stressed 
layer were much smaller in bar No. 215 than in No. 216, ground 
at unit downfeeds of 0.001 and 0.002 in., respectively. Both 
specimens exhibited substantial compressive stresses near the 
surface, about which more will be said later. 

Grinding Fluid. The influence of grinding fluid upon residual 
stresses, touched upon in the preceding section, can be pursued 
further by again referring to Fig. 7. When using an M-grade 
wheel at a unit downfeed of 0.001 in., the maximum tensile 
stresses and the thickness of the stressed layer were much smaller 
for the straight grinding oil (bar No. 215) than for the emulsion 
(bar No. 212). Ata unit downfeed of 0.002 in., on the other hand, 
these quantities were higher for the straight oil (bar No. 216) 
than for the emulsion (bar No. 213). 
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Fig. 7 also provides a comparison of wet grinding with dry 
grinding when using an M-grade wheel at a unit downfeed of 
0.001 in. The stresses induced in bar No. 214, ground dry under 
conditions otherwise identical with those employed in grinding 
Nos. 212 and 215, were intermediate in magnitude and depth of 
penetration between those generated when using the straight 
grinding oil and the oil-water emulsion. Both o;’ and a2’ had 
minimum values about 0.0002 in. below each surface of bar No. 
214 and increased (algebraically) at shallower depths. 


Discussion oF REsuLtTs 


The generally good agreement between the stress distributions 
in the top and bottom surfaces of the bars is indicative of the de- 
gree of reproducibility to be expected from separate grinding tests 
conducted under presumably identical conditions. Discrepancies 
which appear in Figs. 5, 6, and 7 are believed to be due to statisti- 
cal variations in grinding conditions beyond the control of the 
operator. For example, the top surface of bar No. 209 (Fig. 5) 
exhibited pronounced chatter marks, none of which was found on 


the bottom, even though every effort was made to make the grind- 
ing conditions the same for both surfaces. This particular bar 
also affords an interesting sidelight on how wheel chatter may 
affect residual grinding stresses. The intuitive notion that a 
chattering wheel peens the surface and tends to introduce com- 
pressive stresses is not substantiated by the experimental results. 
The stresses were more tensile in the top surface, which exhibited 
chatter marks. 

Comparison with previous work (3) reveals that stresses in 
hardened and tempered ball-bearing steel did not penetrate as 
deeply as in annealed tool steel of approximately the same carbon 
content, ground under comparable conditions. Perhaps more 
important, the stresses in the hardened steel were less tensile at 
the surface. 

The possibility of generating compressive surface stresses by 
grinding, without inducing tensile stresses of significant magni- 
tude deeper in the metal, was first encountered during the prepara- 
tion of the specimens. In order to be sure that the stresses re- 
sulting from grinding the bars to dimension would not affect the 
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values obtained in the test itself, the stresses in bar No. 202 were 
analyzed after it had been ground to a thickness of 0.140 in. 
About 0.010 in. had been removed from each surface in unit 
downfeeds of 0.001 in., except for the last 0.002 in. which had 
been removed in four downfeeds of 0.0005 in. each. The stresses 
which were found are shown in Fig. 8. Both o,’ and o2’ were 
predominantly compressive and much too shallow to influence 
subsequent grinding tests. 

Sectioning of surfaces in increments as small as those em- 
ployed in the present work is not necessary when dealing with 
many types of residual surface stresses. The steepness of 
the stress gradients, particularly in the first 0.001 in. below the 
surface, makes the removal of very thin layers mandatory in the 
case of grinding stresses. A question frequently arises as to just 
how reliable are measurements made within a few ten-thousandths 
inch of the surface, In order to help answer this question and to 
emphasize how unequivocal are the data which lead to the con- 
clusion that residual grinding stresses can be compressive, graphs 
of curvature versus thickness of the layer removed, up to 0.001 in., 
are presented in Fig. 9 for two typical surfaces. Since an in- 
crease in curvature with thickness removed is indicative of the 
release of compressive stress, the data leave little doubt that the 
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stresses at the surfaces of these bars were compressive. Further- 
more, the smoothness of the data permits a rather reliable deter- 
mination of the magnitude of the stresses very close to the surface, 
certainly up to the 0.00005-in. minimum depth arbitrarily estab- 
lished for calculations in the present work. 

A first impulse might be to attribute the high compressive 
stresses found in some of the bars to rehardening of a thin surface 
layer, the austenite to martensite transformation causing an ex- 
pansion of that layer relative to the metal underneath. Taper 
sections of the surfaces of Nos. 202, 203, 214, 215, and 216 were 
examined metallographically and no evidence of rehardening was 
found. It can only be concluded that, if phase transformations of 
any kind are responsible for the stress behavior, they are not re- 
vealed by ordinary metallographic techniques. 

The results in Fig. 7 indicate that there are substantial dif- 
ferences between stresses induced by grinding with different grind- 
ing fluids; nevertheless, any generalization regarding the effect 
of a particular type of fluid should be approached with caution. 
Although certain fluids may be conducive to such behavior, they 
are not solely responsible for the development of compressive sur- 
face stresses by grinding. In an independently conducted test, 
stress distributions resembling those in bar No. 216 were found in 
specimens of tool steel, hardened and tempered to Rockwell C55— 
58, which had been ground dry. This fact suggests that there 
may be a number of combinations of grinding conditions which 
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will result in compressive stresses, and research is being continued 
to discover what they are. 


CONCLUSIONS 


1 Grinding stresses in a ball-bearing steel, quenched and 
tempered to Rockwell hardness C59, do not exhibit the high ten- 
sile values found close to the surface in an annealed tool steel of 
comparable carbon content, ground under similar conditions. 
They also do not penetrate as deeply as in the annealed steel. 

2 Compressive stresses can be developed in the surface of 
quenched and tempered ball-bearing steel by abrasive-wheel 
grinding. 

3 The effect of wheel grade upon residual grinding stresses is 
small. Very soft wheels appear to reduce the magnitude and depth 
of penetration somewhat. 

4 In general, increasing the unit downfeed increases both the 
magnitude and depth of penetration of the resulting stresses. 
The change is small for unit downfeeds up to 0.001 in. when 
grinding with a soft wheel. 

5 Other conditions being the same, use of different grinding 
fluids can result in large differences in the residual-stress distribu- 
tions. 
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Appendix 


Stablein (5) showed that, in a bar containing a uniaxial residual 
stress, the stress at any level w is given by 
Ew? dC(w) 2Ew 


E fe 
— C(z)dz...... [2] 
3 w 
when the bar is held straight by external torques. If the stress is 
biaxial, each of the principal stresses can be represented by ex- 
pressions similar to Equation [2] 


Ew? 
6 


+ 


o,"(w) = 
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where C,(w) is the curvature which o;/(w), acting alone, would 
produce. If C,(w) is the corresponding curvature produced by 
o2'(w), the actual curvatures resulting from the combined stresses 
are 


Ci(w) = C,(w) — rC(w) 
and 
Cw) = Cw) — vC,(w) 


provided that the deflections are small in comparison with the 
thickness of the specimen (6). Solving simultaneously 


= [Ci(w) + /(1 — [4] 


is obtained. Substituting into Equation [3] leads to Equation [1]. 
The principal stresses in a specimen free to bend to its equilib- 
rium curvatures, unrestrained by external forces, are given by 


| 
6(1 — v?) tal dw dw ] 
+ 4w[Ci(w) + vCw)] + — 3w) + 
2f (Ci\(z) + [5] 
w 


and a similar expression for o2(w), with subscripts 1 and 2 inter- 
changed (3). The difference between o;'(w) and o;(w) is seen to 
be 


o,'(w) — a(w) = 


(w = =) [Ci(wo) + vCxwo)]... . [6] 


The principal stresses in the restrained condition thus exceed 
those in the unrestrained condition by just the stresses induced 
in straightening the specimen from its initially curved state. 


Discussion 


A. L. Curistenson* anp W. E. Lirrmann.* This paper 
contributes valuable information on a subject which has provoked 
much discussion but all too few experimental results. The high 
quality of the data reflects the precision which has become famil- 
iar in the author’s work. 

It would be interesting to know whether the abrupt maxima or 
minima in the stress-distribution curves for cross-feed grinding 
will also be present in plunge-ground samples. Does the author 
have any information on stress distribution in plunge-ground- 
hardened steel? Was cross-feed used in the preparation of the 
sample of Fig. 8? 

X-ray measurements’ of surface stress in the direction of grind- 
ing have been made on samples carburized and hardened or 
through-hardened to 60 Rockwell C and ground according to 
good commerical practice.t The results are similar to those 
shown in Fig. 8. An interesting observation is that a given grind- 
ing condition appears to establish a characteristic surface 
stress regardless of the sign or magnitude of the prior stress due 
to heat-treatment. For example, for a prior surface stress of 
130,000 psi in compression, grinding produced about 50,000 psi 
in compression, and for a prior stress of 50,000 psi in tension, 
grinding produced 30,000 psi in compression. 

An over-all view of the stresses produced by grinding leads one 
to speculate as to their origin. Temperature measurements 


* The Timken Roller Bearing Company, Canton, Ohio. 

7 “X-Ray Measurement of Residual Stress in Hardened High 
Carbon Steel,” by E. S. Rowland and A. L. Christenson, Trans. ASM, 
vol. 45, 1953, p. 638. 

’ Unpublished research of A. L. Christenson. 
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within ground samples* show that grinding can produce suffi- 
cient nonuniform thermal expansion in the work to cause com- 
pressive yielding of the material just beneath the ground surface, 
thus generating a residual tensile stress. If heating is insuffi- 
cient to cause yielding, the cold work of the surface in the chip 
formation may produce the compressive stresses which have been 
observed by the author and the writers. The fact that similar 
grinding conditions impose less penetration of tensile stresses in 
hardened steel than in annealed steel is consistent with the 
foregoing concept, because a higher peak temperature would be 
required to cause compressive yielding in hardened steel. 


J. Friscu.” The author has presented an interesting study of 
residual grinding stresses which are found to be of a compressive 
nature under certain conditions. However, residual stresses, 
induced in a stress-free material by grinding only, have in the 
past been shown to be tensile stresses on and immediately below 
the ground surface.'! The residual stresses which were deter- 
mined by the author in hardened and ground specimens sectioned 
from fatigue coupons must be two or more superimposed residual 
stresses induced by a combination of processes including grind- 
ing. 

This writer’s recent experience in finding considerable com- 
pressive residual stresses in high-strength alloy steels heat- 
treated to various ultimate strength up to 280,000 psi leads one 
to believe that residual tensile stresses caused by grinding such 
steels and superimposed on the existing compressive stresses may 
not necessarily be large enough to nullify them. The finally 
measured stress values would still be negative, i.e., compressive, 
but not necessarily pure grinding stresses. 

Specimens A and B in Fig. 1 of the paper were removed by 
means of a cutoff wheel from the hardened and ground fatigue 
test bars for etching and curvature measurements. Since the 
residual stresses in manganese oil-hardening tool-steel specimens, 
which were cut to final shape before hardening and grinding, are 
reported'* to be tensile stresses, two questions arise with regard 
to the different results: 

1 Does the use of the abrasive cutoff wheel cause residual 
stresses in the specimen, similar to those produced by a hacksaw 
or jeweler’s saw,'*? which may be large enough to influence the 
original stress patterns considering the 1 to 1 ratio of length to 
width of the specimens? 

2 Does the removal of specimens from fatigue test bars cause 
them partially to relax before an etchant is applied, and have 
curvature changes been recorded during and after the use of the 
cutoff wheel? 

Although it is most likely that proper heat-treatment and a 
unique combination of variables in a subsequent grinding process 
may produce final residual compressive stresses, the fact that 
abrasive-wheel grinding can develop compressive stresses would 
be verified only if either initially stress-free specimens are used, 
or the exact stress due to a process such as heat-treatment is 
known. 


J. A. Mueuier.' It is gratifying to hear that grinding can 
produce stresses that not only fail to injure the surface but also 
leave it in a condition that may be desirable from the end use of 
the ground surface. 


®*“*The Influence of the Grinding Process on the Structure of 
Hardened Steel,”’ by John Wulff and W. E. Littmann, Trans. ASM, 
vol. 47, 1955, preprint no. 11. 

1%” Assistant Professor of Engineering Design, University of Cali- 
fornia, Berkeley, Calif. Assoc. Mem. ASME, 

11 Reference (2) of the paper. 

12 Reference (3) of the paper. 

'8 “Handbook of Experimental Stress Analysis,” by M. Hetenyi, 
John Wiley & Sons, Inc., New York, N. Y., 1950, p. 466. 

14 The Carborundum Company, Niagara Falls, N. Y. 


TRANSACTIONS OF THE ASME 


OCTOBER, 1955 


The pattern of stresses, as found by the author, has a remarka- 
ble parallel! in the efficiency or grinding ratio of the 
grinding wheel. The writer would like to bring out this parallel 
in an attempt to correlate stress with grinding ratio and ultimately, 
if possible, to set up a means of choosing grinding wheels to pro- 
duce favorable stresses or eliminate unfavorable stresses without 
the complexity of lengthy computations. 

The author indicates that the stresses produced by a change in 
wheel grade ranged from a shallow stress in the soft end of the 
grade range to a maximum in the middle of the hardness range 
and then to a lesser stress in the hardend. The grinding ratio, we 
have found, parallels this stress pattern remarkably. Fig. 10 of 
this discussion shows the grinding ratio of a range of surface- 
grinding wheels. The soft wheel produces a low grinding ratio, 
and as the grade of the wheel becomes harder the grinding ratio 
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becomes greater until it reaches a maximum and then falls off. 
In the soft end of the grade range, continuous breakdown occurs 
and this continues until the wheel becomes too hard for the 
operation and then discontinuous breakdown sets in. The wheel 
loads and unloads and breaks out rather than wears away. The 
grinding ratio strikingly follows the stress pattern as the wheel 
grade is changed. 

In the stress pattern at unit downfeeds ranging from 0.0001 in. 
to 0.002 in., the author found that there was little difference in 
the stresses up to a downfeed of 0.001 in. There was a signifi- 
cant change at a downfeed of 0.002 in. Fig. 11, herewith, shows 
the grinding ratio at various downfeeds. At the smallest down- 
feed the grinding ratio is small and at heavier infeeds the grind- 
ing ratio becomes greater until a maximum is reached and then 
proceeds to fall off. Again the stress pattern shows a remarkable 
similarity to the grinding ratio. 

The third parallel between stress and grinding ratio occurs 
when grinding with straight oil, an oil-water emulsion, and air. 
Grinding oil produced higher stresses than the oil-water emulsion. 
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Fig. 12 shows the grinding ratio for straight oil, and oil-water 
emulsion, and dry. Grinding oil produced the highest grinding 
ratio, air was the next highest, and the emulsion was the least 
efficient. 

If the author were to have ground in air at the 0.002-in. 
downfeed the stress pattern might have fallen between the straight 
oil and the water-emulsion curves. 

In summary there is a striking similarity between the stress 
pattern and the grinding ratio, and it leads to the conclusion 
that in any grinding operation a compromise must be effected 
between any or all of the multiplicity of operations that a grind- 
ing wheel is called upon to perform. We must compromise 
among production rate, wheel life, dimensional tolerance, 
stress generation, form-holding ability, surface finish, stock 
removal, and many other operations. 


AUTHOR’s CLOSURE 


The author wishes to thank the discussers for their interesting 
and helpful contributions to the paper. 

The question of cross-feed grinding versus plunge grinding raised 
by Messrs. Christenson and Littmann is extremely pertinent. 
The author has no data on plunge-ground surfaces. Cross-feed 
grinding was normally employed in grinding the test bars to an 
intermediate thickness of 0.140 in.; however, the exact cross-feed 
procedure used for the final 0.0005-in. cut on each surface of bar 
No. 202 (Fig. 8 of the paper) is not known. The fact that such 
markedly different stress distributions were obtained with a 3-in- 
wide wheel suggests that wheel width and cross-feed are important 
factors for future study. 

It is encouraging to learn that another laboratory, using grind- 
ing procedures probably somewhat different from those described 
in the paper and determining stresses by an independent method, 
finds stress distributions similar to those in Fig. 8. The obser- 
vation of Messrs. Christenson and Littmann that a given grind- 
ing operation establishes a characteristic surface stress, relatively 
independent of any initial stress resulting from heat-treatment, 
is substantiated by experience in our own laboratory. In fact, 
there is a good deal of evidence that each pass of the wheel wipes 
out existing residual stresses to the depth to which it plastically 
deforms the surface and introduces its own characteristic stress. 
If the stress initially present extends deeper than the plastic de- 
formation by grinding, the stress distribution resulting from grind- 
ing joins that of the previously existing stress at a depth corre- 
sponding to the lower edge of the layer deformed by grinding. 

The picture of the origin of grinding stresses proposed by 
Messrs. Christenson and Littmann is, in general, one to which the 
author subscribes. The substantial difference between 0,’ and 
og,’ near the surface and their rather close agreement at depths 
below 0.001 in. is consistent with this picture. 

Professor Frisch points out that tensile grinding stresses have 
previously been found on the surface of annealed steel (2, 3) and 
suggests that the compressive surface stresses found in the pres- 
ent work on hardened steel are a composite of those caused by 
grinding plus those from some other source, probably heat- 
treating. Aside from the fact that there appears to be no inher- 
ent reason why the grinding stress distributions in quenched and 
tempered specimens should be identical with those found in an- 
nealed specimens of different chemical composition, the suspicion 
that the results presented in the paper are appreciably affected 
by initial thermal stresses is not confirmed by experimental data. 

Fig. 13 of this closure shows the residual stress in the surface 
of a typical bar as heat-treated. Recalling that the intermediate 
grinding removed 0.010 in. and the test grinding another 0.910 
in., the initial thermal stress to be considered is that at a depth 
of 0.020 in. and below in Fig. 13. In this range it does not ex- 
ceed 1000 psi in absolute value, which is of no significance in com- 
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parison with the grinding stresses. A further indication of the 
insignificance of the initial stress is given by Fig. 8 which shows 
the initial stresses in both surfaces of a typical bar at the beginning 
of the test grinding. It is quite apparent that the removal of 
0.010 in. from each surface gets well below any stress initially 
present. 
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It does not seem likely that the residual stresses induced in the 
edges of a specimen by the careful parting procedure described 
in the paper can influence the determination of stresses in the test 
surface appreciably. The greatest depth of stress penetration 
encountered in the surface-grinding experiments, even under the 
severest conditions tested, was only about 0.008 in. It seems 
reasonable that stresses set up in the edges of the specimen by the 
side of the cutoff wheel, operating as described, would be smaller 
and penetrate less deeply. Irrespective of their magnitude, the 
fact that they are confined to such a thin layer on the edges prac- 
tically precludes the possibility of their affecting the determina- 
tion of stresses in the surface of interest, 
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This reasoning is substantiated by the graphs in Fig. 14 which 
also help to answer the question of relief of grinding stresses by 
the parting operation. The upper graph represents the stresses 
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in a 2-in. square specimen, cut from a bar by the procedure out- 
lined, and then surface-ground. The lower graph represents the 
stresses in a specimen of the same dimensions cut from another 
bar (No. 214, Fig. 7 of the paper) after surface grinding. The 
grinding conditions were nominally the same except that the upper 
curves were obtained with a 38A461-K8VBE wheel while the 
lower curves were obtained with a 38A46-M8VBE wheel. Taking 
the comparatively small effect of wheel grade upon residual grind- 
ing stresses into consideration, it is apparent that the distribu- 
tions in Fig. 14 agree with each other as closely as those from the 
top and bottom surfaces of the same specimen. It is perhaps 
worth pointing out that the steep negative gradients close to the 
surface in Fig. 14 appear to be characteristic of dry grinding on 
steel of the composition and hardness used in the experiments. 

Since the results presented in the paper do not appear to have 
been influenced appreciably either by initial stresses or by the 
parting procedure, it is logical to believe that the difference be- 
tween grinding-stress distributions previously published (2, 3) 
and those in the present paper is primarily due to differences in 
grinding conditions and in the chemical composition and heat- 
treatment of the specimens. For purposes of clarification, it 
should be pointed out that all of the specimens discussed in ref- 
erences (2) and (3) were annealed and ground dry. 

The parallelism in behavior between grinding ratio and re- 
sidual stress pointed out by Mr. Mueller is indeed interesting. If 
one chooses either the peak tensile stress or the net area under 
the stress-distribution curve as his criterion, there is some indi- 
cation that high stress is inevitably the consequence of high grind- 
ing efficiency. This conclusion is supported by a comparison of 
Fig. 5 with Fig. 10, and Fig. 6 with Fig. 11. Although, in the 
latter case, the range of unit downfeeds in Fig. 6 lies below that 
in Fig. 11, experiments in our laboratory with both annealed and 
fully hardened tool steel have shown that the area under the stress 
curve increases with unit downfeed and reaches a maximum in 
the neighborhood of 0.004 to 0.006 in. 

The correlation is confused somewhat by the stress data ob- 
tained with different types of grinding fluid. Although the data 
for the 0.002-in. unit downfeed in Fig. 7 are consistent with the 
view that stress and grinding ratio go hand in hand, those for the 
0.001-in. unit downfeed support the opposite conclusion. 

The peak tensile stress is certainly to be regarded with suspicion 
in so far as its influence upon service life is concerned; neverthe- 
less, there are other features of grinding-stress distributions which 
may be of comparable importance. For example, bar No. 216 
(Fig. 7) has comparatively high tensile peaks at a depth of about 
0.001 in. but at the surface it has high compressive stresses. At 
present it is not known what effect, if any, these two features of 
the stress distribution, either individually or in combination, 
may have upon service life. 

Irrespective of the criterion used, the variation of stress with 
either wheel grade or unit downfeed (Figs. 5 and 6) is modest in 
comparison with the differences exhibited by bar No. 204 (Fig. 6) 
and bar No. 202 (Fig. 8), yet both of these bars were ground with 
soft wheels at the same final unit downfeed. It is our lack of 

knowledge concerning the causes for large differences such as 
these which emphasizes the need for residual stress studies on a 
much wider range of grinding conditions. 
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The residual surface stresses induced by grinding a 
hardened SAE 4340 steel have been investigated by means 
of x-ray diffraction and by optical interferometric methods. 
The depth of penetration of the residual stresses increases 
as the severity of grinding is increased. The higher the 
hardness level of the steel, the greater is the absolute value 
of the residual stress. The magnitude of the residual 
stresses varies from 100,000 psi in tension to 135,000 psi in 
compression depending on the hardness !evel of the steel 
and the severity of grinding. Light grinding produces 
residual compressive stresses while heavy grinding pro- 
duces tensile stresses. 


INTRODUCTION 


ANY studies have been made on the stresses induced in 
M steels by grinding operations and it is generally accepted 
that the grinding produces tensile stresses in the surface 
and their magnitude is a function of the condition of the steel and 
the grinding variables (1 to 5).4 The present investigation differs 
from previous work in that two methods for residual-stress meas- 
urement were used; steels of high hardness were used; grinding 
more closely approximated industrial practice in that multiple- 
pass grinding was used. 

The higher-strength steels, i.e., those heat-treated to the higher 
hardness levels, are becoming of increasing industria! significance 
for many applications, and since grinding is the most common 
method of finishing machined parts at these high hardness levels 
this work was initiated to determine the sense and magnitude of 
the residual stresses produced by such grinding. 

In any grinding operation there are numerous variables which 
can be expected to influence the induced surface stresses. The 
composition, structure, and properties of the metal; the feed, 
speed, and depth of cut in grinding; the composition, grain, and 
bond of the grinding wheels; the type and quality of the coolant; 
are a few of the more important ones. In the present investiga- 
tion the grinding wheel and coolant variables were not investi- 
gated or changed except to change the severity of grinding. 
Several arbitrary degrees of grinding severity were investigated 
at different hardness levels on a quenched and tempered SAE 
4340 steel. 
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*Graduate Student, Metallurgical Engineering, University of 
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REsIDUAL-STRESS- MEASUREMENT METHODS 


The use of x-ray diffraction for stress measurements is not new 
but its use on hardened steels has not been too successful be- 
cause of several complicating factors. The use of x-rays is based 
on the fact that residual stresses cause distortion of the metal 
lattice and this distortion is reflected in changes in interplanar 
spacings which can be detected by x-ray diffraction. The dif- 
ferentiated Bragg equation gives 
A cot 6 
where 

d = interplanar spacing 
6 = diffraction angle 
\ = wave length 


The nature of the geometry of the high-angle spectrometer is 
such that the d-value in the foregoing equation is for planes which 
lie parallel to the specimen surface being irradiated with x-rays. 
The measurements are made perpendicular to the surface while 
the stresses to be evaluated are parallel to this surface. Elastic 
theory is used to relate these stresses as follows 


Ad/d; = + €, = —Ee,/o, 
+0,; Ad/d = —vo,/E =—cot@A0; o, = 0, +0,; o, = 
EA@/v tan 6 


where 
€z.y.2 = Strain in z, y, or z-direction 
O,.y.2 = Stress in z, y, or z-direction 
E = Young’s modulus, 30 X 10° psi 
v = Poisson’s ratio, 0.28 


From the Bragg equation it is apparent that the maximum 
sensitivity for the determination of the residual stress is ap- 
proached in the back-reflection region of x-ray diffraction. The 
choice of radiation will determine how far back into this region it 
is possible to go since the material to be investigated has fixed 
parameters. Other factors such as absorption, fluorescence, 
scattering, etc., must be taken into account and this then limits 
the radiation to either chromium or cobalt. Cobalt was used in 
this work since it gave the greatest possible angle of diffraction 
with the unit available although chromium radiation would have 
been better in that a greater intensity of diffraction would be ob- 
tained. A Norelco high-angle spectrometer was used in this work. 

While the foregoing are the essential theoretical considera- 
tions, there are several complicating factors which must be taken 
into account. Since the material being investigated is a hardened 
steel, considerable internal stress is already present before grind- 
ing, and the effect of this stress on the x-ray pattern is to produce 
broad diffuse lines in place of the sharp well-defined lines that 
would be obtained from a stress-free metal. This broadening of 
the diffraction lines causes merging of the a,a2 doublet and in 
order to separate this doublet an extensive correction technique 
must be applied to the experimentally determined peaks. T!* 
separation of the doublet is accomplished by a method suggested 
by Finch (6). This technique assumes that the composite in- 
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tensity of the diffracted beam can be represented by the relation- 
ship 
I = Ia, + Ia: = sech? hr + 1/2 sech* h(x — 1) 
where 
I = intensity 
h = factor associated with line width and a function of stress, 
faulting, fragmentation, etc. 
x = angular units wherein the completely resolved doublet 
separation is equal to unit (i.e., a, peak z = 0, a2 peak 
z= 1) 


Since only the peak position of the a, line is desired, the inte- 
grated line intensity obtained experimentally must be corrected 
for the apparent shift caused by the a, line. This correction can 
be calculated from the intensity equation by plotting this equation 
for various values of h. From this plot a first estimate of the 
apparent peak is determined. The peak position is calculated by 
differentiating the intensity equation to give 


tanh (hx) sech* (hr) = —'/, tanh A(x — 1) sech* h(x — 1) 


and solving this graphically. The substitution of the peak value 
into the previous equation gives the half-height of the line and 
this then permits the graphical determination of the width. 
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Fig. 1 is a plot constructed as indicated in the foregoing. It is 
used by plotting the actual line contour, measuring the half- 
height width, using Fig. 1 to obtain the correction, and this is then 
subtracted from the apparent peak as determined by least-squares 
analysis. In determining the peak intensity of the trace of the 
220 line of the ferrite in the steel, a manual counting technique 
was used. A constant count procedure was used at increments of 
0.02 dez 20 and the resulting trace of the curve plotted and 
fitted to an equation using the method of least squares. This 
equation was then differentiated to find 
the maximum. If carried out manu- 
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cal to that described by Letner (5). Briefly, the method in- 
volves following the change in curvature of an initially flat work 
specimen as successive layers of the stressed surface are etched 
away. Calculations, involving the change of curvature plus a 
correction for elastic relaxation following etching, serve as the 
basis for determining the continuous stress-distribution function 
for both principal stresses in the plane of the test plate. Note that 
this is different from the method used in x-ray analyses which gives 
only a single value, the stress sum for the plane of the test plate. 
The stress functions obtained in the interferometric method are 
continuous despite differential etching since the principal stress 
component is based on the rate of change of curvature as meas- 
ured from continuous plots of curvature versus the amount of 
metal etched from the stressed surface. 

The equations for the principal stresses and a sketch of the di- 
mensional properties of a specimen are shown in Fig. 2. In all the 
grinding operations one principal stress was parallel to the cutting 


direction. The meaning of the symbols in Fig. 2 is as follows: 
o,and o, = principal stresses in planes parallel to test surface 
Wo — z = cumulative thickness of metal removed by etching 
wo = original thickness of material 
E = Young’s modulus 
v = Poisson’s ratio 
C, = curvature of specimen in direction of o; after etch 
C: = curvature of specimen in direction of o2 after etch 


EXPERIMENTAL PROCEDURES 


The steel used in this work was taken from a billet of SAE 4340 
steel 2in. X 4 in. X 16 in. This billet was sectioned to produce 
pieces 7/5 in. X 7/s in. X 5/16 in. and 2 in. X 2 in. X 5/16 in. 
The pieces were hardened by heating to 1550 F for 2 hr, then 
quenching into oil. Tempering was carried out by heating to tem- 
peratures of 300, 450, 700, and 1100 F for 1 hr in a recirculating 
air furnace. These treatments produced hardness values of RC- 
55, RC-50, RC-46, and RC-32, respectively. Any decarburiza- 
tion that may have occurred was removed by grinding and 
lapping the test specimens. After lapping, the specimens were 
etched in a 5 per cent nital solution to remove any residual 
stresses put into the surface by the prior grinding or lapping 
operations. Approximately 0.006 in. was removed in this manner. 
This procedure has been shown to be effective in removing the 
disturbed surface without introducing any additional stresses (7). 
All grinding was parallel to billet length. 

After this treatment the 2-in. X 2-in. X 5/i-in. pieces were 
metallographically polished on one of their flat sides to produce a 
specular surface. This surface was maintained throughout all 
subsequent treatments in order to follow the change in residual 
stress by the optical interferometric method described previously. 
The smaller pieces were used for the x-ray diffraction analyses. 

The test specimens were then carefully ground under the con- 
ditions listed in Table 1. Five consecutive passes were made over 
the surface of each piece. Conditions 1, 2, and 6 at hardness levels 
of RC-55, RC-50, and RC-46 were examined for residual stress by 
the x-ray diffraction method while all conditions at all hardness 
levels were examined by the interferometric method (5, 7, 8). 

The ground specimens for x-ray analysis were mounted in a 
special fixture to position the pieces in exactly the same position 


TABLE 1 GRINDING CONDITIONS 


Cutting speed, ee - speed, Wheel fam and Wheel 


ally, this procedure is extremely la- Condition Depth of cut, —Feed, = - width, in. Fle mo 
borious but by using a CPC-IBM com- ee 0.0007 0.050 6000 45 12X1 BANEVBE 

cura reduced, 0.0007 0.050 
study the residual stresses was identi- Norte: Coolant was 5 per cent NaNO: by weight except for Condition 6 which was dry. 
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in the x-ray beam and a trace of the 220 ferrite line was obtained, 
the peak position determined and corrected as previously de- 
scribed. The specimen was then coated with paraffin except on 
the ground surface and a layer etched off this surface with nital 
for a depth of a few ten thousandths of an inch. The specimen 
was then cleaned and remounted in the x-ray fixture and the 
position of the peak redetermined. Successive layers were re- 
moved and the peaks determined until no change in the location 
of the peak was detected. This condition was then taken as the 
stress-free reference point and using these data it is possible to 
compute the stress at any point referred to this base using the 
relationship 
S, = 38, + 8, = (0 — 0,)E/v tan 0 
where 
@ = diffraction angle where stress is to be determined 
6,, = diffraction angle of stress-free reference point 
E = Young’s modulus, 30 psi 
vy = Poisson’s ratio, 0.28 


Figs. 3, 4, and 5 summarize the data obtained in this fashion for 


FEEDING 
DIRECTION 


with paraffin except for the ground surface which was incremen- 
tally etched in steps of 0.00005 to 0.001 in.; the smaller incre- 
ments were taken near the work surface. The curvatures of the 
specimen were measured in the principal stress directions after 
each etch. The resulting curvature-depth curves provided the 
basis for the calculation of the principal stresses parallel to the sur- 
face using the equations shown in Fig. 2. Typical plots of the 
principal stresses versus depth below the surface are shown{in 
Figs. 6, 7, and 8. 

A more complete summary of the stress condition of the various 
test specimens is given in Table 2. The entries in this table are 
in the form of a numerator and a denominator. The numerator is 
the curvature multiplied by 10‘ and the denominator is the total 
depth of affected or stressed metal expressed in thousandths of an 
inch. Increased or positive curvature change upon removal of 
metal by etching indicates compressive stress while negative 
curvature change indicates tensile stress. The ratio of the nu- 
merator to the denominator is a gross indication of the predomi- 
nant stress since the principal component of the stress function is 
linearly proportional to the rate of change or the derivative of the 


TABLE 2 SUMMARY OF GROSS CURVATURE CHANGE IN RESIDUAL-STRESS 
SPECIMENS 


Curvature change/affected depth = in. X 10*/in. X 10? 


RC-55——. ——RC-50—. -——RC-46—~ ——RC-32— 
no. Cutting, feeding Cutting, feeding Cutting, feeding Cutting, feeding 
—2.4/7 —1.2/7 —0.7/4 —0.8/5 —0.3/2 +1.3/2 +0.1/2 +1.7/2 
—1.7/6 —2.0/6 —0.3/3 +1.0/3 —0.4/32 +1.5/3 +0.4/3 +1.5/3 
—1.2/6 —1.5/6 +0.5/2 +1.2/2 +0.3/2 +1.2/2 +0.4/3 +1.2/2 
—3.0/4 —1.2/4 —0.3/4 +0.3/4 —0.3/4 +0.5/4 —1.2/4 +0.3/4 
—5.2/9 —2.5/9 —0.5/3 6 —0.5/3 +1.0/3 —0.2/3 +1.2/3 
—3.0/6 —1.4/6 —0.7/6 +0.8/6 —3.5/6 —1.3/6 —3.2/6 —0.7/6 


the steel at three hardness levels which had been ground under 
three different conditions. 

The test specimens for the interferometric analysis were treated 
in a similar manner to the x-ray specimens. They were coated 


curvature with respect to the thickness of the affected metal. 
The entries of Table 2 reflect the severity of the grinding opera- 
tions in the following ways: The minimum average stress is pro- 
portional to the ratios given; unit ratio corresponds to a stress of 
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about 45,000 psi. The denominators indicate the depth of the 
affected region. The absolute value of the numerator is a 
measure of the energy absorbed through strain distortion. 

Table 3 contains a set of values which are a rough measure of 
the type and extent of the strain disturbance. These values were 
obtained by the algebraic addition of the numerators for the 
cutting and feeding directions shown in Table 2. Table 4 contains 
a set of values which are a rough measure of the energy absorbed 
by the strained surfaces. They are the product of the average de- 


TABLE 3 SUMMARY OF STRAIN 
(Sum of numerators in Table 2) 


Operation hardness, RC 
no. 55 50 46 32 
—3.6 —1.5 +1.0 +1.8 
—3.7 +0.7 +1.1 +1.9 
Gass —3.7 +1.7 +1.5 +1.6 
—4.2 0 +0.2 —0.9 
—7.7 —1.1 +0.5 +1.0 
6 .—4.4 +0.1 —4.8 —3.9 


TABLE 4 COMPARISON OF ENERGY ABSORPTION 
(Product of average depth and absolute value of curvature change) 


Operation hardness, RC — 
no. 55 50 46 32 
BA 25.2 6.7 3.2 3.6 
2 . 3.9 5. 5.7 
3 22.2 3.4 3.0 4.0 
4 .16.8 2.4 3.2 6.0 
5 .69.3 3.3 4.5 4.2 
6 .26.4 9.0 29.0 23.4 


nominators and the sum of the absolute values of the numerators 
of Table 2. The data of both of these tables show that tensile 
stresses dominate in all grinding operations on the RC-55 speci- 
mens, that tensile stresses dominate in all of the dry grinding 
specimens, that the dominant stress is slightly on the compressive 
side for all other conditions, and that there is no appreciable dif- 
ference between these various surfaces. 


Sources or STRESS 


It is well known that the cutting forces in grinding operations 
are considerably smaller than those peculiar to the “thick-chip”’ 
operations such as milling or shaping. There is also a significant 
difference in the ratio of the cutting component to the normal or 
thrust component. The ratio is usually about 1:2 for the thick- 
chip operations and 2:1 for grinding operations. It is also known 
that the rate of energy release per unit volume of metal removed 
is from 5 to 20 times as great for grinding as compared to other 
methods of metal removal. These facts in combination with the 
stress-distribution curves obtained in this study would lead one 
to classify the stress sources as being either mechanical or thermal 
in nature or some combination of these two. If one associates 
the compressive stresses with mechanical sources, and tensile 
stresses with the thermal sources then the shape of the stress- 
distribution curves can be considered as the sum of these two 
effects. 

Fig. 9 illustrates the sense and magnitude of these stress sources, 
while the plots of Fig. 10 show how these sources might superim- 
pose in the actual grinding process. The mechanical and thermal 
sources of stress will differ as to magnitude and depth of penetra- 
tion, depending on the grinding conditions, and the dominance of 
one or the other will be reflected in the resulting stress distribu- 
tion. Fig. 10 illustrates this combination of effects. Case I 
shows an operation in which the thermal source is dominant while 
Case II is one in which the thermal effect is smaller in comparison 
to the mechanical effect. The MC refers to mechanical cutting; 
the TC to thermal cutting; MR to mechanical rubbing; and TR 
to thermal rubbing. 


LrMITaTIONS ON METHODS 
The x-ray method of determining residual stress as used in this 
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investigation has several limitations which should be recognized. 
Cobalt radiation and the 220 line of ferrite were used. This gives 
a 2 6-value on the order of 124 deg which is not far enough back in 
the back-reflection region for maximum sensitivity. The use of 
Cr radiation would have placed this angle at 156 deg and, in 
addition, would have produced a more intense line for analysis. 
Since the 220 line of the ferrite was used it should be recognized 
that changes in the ferrite due to tempering may occur from the 
heating effect produced in grinding. The quenched and tempered 
steel is not in an equilibrium state and the grinding heat may 
have permitted some precipitation of the carbide from solution 
and this could change the interplanar spacings that were meas- 
ured. The nonhomogeneity of the grinding operation and the 
structure of the steel might contribute considerable uncertainty 
to the stress determination. 

While duplicate tests were made and fair agreement obtained, 
duplicates checked to within +4000 psi, there is some scatter 
from specimen to specimen. Some of the scatter is statistical but 
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this is not the only source of variation. Grinding is a nonhomo- 
geneous process and certain areas may be more severely abraded 
than others and this could result in a nonhomogeneity of residual 
stress. In computing the residual stresses the moduli values were 
assumed to be isotropic while this is known to be not true except 
as a first approximation. 

The interferometric method also is subject to some of the 
limitations listed in the foregoing and, in addition, is probably not 
sensitive enough to provide reliable values for stresses within the 
first 0.0005 in. below the surface. In addition, there are other 
possible sources of error such as in the measurements of the 
optical interference bands, variations in etching, residual stresses 
from heat-treatment, and so on. 

While absolute limits on the accuracy of either method cannot 
be stated explicitly, it is believed that certainly the magnitude and 
sense of the stresses have been determined adequately. 


CoNCLUSIONS 

1 All grinding stresses are relatively superficial, not exceeding 
0.006 in. in depth on the average. 

2 Critically high stresses and stress gradients do not exceed 
0.002 to 0.003 in. in depth below the ground surfaces. 

3 The greater the severity of grinding, the greater is the mag- 
nitude of the residual stress. 

4 Severe grinding produces predominantly tensile surface 
stresses while less severe grinding can produce compressive sur- 
face stresses although in most cases severe stress gradients can 
exist near the surface layer for all kinds of grinding. 

5 The higher the hardness level of the steel, the greater is the 
residual stress and residual-stress gradients that exist in the 
ground surface. 
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Discussion 


J. L. Beaton.’ The necessity for evaluation of effects of 
grinding has of recent years assumed ever-larger proportions. 
Microstructural changes of rehardening and retempering during 
abusive grinding have received attention in view of their demon- 
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strated deleterious effect on cutting-tool life. Further than this, 
applications involving necessity for electroplating subsequent to 
grinding operations, have resulted in demonstrations of high- 
order residual stresses in superficial layers of ground surfaces 
when additive stress-corrosion or hydrogen-embrittling effects of 
the electroplating operation or preparatory chemical cleaning 
have resulted in cracking of the steel beneath the plate. While 
metallurgical transformations of steel surfaces during grinding 
are probably the worst offenders in promoting high-order stresses 
that result in such “grinding checks,” introduction of stresses by 
abusive grinding short of resulting in transformation may be of 
an order sufficient to result in the same effect. Indeed, supple- 
mented by inherently introduced tensile stresses of certain 
electroplates such as chromium, tensile stresses induced in 
grinding may easily tip the balance toward premature fatigue 
failures even though cracking may not have resulted during the 
plating operation itself. 

Because of serious economic factors in loss of material in 
finished stages of fabrication as well as possible structural 
inadequacies in service involving fatigue, it was obvious that a 
tool capable of evaluating grinding practices for their degree of 
effect on structural behavior needed to be developed. It is be- 
lieved that the authors have applied techniques to the problem 
that have demonstrated their applicability by confirmation of 
theoretically derived data as well as certain effects noted in 
large-scale production of electroplated high-strength steel 
cylinders. Certainly the studies have not provided the final 
solution, but the authors are to be congratulated on furthering 
the art and demonstrating a useful technique capable of per- 
forming invaluable service in developing grinding wheels and 
grinding techniques that will be most suitable to critical ap- 
plications. 

It is hoped that this progress will be integrated into the over- 
all progress of grinding in efficiency of metal removal and pro- 
duction of surface finish so that the proper balance is attained 
and due regard may be paid to the aspects developed in this 
work where residual stresses may play a significant role. 


R. E. Oattvie.* With regard to the x-ray stress-measuring 
technique described in the paper, the authors realize the insen- 
sitivity of the diffraction line used, but the writer questions 
whether they realize the exact magnitude of the errors. The 
stress constant is about 10,000 psi per 0.01 deg in theta. The 
writer is quite certain that the line position from a hardened- 
steel specimen cannot be determined better than 0.02 to 0.03 deg. 
This would mean a probable error in the measured stress of 
20,000 to 30,000 psi. 

The writer can see no reason why chromium radiation was not 
used in measuring the 211 line with the two-exposure technique. 
This would remove any doubt as to the effect on the interatomic 
spacing in the tempered and rehardened layer due to grinding. 
This effect has not been taken into account in this investigation. 
The stress constant would be about 1600 psi per 0.01 deg or an 
increase in sensitivity by a factor of 6. 

The line position need not be the true position of the Ka, but 
any reference point may be used as long as it is consistent for the 
normal and oblique measurement. The peak position may be 
measured by fitting a parabola to the peak by the method of 
least squares or a technique used by Timken Roller Bearing 
Company where they extrapolate straight lines on the side of the 
peak, the intersection of these lines being the reference position. 
This procedure works in their case but it is believed in the higher- 
tempered steels investigated that this method will not work. The 
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center of gravity also may be used; however, this requires that 
the background be reached on both sides of the peak. 

Considerable refinements are necessary but this is definitely a 
step in the right direction, and it is hoped that further work will 
be done along these lines. 


H.R. Lerner.’ The results which the authors have presented 
are indeed a welcome addition to the relatively small fund of 
experimental information available on the effect of conditions of 
grinding and workpiece material upon residual grinding stresses. 
It is encouraging to see objective studies, such as this one, furnish 
information to supplant “grinding stresses are tensile stresses” 
generalities in engineering literature. 

Although the authors’ data adequately support their conclu- 
sions for the SAE 4340 steel which they used, our own research 
on another steel indicates that their fifth conclusion may be 
limited in its generality. Fig. 11 of this discussion typifies the 
variation of residual grinding stress with heat-treatment which 
we have consistently observed in experiments with manganese 
oil-hardening tool steel (0.92 C, 1.38 Mn, 0.019 P, 0.28 8, 0.013 
Si, 0.45 Cr, 0.41 W). These data were obtained from 2-in- 
square specimens austenitized at 1475 F, quenched in oil, and 
tempered as indicated. 

At the end of the grinding test in question, the specimens were 
0.198 in. thick, 0.036 in. having been removed from the test 
surface of each specimen following heat-treatment. The six 
specimens were placed in a row on the chuck of a horizontal- 
spindle, reciprocating-table-type surface grinder and ground 
dry with a 7*/s-in. X '/2-in. X 1'/-in. 38A461-J8VBE wheel. 
The wheel speed was 6000 fpm, traverse speed 60 fpm, unit 
crossfeed 0.050 in., and unit downfeed 0.001 in. 

The average stress decreases with decreasing hardness until it 
reaches a minimum in the neighborhood of RC-54 to RC-47, then 
increases as the hardness continues downward. The thickness 
of the stressed layer exhibits a similar behavior, reaching a 
minimum value of 0.0007 in. in the RC-47 test piece, which is 
about one tenth of its value in the RC-64 and RC-12 specimens. 
Comparison of the behavior of this steel with the authors’ 
SAE 4340 suggests that the effect of prior heat-treatment upon 
residual stresses induced by grinding is different for steela of 
different compositions. 


AuTuors’ CLosURE 


The authors would 'ike to thank the discussers for their com- 
ments. In regard to Mr. Ogilvie’s comments it should be 
pointed out that the authors were well aware of the necessity of 
measuring accurately the position of the diffracted lines. It 
was for this reason that a least-squares fitting of the intensity 
data were carried out on a punched-card computer using a 
minimum of twenty-four points to obtain the curve. Repetitive 
traverses of the same surface resulted in maxima which were 
within +0.005 deg for 26. Chromium radiation would have been 
more satisfactory but at the time this work was being done this 
type of tube was unavailable. Admittedly, a two-exposure 
technique would have yielded more information but it is doubtful 
if the extra work involved could be justified. 

We are grateful to Dr. Letner for presenting his results on tool 
steel. The fact that these data show a different sensitivity to 
work hardness is not surprising. Further work along this line 
can be expected to give rise to apparently anamolous results until 
the mechanism of producing residual stresses is better under- 
stood. The problem is not yet solved and future investigators 
would do well to be prepared to expect almost anything in the 
way of results. The problem is fascinating when one considers 
the potential for learning more about the mechanism of metal 
cutting itself. 


7 Senior Fellow, Mellon Institute, Pittsburgh, Pa. 
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A rapid, iterative method is presented for computing the 
distribution of temperature at the tool-chip interface. 
Calculation shows that the maximum temperature occurs 
at a point near the trailing edge of the contact when 
chips are produced at conventional feeds and speeds with 
sintered-carbide tools. The heat-flux distribution at the 
interface is also obtained. The analysis reveals that, under 
the usual conditions, heat is being conducted from the tool 
into the chip over a small region close to the cutting edge. 
It also has been found that the thermal conductivity of the 
tool material has only small influence on the mean cutting 
temperature. Relatively more significant is the effect on 
the temperature distribution. The role which the inter- 
face-temperature distribution plays in the formation of 
crater wear is pointed out. 


NOMENCLATURE 
The following nomenclature is used in the paper:* 


C = specific heat of chip material, Btu/(lb)(deg F) 

= distance, in. 

friction force, lb 

cutting force, lb 

shearing force, lb 

thrust force, lb 

mechanical equivalent of heat, 9336 in-lb/Btu 

RK, thermal conductivity of chip material, Btu/(min)(sq in. )- 
(deg F/in.) 

thermal conductivity of too] material, Btu/(min)(sq in.) 
(deg F/in.) 


L, = a dimensionless quantity = 

2! = length of the tool-chip contact, in. 

2/, = length of shear zone = ¢, csc @, in. 

number of subdivisions on tool top surface along length 
of contact 

one half number of subdivisions on tool top surface along 
width of contact 

rate of heat being transferred into tool top surface 
through lattice point at ith column, Btu/min 

rate of total heat generation per unit area of tool-chip 
interface, Btu/(min)(sq in.) 

4c = interface heat flux going into chip, Btu/(min)(sq in.) 

interface heat flux going into tool, Btu/(min)(sq in.) 

= rate of total heat generation per unit area of shear plane, 

Btu/(min)(sq in.) 


' t Associate Professor of Mechanical Engineering, University of 
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Professor of Mechanical Engineering, University of Illinois. 
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3 Merchant’s original nomenclature is retained wherever feasible. 
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Temperature Distribution at the Tool-Chip 
Interface in Metal Cutting 


By B. T. CHAO! ano K. J. TRIGGER,? URBANA, ILL. 


thermal number = 

chip-thickness ratio = t,/t. 

thickness of “chip” before removal from workpiece 
(feed), in. 

thickness of actual chip, in. 

cutting velocity, fpm 

cutting velocity, ipm 

chip-flow velocity, ipm 

velocity of shear, ipm 

width of chip before removal from workpiece (depth 
of cut), in. 

width of tool-chip contact, in. 

rake angle of tool 

shearing strain undergone by chip during process of re- 
moval 

@ = ambient temperature, or initial uniform temperature of 

workpiece, deg F 

6, = average temperature of chip as it comes off shear zone, 
deg F 

average temperature rise of chip above ambient as it 
comes off shear zone = 6, — 6, deg F 

6; = local interface temperature, deg F 


R, = 


A@; = local interface temperature rise above ambient = 0; — 
6, deg F 
60; = local interface temperature rise above 6, = 0; — 6,, deg 
F 
kx, = thermal diffusivity of chip material, sq in/min 
A, = fraction of shear-zone sensible heat conducted into work- 


piece 
p = weight density of work or chip material, pci 
@ = shear angle 


INTRODUCTION 


Tool-chip interface temperature has long been a subject of in- 
terest to many investigators in the field of metal cutting. Early 
in this century Taylor (1)‘ reported that heat generated during 
the machining of metals played an important role in the wear of 
cutting tools. This instigated his search for a better tool material 
and led to the discovery of high-speed tool steels and their heat- 
treatment. Shore (2), Gottwein (3), and Herbert (4) were among 
the first to employ the tool-work thermocouple technique to de- 
termine quantitatively the average temperature at the tool-chip 
interface. Schwerd (5) determined the temperature field in the 
workpiece and the deformed chip material by the use of a radia- 
tion pyrometer. Schallbroch and Lang (6) employed thermo- 
sensitive colors to measure the surface temperature distribution 
of the tool and hence estimated the temperature at the cutting 
edge. 

The first attempt to evaluate, analytically, the tool-chip inter- 
face temperature was made about 5 years ago (7). It was pointed 
out that in metal-machining operations there were two principal 
sources of heat generation, namely, the shear zone and the inter- 
face. Each contributes to the rise of temperature at the tool-chip 


4 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 


1107 


: 

ts 

Us 
$ 

| 

— 
re 

| 
| 
| 

| 
7 

j 


1108 


interface. More recently, Outwater and Shaw (8), Leone (9), 
Loewen and Shaw (10) introduced some refinements into the calcu- 
lations. The partition of the shear-zone energy between the chip 
and workpiece was computed instead of being assumed, and thus 
the theoretically calculated average temperature was brought into 
closer agreement with the experimental data. However, the 
question of the temperature and heat-flux distribution over the 
tool-chip contact was not answered. This distribution is the pri- 
mary objective of the present paper. 


Srupres on MEcHANISM OF Toot WEAR ACCENTUATE NEED FOR 
INTERFACE-TEMPERATURE DISTRIBUTION 


Experimental study of the development of top face wear of a 
cutting tool over wide ranges of cutting speeds and feeds and dif- 
ferent tool-work combinations invariably reveals that cratering 
starts at some distance from the edge of the tool. Fig. 1 is a pho- 
tographic record of the cross section of a carbide cutting tool after 


AISI 4150 (modified) Q & T, 325 Bhn 
Steel-cutting-grade carbide 
0-6-7-7-10-0-0.015 in. 

367 fpm 

0.00632 ipr 

0.125 in. 

145X 

17.78 min 


Fie. 1 Cross Secrion or A Worn 


Work material: 
Tool material: 
Tool shape: 
Cutting speed: 
Feed: 

Depth of cut: 
Magnification: 
Cutting time: 


prolonged use. Such a profile is typical for continuous chip forma- 
tion with either type 2 or type 3 chips. The lack of wear over a 
certain region behind the cutting edge cannot, therefore, be ex- 
plained in terms of the built-up edge. 

The fundamental mechanism of tool wear has been under study 
since 1952, in the Metal Cutting Research Laboratory at the 
University of Illinois and results have indicated that adhesion 
wear plays a major role in the formation of tool crater.5 Under 
many circumstances, Holm’s concept (11) of the probability of 
material removal, when interpreted in terms of aggregates of 
particles, can be used to advantage. For a given tool-work pair, 
it is thus deduced that the local temperature at the point of 
actual engagement is a principal factor. Conceivably, if this 
were the case, the crater formation can very possibly be the re- 
sult of nonuniform temperature distribution at the interface. If, 
on the other hand, the nonuniformity of pressure distribution 
were the predominating factor, a wear profile such as illustrated 
in Fig. 1 could mean that either there would be a persistent built- 
up edge over the region a or the pressure there be negligible. 

With the cutting conditions selected for a large number of 


'Details will be reported in a subsequent paper. 
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cases used in the experimental study, the chip showed little evi- 
dence of a pronounced built-up edge. It is difficult to eompre- 
hend the existence of an abrupt pressure drop near the cutting 
edge of the tool. If this cutting edge is dubbed slightly with a 
diamond hone the thrust force F, is increased appreciably (some 
10 to 15 per cent); in other words, the cutting edge is “in busi- 
ness.” Nonuniform chip-pressure distribution is also at variance 
with Lee and Shaffer’s analysis (12) of the chip-formation me- 
chanics, 

Following metallurgical reasoning and detailed examination of 
the wear process, Trent (13) concluded that cratering wear was 
essentially temperature-dependent. An estimate of the tem- 
perature distribution in the tool and at the interface was given but 
no calculation was attempted. 

Inasmuch as the tool-chip interface is not accessible for study 
during chip formation, any experimental method to ascertain the 
distribution of temperature will of necessity be indirect. By first 
measuring the surface temperature of the tool, using thermosensi- 
tive colors, Bickel and Widmer (14) determined the interface- 
temperature distribution with the help of an electric-analog field 
plotter. For the one case cited the maximum temperature which 
occurred at the very edge of the tool was 727 C (1341 F) and the 
minimum was about 600 C (1112 F). The average cutting tem- 
perature as measured by the tool-work thermocouple technique 
was 560 C (1040 F) which is less than the minimum. Bickel and 
Widmer’s result is at a variance with that of Trent. The desira- 
bility of a more accurate distribution of temperature at the inter- 
face is therefore evident. 


Dirricutties AristInc From or Biox’s PARTITION 
PRINCIPLE 


One of the problems in the analytical evaluation of the metal- 
cutting temperature concerns the division of the interface heat as 
well as the division of heat generated at the shear zone. The con- 
ventional method for an approximate solution is the procedure 
first suggested by Blok (15). For the interface, it may be de- 
scribed briefly as follows: If the rate of heat generation per unit 
area of the interface is g,, and if \, designates the fraction of this 
interface heat being conducted into the tool, (1 — A,;) must repre- 
sent the portion of the thermal energy being transferred into the 
chip provided that all heat losses are ignored. An expression is 
then derived which gives the average temperature over the tool- 
chip contact due to a stationary heat source of intensity A,g,; on 
the top surface of the tool. A second expression which again gives 
the average temperature over the same contact can be formulated 
by considering the moving heat source of intensity (1 — A,)q, 
traveling with the chip-flow velocity at the separating surface of 
the chip. By equating these two expressions, the unknown A, can 
be evaluated. A similar method has been used for the determina- 
tion of the division of heat at the shear zone. 

While Blok’s procedure gives a convenient means of estimating 
the division of heat at moving contacts, it oftentimes results in an 
anomaly when the distribution of temperature is sought. This 
is due to the rather unrealistic assumption used in the procedure, 
namely, that the distribution of heat flux over the contact region 
is uniform. This latter viewpoint can probably be best illustrated 
by analyzing the cutting data which follow: 


Work material: NE9445 mill-annealed, 183 Bhn 
Tool material: Triple carbide 

Tool shape: 0~4-7-7-6-0-*/, 

Depth of cut: w, = 0.102 in. 

Feed: t; = 0.0098 ipr 

Cutting speed: V, = 300 fpm 

Tool forces: F, = 378 lb, F, = 192 lb 
Chip-thickness ratio: r, = 0.375 

Length of tool-chip contact: 27 = 0.0476 in. 
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Width of tool-chip contact: wz = 0.119 in. 

Room temperature: 65 F 

Interface temperature: 1300 F, as determined by tool-work 
thermocouple 


Pursuant to the procedure as outlined in a previous paper (7), 
the average temperature of the chip as it leaves the shear zone has 
been found to be 748 F. With a uniformly distributed heat flux 
at the chip surface, the temperature distribution on the chip sur- 
face can be calculated readily from Jaeger’s method of analysis 
(16). The result is shown by curve 1 in Fig. 2. It is seen that the 
temperature distribution is not uniform as a result of the chip 
motion; rather, the maximum shifts toward the separation point of 
the chip and the tool as speed and/or feed are increased. 


OES. F 
\ 


° 


LOCAL TEMPERATURE AT TOOL-CHIP INTERFACE, 


200 | UNIFORM DISTRIBUTION OF INTERFACE HEAT Pum 


Ratio, “toot 
q, 


° 
° 
° 


° 02 os 1.0 
FRACTION OF TOOL-CHIP CONTACT LENGTH 
MEASURED IN THE DIRECTION OF CHIP FLOW 


(1) Calculated from point of view of chip 
(2) Calculated from point of view of tool 


Fig. 2. DisTRIBUTION WITH UNIFORMLY 
Distrisutep Heat Fivx 


With an assumed uniform heat flux at the chip surface, the heat 
flux at the tool face over the contact likewise must be uniform. If 
heat loss is ignored, the resulting temperature distribution at the 
common interface calculated from the point of view of conduction 
in the tool is given by curve 2, Fig. 2. Use is made of Blok’s par- 
tition principle in the computation. While the calculated and the 
measured average temperature are in good agreement, the 
anomaly of having two completely different temperature distribu- 
tions at the common interface is evident. This has prompted the 
authors to re-examine the conventional assumptions and to intro- 
duce an improved method of calculation. It should be remarked 
that the difficulty encountered in the calculation of the true tem- 
perature field at the common interface was recognized by Blok 
some 15 years ago. However, no satisfactory solution had been 
found. 
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An APPROXIMATE BUT IMPROVED PRocEDURE 


From the preceding analysis it is concluded that, in order to 
bring the two temperature-distribution curves near to coincidence, 
the heat-flux distribution necessarily must be nonuniform. Ob- 
viously, the heat flow into the tool at, and in the neighborhood of, 
the cutting edge should be below average or even negative. In 
the vicinity of the tool-chip separation point, it should be con- 
siderably above average. Such a distribution is depicted sche- 
matically by curve b-b in Fig. 3. 


ele 
DISTANCE FROM CUTTING EDGE 
DIRECTION OF CHIP FLOW ——— TOOL- CHIP 
CUTTING SEPARATION POINT 


Fie. 3. Nonuntrorm InterFace Heat-Fivux Distrisution 


The first attempt made to elucidate the temperature field at the 
interface was an approximate analytical procedure in which a 
heat-flux distribution of suitable form was assumed. One of the 
several distributions used is an exponential relationship given by 


[1] 
in which 
4i.c = rate of heat transferring into chip per unit area at 
location 
q; = rate of total interface heat per unit area of contact 
(it is assumed to be uniform) 
21 = length of tool-chip contact 
& = distance measured from mid-length of contact, posi- 
tive in direction of chip flow 
C,, C2, Cs = constants, to be selected such that condition of ‘“‘com- 
patibility” can be fulfilled approximately. The 
latter requires that the calculated temperature 
distribution at the interface due to the moving 
heat source at the separating surface of the chip 
and that due to the stationary heat source at the 
top surface of the tool are identical. The de- 
termination of the constants C,, C2, and C; in- 
volves a cut-and-try procedure. 


Since a better, iterative method has been developed as a conse- 
quence of this study, only results of the approximate provedure 
are given here. Cutting conditions and other relevant experimen- 
tal data required in the computation are the same as those used 
in the preparation of Fig. 2. 
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INTERFACE, 


LOCAL TEMPERATURE AT TOOL-CHIP 


0.4 0.68 0.8 


FRACTION OF TOOL-CHIP CONTACT LENGTH 
MEASURED IN THE DIRECTION OF CHIP FLOW 


Fie. 4 InterFace Heat Fiux anp TemMpeRATURE DISTRIBUTION 
CALCULATED FROM AN APPROXIMATE ANALYTICAL PROCEDURE 


With C; = 1.08, C. = 0.55, and C; = 1.00, the heat-flux dis- 
tribution is given by the lower curve in Fig. 4. The calculated 
temperature field on the chip and on the tool are shown, respec- 
tively, by curves 1 and 2 of the same figure. The true common 
local interface temperature can be approximated by finding the 
average of the two distributions. It is seen that the maximum 
temperature does not occur at the mid-length of the contact but 
is closer to the separating edge of the chip and the tool. If the 
arithmetic mean is calculated, it has been found to be 1360 F 
which compares favorably with the average value shown in Fig. 2. 
While a more realistic interface-temperature distribution has been 
achieved, the method has the inherent drawback of using the cut- 
and-try procedure in finding the three constants in Equation [1]. 
It is tedious and time-consuming. A heat-flux distribution ex- 
pressible in the form of second-degree polynomials has been used, 
but the results are even less satisfactory. 


A Rapip, IrerATIvVE PrRocepuRE FoR FinpInc TEMPERATURE 
Distrisution at Too.i-Curp INTERFACE 


Since the problem of finding the temperature field over the tool- 
chip contact is of great interest in the study of the basic mecha- 
nism of crater wear, a method of solution which has considerable 
merit over that previously given is now described in detail. It 
may be pertinent to point out that the method is quite general in 
application and can be used readily in ascertaining the distribu- 
tion of temperature at sliding contacts. 

As pointed out previously, the tool-chip interface temperature 
is made up of two components: (a) that due to chip deformation 
at the shear zone, and (b) that due to sliding of the heated chip 
on the tool surface. For completeness, the equations required for 
the computation of the average shear-plane temperature are re- 
produced in the following. Reference is made to Bibliography 
items (7) and (10) for detailed discussion. 
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I Recommended Procedure for Calculation of Average Shear- 
Plane Temperature: 


(i) Find ¢, «, and F, from the following equations 


F, = F,cos@ — F, sing 


(ii) Compute R,. _ «, is first estimated and corrected later when 
6, is known. It is the mean thermal diffusivity of the work ma- 
terial during the process of shear deformation. 


(iii) Compute A, 


(iv) Calculate 6, 


(1 —A,)F, cos @ 
9336uit:Cp cos (@ a) 


Aé, 


Two major assumptions are involved in the derivation of Equa- 
tions [5] and [6]: (a) The entire amount of the work of plastic 
deformation at the shear zone is converted into sensible heat. 
Actually a small percentage of the work of plastic deformation is 
stored as latent energy in the deformed and strain-hardened chip 
material, and hence is not available to raise the chip temperature. 
This assumption tends to make the calculated 6, too high. (b) 
In evaluating \,, the shear-zone heat source is taken to be moving 
on the surface of a semi-infinite workpiece. Ideally, this applies 
only when the shear angle is zero and machining operations such 
as broaching, planing, etc., are employed. For conventional turn- 
ing, the calculation will be less accurate, since portions of the 
heat momentarily transferred to the uncut workpiece will be 
present in the chip formed during the succeeding revolution. 

II Computation of the Interface Temperature Distribution. As 
illustrated in Fig. 2, the determination of the temperature field at 
the common interface cannot be obtained by the usual partition 
principle of Blok in which a uniform heat-flux distribution has 
been assumed. An improved procedure using the method of itera- 
tion is presented. Inherent in the procedure is the further ad- 
vantage that both the temperature and heat-flux distribution are 
arrived at simultaneously. 

For the first approximation, all the heat liberated at the tool- 
chip interface is considered to be transferred into the chip. Hence 
at this stage of computation the heat is taken to be uniformly dis- 
tributed over the contact, and Jaeger’s moving-source expression 
can be applied directly to calculate the local interface tempera- 
ture. Thus the temperature rise above 6, at a point distant { 
from the mid-length of contact (see Fig. 2 for sign convention) is 


29; E+L 
60; Ko( |u| )du 


® See Appendix for derivation. 
7 See Bibliography (16). 


where 


and Ky is the modified Bessel function of second kind and zero 
order. The assumptions involved are (a) the chip can be viewed 
as a semi-infinite solid with a band source of width 2/ and in- 
tensity g, traveling at the velocity v, over its separating surface, (b) 
constant thermal! properties of the chip material at temperature 
6, can be used, (c) a quasi-stationary temperature distribution 
has been reached, and (d) the heat losses are negligible. At cutting 
speeds and feeds commonly employed with cemented-carbide 
tools, these assumptions have been found, in general, to be re- 
liable.§ 

It is pertinent to point out that in so far as the calculation of the 
temperature distribution on the chip surface is concerned, Jaeger’s 
analytical procedure is more convenient than the usual numerica! 
method of analysis. This is true even if the heat flux at the inter- 
face is nonuniform. The latter case arises in the second and all 
succeeding iterations. When the finite-difference equivalent is 
written for the differential equation of the temperature field in a 
moving medium, it can be shown that the convergence criterion 
calls for the condition Az < x,/v, where Az is the length of the sub- 
division in the direction of the chip flow (17). Under the usual 
cutting conditions, it is estimated that nearly one hundred divi- 
sions along the length of the tool-chip contact are necessary. This 
entails extremely tedious calculation. 

The calculated temperature profile obtained in the first itera- 
tion is taken to be coexisting on the top surface of the tool over 
the region of contact and the distribution of heat flux deter- 
mined. The latter is then deducted from the total, uniform inter- 
face heat. Their difference gives, as a second approximation, the 
new distribution of heat flux on the chip surface which is now 
nonuniform. A more accurate interface-temperature distribution 
accordingly can be calculated. It has been found that three or 
four iterations are sufficient to achieve suitable accuracy. 

To determine the steady heat flux at the top surface of the tool 
with a given temperature distribution over the area of tool-chip 
contact, the familiar relaxation procedure of Emmons was first 
attempted but was later abandoned because of the practical in- 
conveniences associated with the unusually small proportion of 
the area of contact relative to other tool dimensions. A new ap- 
proach was evolved in which the idea of a point heat source was 
used to advantage. Briefly, it may be summarized as follows: 

As in the case of the relaxation methods, the solid (tool) is not 
considered as a continuum, but as a network of conducting rods. 
Fig. 5 illustrates diagrammatically the rectangular contact at the 
top surface of a wide tool. A cubic lattice is shown with each 
side of length Az. On the top surface the location of each lattice 
point is designated by two numerals referring, respectively, to the 
number of the column and the row. A cross section of the tool 
through OX, which in the present case is also an axis of sym- 
metry, is shown in the same figure. The lattice points 1’, 2’, .. . 
etc., in that section are at a distance Az below the top surface. 

In the discussion which follows, both the rake and the clearance 
angles are assumed to be zero. Preliminary calculation reveals 
that the heat loss from the tool surface is relatively unimportant 
and is thus ignored. Heat flux into the tool varies along rows of 
the lattice points but is considered uniform along a given column. 
Hence, referring to Fig. 5, Qo = Qir = Que =... = Qi, and 
Qeo = = =... = ete. 

It is known that the steady temperature rise at any point P in 
an infinite solid due to a point heat source continuously liberating 
heat at the rate of Q per unit time is Q/(4mKd) where K is the 
thermal conductivity of the solid material and d is the distance 
between the source and the point P (18). For a semi-infinite solid 
with the point source lying in the plane surface which is otherwise 
perfectly insulated, the corresponding r'se in temperature is 
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()/(2rKd). Accordingly, in Fig. 5 the temperature rise at 1’, 2’, 
... ete. can be computed readily by imagining the tool to be ex- 
tended to the half space left of YY with fictitious heat sources 
situated at the mirror image of the actual sources. Each fictitious 
source has a strength identical to that of its mirror image. Hence, 
if Q,; represents the rate of heat flowing into the tool over the area 
(Az)? at the ith column, ,/d; ; and ,/d;,; denote, respectively, the 
distance from the lattice point (7, 7) and its image (7), 7) to point 1’, 
the steady temperature rise above @& at 1’ is 


1 1 
1 1 0 QnK Q; + 


ti=1 


1 1 
+e 


ti=1lj=1 id; 1 


Other symbols are as listed in the Nomenclature. If one defines 


1 1 1 1 = 1 1 
= — —— 


Equation [8] becomes 


Ab = 6 —8 [10] 
1 1 0 4K, 
In general 
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if il = 1 1 ) 
a —— + —— }...[12] 
/D; 2 + ) + di, 


and r’ = 1',2’,....orm’. 

The following relationships also can be established readily by 
writing a heat balance for each of the lattice points (1, 0), (2, 0). 
(3,0)... (m, 0) 


2 K,Az 
— 
2 K,Az 
40; — 0, — 4, Q: 


2 


= 


6. 


= 
96, — 20 — 40 mts 
3 


Qn! = 


Substituting the foregoing set of equations into Equation [11] 
and rearranging yields 


T 1 1 1 


1 
+ (m-1)’Ds + 


1 


(m—1)D3 


Ona — 


= wK, (f= 


(m-1)'D,, 


2 


1 1 1 1 


3a: 3 

We thus have m simultaneous linear algebraic equations to be 
solved for m unknowns, namely, Q;, Q2, ...Q,,- It may be re- 
marked that the coefficients of the first and the last equation have 
a slightly different pattern when compared with those of others. 
This is due to the fact that the first column of the lattice points 
is at a distance Ax/2 from the edge YY. Likewise, the mth 
column is also distant Az/2 from the edge where tool-chip separa- 
tion starts. As common with other methods of finite divisions, 
Equations [8] to [14], inclusive, are not exact. The larger the 
number of subdivisions, the better will be the accuracy. In 
many practical cases of local interface-temperature calculation, 
it has been found that 10 or 20 subdivisions would be adequate. 
Standard programming is available for solving simultaneous 
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linear algebraic equations by the digital computer, the “‘Illiac.’”’* 

While the previous equations are derived under the condition 
that cutting is being done at the edge of a wide too! (orthogonal 
cutting), the method of calculation and the principle of image 
source can be extended readily to the case in which cutting is 
taking place at the corner of a rectangular tool (conventional 
turning). Fig. 6 illustrates the distribution of the real and fic- 
titious heat sources in this latter case. Sources labeled with the 
same numeral are identical in strength. The procedure for either 
edge or corner cutting is given in the following illustration. 

Sample Computation. Cutting and other relevant data are as 
follows: 


Work material: AISI 4150 (mod) annealed, 197 Bhn 

Tool material: Steel cutting grade carbide 

Tool shape: 0-6-7-7-10-0-0.015 in., (a = 6°) 

Depth of cut: w; = 0.125 in. 

Feed: 4, = 0.00632 ipr 

Cutting speed: V, = 456 fpm 

Tool forces: F, = 280 lb, F; = 135 lb 

Chip-thickness ratio: r, = 0.397 

Length of tool-chip contact: 2/ = 0.0268 in. 

Width of tool-chip contact: w2 = 0.137 in. 

Room temperature: 6 = 78 F 

Interface temperature: 1385 F (average of 5 readings), as de- 
termined by tool-work thermocouple 


I Calculation of 6,: 
0.397 cos 6° 
€ = cot 22.4° + tan (22.4° — 6°) = 2.72 
F, =280 cos 22.4° — 135 sin 22.4° = 207.2 lb 
(ii) Estimate the value of 6,, e.g., 650 F, and hence 


From Fig. 7, «x, at 364 F is 0.966 sq in/min 
LR 456 X 12 0.00632 948 
0.966 


® The “‘Illiac,’’ which is the digital computing machine at the Uni- 
versity of Illinois, can handle such equations up to m = 39. 
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1 


— 
1 + 0.753 


= 02771 
34.6 


2.72 


and 


6, = 609 + 78 = 687 F 

The weight density p of AISI 4150 steel is 0.283 lb/in.* 

(v) Steps (ii) to (iv) are repeated if original estimate of 6, is in 
considerable error. Refined calculation gives A6, = 606 F and 
6, = 684 F. 

(II) For the computation of local interface temperature, the 
following additional information is required 


F = F,cosa + F,sin a = 135 cos 6° + 280 sin 6° = 163.5 lb 
V, = V.r, = 181.2 fpm, v, = 2174ipm 


Hence 
163.5 2174 


~ 9336 X 21 X w; 9336 X 0.0268 X 0.137 
= 10,350 Btu/(min)(sq in.) 


Fo; 


qi 


Also, at 684 F, 
kK, = 0.796 sq in/min, and C = 0.140 Btu/(lb)(F) 


Available data on the thermal conductivity K, of carbide cut- 
ting materials are very meager. Information concerning the in- 
fluence of temperature is virtually nonexistent. Dawihl (19) re- 
ported the values of 0.19 and 0.09 cal/(sec)(em*)(deg C/em) for 
a straight tungsten-carbide grade and a steel-cutting grade of 
carbide, respectively. However, it is known that their thermal 
conductivity depends to a great extent on the chemical composi- 
tion and impurities. Even within the category of steel cutting- 
grade carbide, values ranging from 0.068 to 0.136 cal/(sec)(cm?)- 
(deg C/cm) have been reported (20). For the present calculation, 
K, is taken to be 0.10 cal/(sec)(cm*)(deg C/em) or 0.034 Btu/- 
(min )(sq in.)(deg F/in.) which is the value used in reference (7). 
A higher value has been used in reference (10). 


COMPOSITION OF STEEL: 
0.35 C, 059 Mn, 0.88 Cr, 0.26 NI, 


0.20 Mo (ANNEALED) 


1.0 
x 
> 
= 
2 
6 ae TO BE USED FOR DETERMINING THE THERMAL 
DIFFUSIVITY OF ANNEALED AISI 4150 (MOD.) 
03} STEEL AT ELEVATED TEMPERATURES, WHOSE 
COMPOSITION IS: 
o2 0.50C, O87Mn, O95Cr, 0.20 Mo, 0.04P 
0.048, 0.27Si. 
200 700 


300 


(iv) At 364 F, C = 0.123 Btu/(lb)(F) (see Fig. 8) and thus 


46, = 


(1 — 0.271) X 207.2 


9336 X 0.125 & 0.00632 x 0.123 x 0.283 


0.0945 
0 9593 


400 500 600 


TEMPERATURE, 


First Iteration: 
(i) With all the interface heat transferred into the chip, the 
temperature distribution over the area of contact can be readily 
computed from Equation [7]. The result is shown graphically in 
Fig. 9. 

(ii) For convenience, select m = 10, thus Ar = 0.00268 in. 
and n = 25. Compute the various distances ,/d, ; and ,’d;,; and 
thence 1/,/D,; by using Equation [12]. 

(iii) Calculate all the coefficients in the set of Equations [14]. 

02... An+: are taken from Fig. 9. 
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COMPOSITION OF STEEL: 
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(iv) Solve for Q;, ... Q,,.. Compute q;,... The results are 
given in Table 1. 


leans a TABLE 1 HEAT-FLUX DISTRIBUTION AT TOOL-CHIP 
INTERFACE 


qi,e 
Btu/min Btu/(min)(sq in.) 


@, OEG. F 


The third column of Table 1 lists new values of heat flux on the 
chip surface at various locations along the length of tool-chip con- 
tact. They will be used to compute the new interface-tempera- 
ture distribution in the 2nd iteration. The lower curve in Fig. 10 
gives, as a first approximation, the distribution of heat flux at the 
interface. It is seen that this distribution is extremely nonuni- 
form. 


Eel Second Iteration: 
K, (lal) (i) The principle of superposition is now employed tc calculate 
&-t a the new, local interface temperature. For each lattice point, the 
heat “load” is uniform over a span of length Az. Hence Equa- 
tion [7] is applicable provided that gq; is replaced by q;,, and 2l 
by Az. Since, in the present calculation, m = 10, the correspond- 
ing value of 


02 0.4 06 1.0 L (- ) = 1.83 
FRACTION OF TOOL-CHIP CONTACT LENGTH - 
MEASURED IN THE GIRECTION GF CHIP PLOW The temperature distribution plotted in dimensionless co-ordi- 
nates due to any such heat load is shown in Fig. 11. The origin 
is taken at the mid-length of the span Az. 
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Si (ii) Construct a new temperature-distribution curve on the 

chip surface over the entire length of the tool-chip contact. Use 
is made of Fig. 11. As an illustration, consider the location (3, 0). 
pt Temperature rise due to heat flux at (1, 0) where ¢;.. = 13,000 


Btu/(min)(sq in.) is 
__ AVE. 24 


po, X ordinates of curve in Fig. 11 at =4 


2 X 13.000 
—— 1.69 = 162 deg F 
X 0.140 X 0.283 X 2174 


Similarly, the temperature rise due to heat flux at (2, 0) with 
Gic = 10,040; (3, 0) with g,,, = 9740 and (4, 0) with g,;.. = 9470 
are 178, 258, and 1 deg F, respectively. The results are summa- 
rized in Table 2 

The upper curve in Fig. 10 shows, graphically, the new tem- 
perature distribution at the tool-chip interface. The arithmetic 
average is 1410 F. 

The foregoing method of calculation can be repeated if better 
accuracy is desired. However, in the present case it has been 
found that iteration beyond the second is not necessary in view 
of the uncertainties involved in the various assumptions used. 
This is illustrated by Fig. 12 in which the computations have been 
carried out to the fourth iteration. It is noted that there is little 
change in the temperature and heat-flux distribution when com- 

; pared with Fig. 10. 
FRACTION OF TOOL-CHIP CONTACT LENGTH When cutting at the corner of a large tool, the calculated inter- 
MEASURED IN THE DIRECTION OF CHIP FLOW face temperature will be slightly higher although comparatively 


less heat is conducted into the tool. Fig. 13 illustrates the dis- 
: (Even Currinc)—Fimsat APPRoxmaTIoNn tribution of temperature and heat flux at the tool-chip interface 
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TABLE 2 LOCAL TEMPERATURE RISE DUE,TO,VARIOUS HEAT LOADS 


t , Btu/(min)(sq in.); from Table 
ee Fig 13,000 10,040 9.740 9.470. 9,320 9,080 8,790 8,420 7,740 6,470 dee F dex F 
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Fie. 


under this condition. As for the case of edge-cutting, the varia- 
tion of temperature in a direction normal to chip flow is not con- 
sidered. In either instance it is seen that heat is actually flowing 
from the tool into the chip over a small distance near the cutting 
edge. In a communication to Trent, Rapier (13) claimed a simi- 
lar finding but neither data nor the method of calculation were 
given. Under a cutting condition which did not differ radically 
from that used in the present illustration, a maximum tempera- 
ture of 1300 C (2372 F) was reported. In the light of experi- 
mental results, it seems most unlikely that Rapier’s value can be 
correct. 

Heating effects due to flank rubbing have not been considered 
in this analysis. Such effects will alter the heat and temperature 
distribution in the vicinity of the cutting edge. 

As is obvious from the present analysis, the calculated mean 
temperature at the interface is higher than that determined by the 
tool-work thermocouple. Admittedly, the comparison may not 
be strictly equitable, since there has been no guarantee that the 
Herbert-Gottwein technique would give the true arithmetic 
average. Nevertheless, calculations based on the foregoing equa- 
tions will yield results on the high side. This could be attributed 
to the following reasons: 


1 As stated earlier, a portion of the deformation energy will 
not be available as sensible heat and thus contributes nothing to 
the temperature rise at the shear zone. Taylor and Quinney have 
reported that about 11 per cent of the energy of deformation re- 
mained in a cold-worked mild-steel specimen (21) and 15 per cent 
in pure (carbonyl) iron (22). Epifanov and Rebinder reported an 
average value of about 3 per cent in the case of drilling annealed 
aluminum (23). Recent results on machining a gold-silver alloy 
at low cutting speed (1 fpm) show that the stored energy amounts 
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to 5.6 per cent for a shear strain of 1.18 but drops to less than 1 
per cent as the strain increases to 3.76 (24). On the other hand, 
Merchant in his discussion of a paper by Trigger (25) shows that 
the percentage increase in chip hardness bears a linear relationship 
to the shearing strain. No saturation is indicated, Since data on 
the proportion of latent energy in the steel chips produced under 
speeds and feeds comparable to those used in this paper are 
virtually nonexistent, the calculations described in the foregoing 
sections do not take into account that stored energy whose ex- 
istence cannot be disputed. If a value of 5 per cent were as- 
sumed, the calculated mean temperature would be lowered by 
about 30 deg F. 

2 Since it is rather difficult te incorporate heat loss at various 
tool surfaces into the computation, it is completely ignored. 
While this tends to make the calculated temperature slightly on 
the high side, the error has been estimated to be small. 

3 The interface temperature is calculated by adding the tem- 
perature rise due to frictional sliding to the mean chip tempera- 
ture as it leaves the shear zone. This involves an approximation 
since the temperature along a shear plane is not strictly uniform 
(26). Analysis shows that under certain conditions the local tem- 
perature of the chip in the immediate vicinity of the separating 
surface could be less than the average. 

In view of the uncertainties in data on the thermal properties 
of work and tool material, the simplifying assumptions made in 
the analysis, possible experimental inaccuracies and, finally, the 
moot question of what mean temperature is measured by the tool- 
work thermocouple, the agreement between the calculated and 
experimental average temperature is considered good. Even more 
reliable, is, perhaps, the relative distribution of temperature at 
the interface as calculated by the present procedure. 
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(a) SUGGESTED RELATION AMONG TEMPERATURE, 
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(b) DEVELOPMENT OF CRATER WEAR DURING CUTTING 
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Fie. 15 Schematic REPRESENTATION OF FORMATION OF CRATER 
WEAR 


TEMPERATURE DistRIBUTION aT Too.t-Curp INTERFACE AND 
FORMATION OF CRATER WEAR 


On examining the nature of wear of carbide tools, Dawihl 
(19, 27) concluded that the cratering type of wear depended 
mainly on the propensity to “welding” between the chip and the 
carbide. The latter is connected directly with incipient alloy 
formation or diffusion. Trent (13) described this as a chemical 
reaction at the interface. 

Experimental data obtained for the interdiffusion of metals 
exhibit a characteristic feature."°. When log D is plotted against 
1/T, straight lines are usually obtained. D is the diffusion co- 
efficient and 7’ the absolute temperature at which the inferdiffu- 
sion of two dissimilar metals is taking place. The rate of forma- 
tion of the metallic alloy is solely dependent on D. Fig. 14 illus- 
trates the temperature dependence of surface diffusion of thorium 
in tungsten. The graph on the right is the same relation when D is 

See, for example, “Diffusion,” by W. Jost, 1952, Academic 
Press Inc., New York, N. Y. 
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inch 
0.020 


DISTANCE FROM EDGE, 
0.015 


0.0 ° O10 0.025 


Work material: AISI 4150 (mod) annealed, 197 Bhn 
Tool material: Steel-cutting-grade carbide 

Depth of cut: wi = 0.125 in. 

Feed: t: = 0.00632 ipr 

Cutting speed: V, = 456 fpm 

Cutting time: 10.69 min 


Fic. 16 Crater Prorite DETERMINED BY TOPOGRAPHIC MBEASURE- 
MENT 


plotted against temperature, on a linear scale. The cratering on 
the top surface of the tool and its geometrical shape are thought 
to be due to the nonlinear relationship between D and 7’ and the 
distribution of temperature at the interface. This viewpoint is 
illustrated schematically in Fig. 15(a). According to the proposed 
construction, the lack of symmetry of the crater is evident. This, 
at first sight, seems to be inconsistent with experience. 

Fig. 16 illustrates a crater profile obtained by topographic 
measurements during the lapping down of the worn tool surface. 
Flank wear is not shown in the figure. It is seen that the actual 
profile is more or less symmetrical with respect to a normal to the 
tool surface. However, closer examination reveals that, as the 
crater develops, the separation point of the chip and the tool does 
not stay put but tends to shift along the path 1-2-3-4 as illustrate | 
in Fig. 15(b). The crater profiles during the successive stages of in- 
creasing cutting time also are indicated. It is due to this rather 
peculiar manner of development that the crater profile obtained 
from a tool after prolonged use appears more or less symmetrical 
Further work is in progress to investigate these phenomena. 


INFLUENCE OF THERMAL CoNnpbuctTivity OF TooL MATERIAL ON 
INTERFACE TEMPERATURE 


It has been speculated that thermal conductivity of the tool 
material may play a significant part in influencing the interface 
temperature and hence on the rate of tool wear. With the 
method of calculation introduced in this paper, it is a relatively 
simple matter to examine precisely how variations in K, could 
affect the temperature of the interface—both the average and 
the distribution. 

Fig. 17 illustrates graphically the results of the calculation. 
With 50 per cent increase in the value of K,, the mean tempera- 
ture lowers from 1419 to 1395 F (a change of —1.7 per cent). 
Nevertheless, the proportion of the interface heat which is con- 
ducted into tool increases from 9.3 to 13.4 per cent. On the other 
hand, if the tool conductivity is reduced by half, the mean tem- 
perature would increase from 1419 to 1439 F (a change of +1.4 
percent). In this case only 4.7 per cent of the interface heat will 
be transferred into the tool. Obviously, variations in K, have only 
small influence on the cutting temperature. Of greater signifi- 
cance is the fact that the shape of the temperature-distribution 
curve is altered to an appreciable extent when K, is varied. 

The foregoing statements pertain to the influence of K, on the 
interface temperature, per se. It is hoped that they may throw 
some light on the role which conductivity may play in the life of a 
cutting tool. It is recognized that a change in chemical composi- 
tion will alter the thermal conductivity of the carbide. However, 
this effect is secondary to the change in tool-chip adhesion be- 
havior in so far as tool wear is concerned. 
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(Dotted curves are reproduced from Fig. 13.) 
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Appendix 


From the standpoint of the chip, it is seen that 


vCp 
in which 
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If use is made of Jaeger’s solution (16), an approximate expression 
for AO, can be formulated from the standpoint of the workpiece. 
Thence 
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ad, 


K, v, 
Ag, 
= 0.753 ——*, provided that L, >5...... [16] 
KVL, 
Since 
v, cos 


cos (p — @) 
vJ, tan(@—a) Ke 
2k, 4K, Ke 4 


Substituting this latter relation into Equation [16] yields 


[17] 


K.V Re 


Equating [15] and [17] gives 


From Equation [15] it can be readily deduced that 


(1—X,)F, cosa 


48, = 9336 witiCp cos — a) 


Discussion 


H. Buiox.'' As an alternative to the authors’ computational 
method the writer would suggest the method followed in setting 
up Equations [34] and [35] of his discussion of an earlier paper. 

It has not yet been proved possible to solve the integral equa- 
tion involved in an exact analytical manner, but numerically it 
can be solved without any essential difficulty. In fact, it can be 
solved by the well-known procedure of dividing the integration 
interval (the length of the tool-chip interface) into a sufficient 
number of segments and setting up an equal number of linear 
equations for the temperatures representative of the segments. 
The alternative method would appear to be more straightforward 
than the authors’ at least in the sense that it does not involve 
any iteration. In any case it does away with the authors’ objec- 
tion to the less exact method that was published by the writer’ in 
1937, reference (15). 


R.S. Haun.'* This paper brings us closer to a full understand- 
ing of the phenomenon of cratering and the authors have done a 
very considerable amount of excellent work to obtain their most. 
interesting results. 

The discussion that follows is in no way critical of the authors’ 
work but considers a basic assumption made at the outset. 
Following Blok (authors’ reference 15) the authors assume a uni- 
form heat source and a variable partitioning of the heat between 
tool and chip. In sliding contacts, which Blok and later Jaeger 
(16) considered, the assumption of a uniform source appears to 
be a good approximation to reality. At the tool-chip interface 
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cation—IV,” by F. Osterle, A. Charnes, and E. Saibel, Trans. ASME, 
vol. 75, 1953, p. 1122 

13 Authors’ bibliography (15). 

14 Research Engineer, The Heald Machine Company, Worcester, 
Mass. Mem. ASME. 
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it is questionable as to the reasonableness of a uniform source 
strength, in fact a definitely nonuniform source is to be expected. 

If one wishes to discuss a ‘“‘one-sided’’ problem where heat 
flows into a semi-infinite body along a region of the boundary the 
assumption of a uniform source multiplied by a partitioning 
function q;,,/g; is essentially equivalent to assuming a nonuniform 
source. On the other hand where a “two-sided” problem is to be 
discussed it may be necessary to consider not only a variable 
partitioning function but also a nonuniform source strength in 
order to obtain realistic results. 

The authors, by manipulating the partitioning function (as- 
suming a uniform source strength g;) have managed to get reasona- 
ble “compatibility” between tool-face temperature distribution 
and chip-surface temperature distribution. However, in so doing, 
they have obtained unreasonable interface heat-flux distributions, 
namely, distributions which show a large heat flux into the tool in 
the vicinity of the point of separation. It would seem reasonable 
to expect the heat flux to the tool to diminish at this point. 

In connection with the distribution of the source strength be- 
tween chip and tool face it should be remembered that the source 
strength must be proportional to the product of sliding stress and 
velocity at the interface. Many photomicrographs of chips show 
a sharp bending of the crystal elongation lines in the vicinity of 
the tool face indicating a secondary plastic flow. The velocity of 
sliding at the chip-tool interface would therefore appear to vary 
from one end of the interface to the other. At the point (—), 
Fig. 3 of the paper, one might expect the usual chip-flow veloc- 
ity vy. Again, at the point of separation (+1) the sliding ve- 
locity must equal the chip flow velocity v,. At points near the 
origin £ = 0 (Fig. 3) the sliding velocity must be less than v, in 
order to account for the secondary flow. Thus we might expect 
to have a variation in sliding velocity along the interface. 

Next the shear stress along the interface should be considered. 
The shear stress would be expected to be largest near the cutting 
edge since the normal stresses are probably greatest there. As the 
point of separation is approached the normal stress must fall off 
and the shear stress along with it. 

The product of sliding velocity and shear stress or source 
strength would thus seem to be larger in the region of the cutting 
edge and to fall to zero as one approached the separation point. 

Perhaps the mathematical problem becomes too difficult but 
some consideration should be given the variation of source 
strength in attempting to refine Blok’s procedure for tool-chip- 
interface temperature distributions. 


E. G. Loewen.” The authors should be congratulated for an 
excellent analysis of the tool-chip-interface temperature distribu- 
tion. Their approach to the problem is new, interesting, and use- 
ful; it fills a distinct gap in our knowledge. In a general way 
the results are in conformity with what we know about cratering 
and the recent experimental work of Axer.'* Axer buried small 
thermocouples in 0.02-in-diam holes inside the tool, but could 
not make measurements close enough to the tool-chip interface to 
check theoretical results in that zone properly. 

Lacking detailed information on the pressure or friction-force 
distribution in the interface the authors make the reasonable as- 
sumption that it is uniform. However, we should recognize that a 
sudden pressure drop at the end of the chip contact zone is un- 
likely, so that less heat will be generated near the end than else- 


6 Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology, Cambridge, Mass. Mem. ASME. 

6 ‘*Temperaturfeld und electro-chemischer Verschleiss am Dreh- 
meissel,” by H. Axer, Industrie Anzieger, vol. 76, no. 11, February 
5, 1954, p. 20. Also, “Temperature Field of a Turning Tool and the 
Reactions in the Zone of Contact,” by H. Opitz, Microtecnic, vol. 8, 
1954, pp. 183-188. 


9 
A 
ae 
7 
R 
‘ 
1 + 0.753 
> 
ee. 
3 


1120 


where. Asa result the true temperature peak probably lies some- 
what closer to the cutting edge than shown in Fig. 12 of the 
paper. 

It is impossible to perform an analysis of this kind without 
making many assumptions. One tacit assumption of the authors 
is that there is temperature equality between chip and tool at any 
given point in the contact zone. Although this is not quite true, 
there seems no reasonable alternative. It is hardly practical to 
take into account variations of thermal properties with tem- 
perature, which are appreciable in low-alloy steels, because the 
added complication would be tremendous. However, it does 
seem more appropriate to use values for K and C at or close to the 
mean value of 0, (1410 F) rather than 0, (687 F). The result 
would be an increase in the calculated temperatures. It would be 
interesting if the authors could estimate the magnitude of this dif- 
ference. If one uses the same thermal constants as in this 
paper, the method of authors’ reference (10) gives a mean value 
for 0, of about 1600 F; if extrapolated values from Figs. 7 and 8 
are used instead, this temperature is reduced to about 1450 F. 
The difference between the 1600 F and 1408 F temperatures is 
interesting because it corresponds exactly to an apparently slight 
difference in the average value of q;,,/q; ratio of 0.122 and 0.111, 
respectively. 

The authors’ complaint about lack of data on the thermal 
properties of so many important materials in this field is quite 
justified. However, some recent measurements have been made 
at M.I.T. and will be published shortly. It was interesting to see 
confirmed here the conclusions of reference (10) regarding the sur- 
prisingly small influence of the thermal conductivity of tool ma- 
terials on interface temperature. 

It would seem quite feasible in the analysis of tool temperatures 
to use an electric or electrolytic analog model to solve for energy 
and temperature distribution, thereby eliminating the complex 
solution of Equation [14]. The obvious advantage of analog 
methods is that one is no longer restricted to tools with zero rake 
and clearance angles, in fact even the effect of progressive crater- 
ing could be studied with relative ease. It may be questioned, of 
course, whether such refinements are worth while as long as we 
know so little about the friction-energy distribution. 

In the case of orthogonal cutting, temperature variations per- 
pendicular to the chip-flow direction are undoubtedly small 
enough to be neglected when the w;/2/ ratio is 4.7, as in the 
present example. However, in corner cutting this ratio is cut in 
half and some error will be introduced. Except for the added 
computation effort there seems no reason why such an effect 
could not be included. 


Autuors’ CLOSURE 


The authors wish to express their appreciation to the several 
discussers for their interest in the paper and for their helpful 
comments. 

Professor Blok’s suggestion of solving numerically the integral 
equation such as Equation [35] of his discussion of a paper by 
Osterle, et al.,!7 or Equation [7] of the present paper, modified for 
variable heat source, is certainly a welcome addition to the re- 
finement in the method of calculating temperature distributica 
over sliding contacts. If his method is followed, the 6’s in the 
right-hand side of Equation [14] are then expressed in terms of Q’s 
and, consequently, the latter can be evaluated by solving simul- 
taneous equations without iteration. Aside from this difference, 
the general approach to the problem remains unaltered. 

Dr. Hahn has posed a very pertinent question regarding the 
distribution of frictional energy at the tool-chip interface. His 
question is partially answered in Professor Loewen’s discussion. 


17 See footnote 12. 
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If one were to assume a nonuniform shear-stress distribution 
along the path of contact it would be logical to consider the peak 
stress to occur at or near the cutting edge. However, the dis- 
tribution from there to the point of separation of chip and tool is 
still unsettled. It may decrease linearly or exponentially with the 
possibility of a comparatively small sudden drop at the point of 
separation. The assumption of uniform interface heat source 
was made simply because of the lack of quantitative information 
on the manner of friction energy distribution over the length of 
contact. Qualitatively, one may expect that the peak tempera- 
ture would occur at a point more remote from the separating 
edge than that shown in Figs. 13 and 17 of the paper for reasons 
as pointed out by Professor Loewen. If, however, the true nature 
of the source distribution were known, the procedure described 
in the paper could still be used, with no mathematical difficulty 
whatsoever. The method is, in fact, quite flexible and has been 
extended successfully to include the effect of rubbing at the tool 
flank. This calculation shows that rubbing at the tool flank has 
significant effect on the distribution of interface heat flux par- 
ticularly in the vicinity of the cutting edge. 

One of the problems encountered in the analytical evaluation 
of tool-chip interface temperature distribution is the judicious 
selection of the values for the temperature-dependent properties 
of the chip material. In this paper they are taken at the chip 
bulk temperature. Professor Loewen favors the use of the 
average interface temperature. Probably neither is strictly cor- 
rect. The use of chip bulk temperature was preferred because of 
the extremely steep temperature gradient known to exist normal 
to the rubbing surface under practical cutting conditions. Calcu- 
lations have been made recently for machining AISI 4142 steel 
(212 Bhn) at a cutting speed of 700 fpm using, respectively, the 
chip bulk temperature and the arithmetic average of chip bulk 
and mean interface temperatures as references. The tempera- 
ture-distribution curve is 2 to 5 per cent lower for the latter case.'"* 
At present it is difficult to compare the accuracy of either pro- 
cedure. Perhaps not until the whole problem is re-examined by 
using tedious numerical calculations, and taking into account the 
variation of K, and C with temperature, can the proper reference 
temperature be established. 

It may be pertinent to mention at this point that if one wishes 
to incorporate variations of thermal properties with temperature 
into the computation, Professor Blok’s alternate solution, which 
aims at avoiding iteration, fails. 

The use of the electric-analog field plotter in the analysis of tool 
temperature distribution is undoubtedly feasible in principle. 
In fact, it has been done by Bickel and Widmer as mentioned 
in the earlier part of the paper.” Bickel’s method necessitates 
the accurate determination of the temperature field on the tool 
side surface in the vicinity of the cutting zone. This is a diffi- 
cult task to perform because of the limited space with which one 
has to work. His published results are not considered as reliable. 

With the increasing use of digital computers in both private 
and public engineering laboratories, the solution of Equation 
[14] becomes a routine procedure, which can be executed in a 
very short time—usually in a matter of few minutes. Also, 
the finite-difference procedure, when modified, can be adapted to 
tools with rake and clearance angles differing from zero. The 
treatment of problems with irregular boundaries is well known,” 
but computation will be far more tedious since the convenience re- 


18‘*Temperature and Heat Flux Distribution at Tool-Chip and 
Tool-Work Interface in Metal Machining,’’ by B. T. Chao, K. J. 
Trigger, and Y. H. Lee. M.E. Tech. Note ORD 1121-1, Engineering 
Experiment Station, University of Illinois, May, 1955. 

19 See Bibliography (14). 

2” See, for instance, Bibliography (17). 
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sulting from use of image source due to symmetry no longer exists. 

When the ratio w,/2l becomes smaller, the problem, theoreti- 
cally, should be treated as three-dimensional. Once again, the 
basic approach outlined in this paper can be extended without 
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difficulty to include this complex case. However, as Professor 
Loewen correctly points out, as long as we know little of the 
interface friction energy distribution, all such refinements are 
perhaps futile at the present time. 
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Cutter Design and Application for Face- 
Milling Cast Iron and Steel 


By O. W. BOSTON! anv W. W. GILBERT? 


This paper summarizes an extensive research program 
sponsored by the Office of Production Researvh and De- 
velopment during World Was II. Two previous papers have 
presented the results of power and cutter life, respec- 
tively. These results, relating to cutter design, are aver- 
aged for various grades of cast iron, tool materials, feed, 
depth, width of bar, number of teeth in the cutter, and the 
cutting speed. General effects of each variable are ob- 
tained from final tool shapes for steel and cast iron which 
are given for recommended practice. 


INTRODUCTION 


HIS is the third paper*‘ giving results of tests to face mill 

a variety of metals with cutters of various materials, sizes, 

and shapes. The work was sponsored by the War Produc- 
tion Board under the auspices of the Office of Production Re- 
search and Development, through the Manufacturing Engineer- 
ing Committee of Toe American Socrety oF MECHANICAL EN- 
GINEERS. The work was done on a project with the Engineering 
Research Institute of the University by the staff and in the 
laboratories of the Department of Production Engineering at the 
University of Michigan. This is the third and final paper, and 
gives results on cutter design and application for both carbide 
and high-speed-steel face-milling cutters when machining steel 
and cast iron. The variables, for each material, consisted of 
axial rake angle, radial rake angle, tooth profile, peripheral relief 
angle, peripheral cutting-edge angle, nose radius, width of cham- 
fer, number of teeth in the cutter, cutter diameter, blunting of the 
cutting edges, cutting speed, and cutting fluids. For each of the 
variables, net power and unit net power at the cutter, together 
with the cutting speed for a 30-min tool life, are given and recom- 
mendations are made for the most appropriate cutter design. 


ConpiT10Ns oF TEstTs 


In these tests, as in those of the reports previously given,*‘ a 
No. 5 HM Kearney and Trecker Corporation knee-type horizon- 
tal milling machine was used. A recording wattmeter was at- 
tached to the 20-hp motor, which drives the spindle, so that the 
gross power, hp,, the tare power, hp,, and the net power at the 
cutter, hp,, were determined. The gross power minus the tare 


1 Professor of Mechanical Engineering and Production Engineering; 
Chairman, Department of Production Engineering, University of 
Michigan, Ann Arbor, Mich. Life Fellow ASME. 

? Consultant, Machinability, General Electric Company, Schenec- 
tady, N. Y. Mem. ASME. 

’ The first paper, ‘‘Power Required by Carbide-Tipped Face-Milling 
Cutters,”” by W. W. Gilbert, O. W. Boston, and H. J. Siekmann, 
Trans. ASME, vol. 75, 1953, pp. 1087-1093. 

* The second paper, “Cutter Life for Face-Milling Cast Iron,”’ by 
W. W. Gilbert, O. W. Boston, and H. J. Siekmann, Trans. ASME, vol. 
76, 1954, pp. 607-612. 

Contributed by the Research Committee on Metal Processing and 
presented at the Annual Meeting, New York, N. Y., November 28- 
December 3, 1954, of Taz American Society oF MECHANICAL EN- 
GINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 2, 
1954. Paper No. 54—A-51. 


was multiplied by the net mechanical efficiency of the machine, 
80 per cent, to give the net power at the cutter. This power is 
also expressed as the unit power at the cutter per cubic inch of 
metal removed per minute, u hp,. 

The wear on the flank of the tool was used to indicate tool life. 
This was measured by a Filar micrometer eyepiece on a micro- 
scope or by a toolmaker’s microscope. Unless otherwise noted, the 
cutter was considered failed when the flank wear below the side 
cutting edge reached 0.030 in. This method of determining tool 
failure applied to tools of all materials. The material machined 
consisted of bars, 4 in. wide by 2 in. thick and 18 in. in length, un- 
less noted to the contrary. The relationship between the position 
of the cutter and the work, together with the nomenclature of the 
cutter angles, is shown in Fig. 1. 

Resutts or Tests 

Tool Material. Three types of cutting-tool materials were used, 
molybdenum high-speed steel (6W, 6Mo, 4Co, 1.5Va), cast non- 
ferrous metal (Crobalt 138), and sintered carbide (K2S). These 
were the recommended types for the purpose of milling cast iron. 
A material of the cast-iron variety, having 20,000 psi tensile 
strength and a Brinell hardness of 170, was face-milled across the 
4-in-wide face, taking a depth of cut of 0.100 in. and feed of 0.010 
in. per tooth. The shape of the teeth of each cutter was as shown 
in Fig. 1 for all three tool materials. 

Power values for each of the tool materials are shown plotted in 
Fig. 2 and values are given in each case for a cutting speed of 
200 fpm for high-speed steel tools, 400 fpm for the cast non- 
ferrous metals, and 800 fpm for the sintered-carbide tools. 

For the high-speed tools, operating at 200 fpm, the net power 
at the cutter varies from 0.1 for the sharp cutters to 0.5 for dull 
cutters. The hp, per cubic inch per minute, u hp,, for the high- 
speed-steel cutters at this cutting speed of 200 fpm varied from 
0.46 for the sharp cutter to 1.4 for the dull cutter. When the cast 
nonferrous tools were used at 400 fpm, the net power at the cutter 
varied from 0.22 for sharp cutters to 0.86 for the dull cutters. 
The unit horsepower at the cutter varied from 0.44 to 1.0 for the 
sharp and dull cutters, respectively. When carbide cutters were 
used at 800 fpm, the net power at the cutter varied from 0.45 to 
1.0, while the unit power at the 800-fpm speed varied from 0.43 
for the sharp cutter to 0.75 for the dull cutter. The net power for 
the three tool materials increased directly with the cutting speed 
for the sharp cutters, whereas the unit net power at the cutter, at 
the three different speeds, remained practically constant at 0.45 
for the three tool materials. These unit values are summarized in 
Table 1. 

The value of Vio, the cutting speed for 30-min tool life to cause 
a flank wear of 0.030 in. on each of the tool materials, was ob- 
tained from the cutting-speed tool-life line for each tool material 
cutting under the conditions indicated. The values of V3 are 
shown as small circles connected by a dashed line in Fig. 2, indi- 
cating 150 fpm for the high-speed-steel tools, 300 for the cast non- 
ferrous-metal tools, and 700 for the sintered-carbide tools, This 
shows a great improvement in the tool life of the sintered-carbide 
tools over that of the other tool materials. 

Arial Rake Angle. In face-milling cutters the axial rake angle, 
corresponding to the back rake of a single-point turning tool, was 


1123 


: 
ah 
« 
at 
a 
AY 


(#) O° PERIPHERAL 
CUTTING EDGE ance —— 


TRANSACTIONS OF THE ASME 


BODY 


OCTOBER, 1955 


\ | 
° FACE \ = | J 

CLEARANCE ANGLE BLADE SET- 5/6" BLADE EXTENSION 
TING ANGLE 
ash. (e) 2° FACE CUTTING 
| EDGE ANGLE 
(c) 6° FAC 


RELIEF FANGLE /| 


9° PERIPHERAL 
CLEARANCE ANGLE 


PERIPHERAL 
RELIEF ANGLE ———~ 


TEST BAR APPROX. 


2-x 4" x24") 
race WIDTH wF FEED 
WORK 
' 
CENTER LINE OF 


WORK ON CENTER " 
LINE OF CUTTER 


woRk MACHINED / 
SURFACE SURFACE 


Fig. 1 
With « Currer CHARACTER SHOWN aT RIGHT. 


varied from negative 14 deg to positive 21 deg. For each cutter, 
the net horsepower at the cutter, hp,, the unit net horsepower, 
u hp,, and values for V39 were obtained when face-milling 40,000- 
psi (190 Bhn) cast iron, and are shown plotted over the rake angle 
in Fig. 3. The net horsepower at the cutter, operating at 500 
fpm, varied from 0.62 for the negative 14-deg axial rake to 0.50 for 
the 0-deg rake to 0.48 for the positive 21-deg rake. This gave a 
reduction in horsepower at the cutter as the rake angle was in- 
creased from a negative te a positive value. The unit horsepower 
for these values of axial rake was 0.62, 0.54, and 0.50, respectively, 
for the negative 14-deg, 0-deg, and positive 21-deg axial rake an- 
gles. 

The cutting speed for a 30-min tool life, Vso, decreased slightly 
from 780 fpm for the 14-deg negative rake to 640 fpm for the 21- 
deg positive rake angle. This shows that negative axial rake 
angles on the sintered-carbide tool are best for face-milling the 
cast iron at 190 Brinell hardness. 

Radial Rake Angle. Values of horsepower and cutting speed 
for a 30-min tool life are shown in Fig. 4 for the sintered-carbide 
face-milling cutter, having various radial rake angles from nega- 
tive 14 deg to positive 28 deg when face-milling a cast iron of 190 
Brinell hardness. The horsepower at the cutter, at a cutting 
speed of 500 fpm, was 0.57 for the negative 14-deg rake. This 
value was reduced almost in direct proportion to the change in 
angle to a value of 0.44 for the positive 28-deg radial rake angle. 
The unit horsepower also was shown to be reduced in almost 
direct proportion from 0.6 for the negative 14-deg radial rake 
angle to 0.49 for the positive 28-deg radial rake angle. The 
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greatest reduction, however, was from the negative 14-deg to the 
negative 7-deg radial rake angle. 

The cutting speed represented by Vso was highest for radial 
rake angles of 0 to positive 14 deg for which the value was 790 
fpm. 

When face-milling SAE 4130 steel, having a tensile strength of 
110,000 psi and Brinell hardness of 200 to 230 on a 4-in-wide face 
with a feed of 0.0025 ipt, and a depth of 0.100 in. with K28 car- 
bide-tipped tools, operating at 400 fpm, and the shape used on 
cast iron, Fig. 3, it was found that the net horsepower at the cutter 
varied from 0.47 for the negative 14-deg axial rake to 0.38 for the 
positive 21-deg rake, giving a definite reduction in power. The 
unit horsepower values are 0.9 and 0.72, respectively. Values of 
Vo increased slightly from 370 fpm for the negative 14-deg rake 
to 430 fpm for the 21-deg positive rake angle. This shows the 
positive 21-deg axial rake to be the best for this steel. 

Tooth Profile. A study was made of the influence of the tool 
profile on the power required and the tool life when face-milling a 
cast iron of 229 Brinell hardness with a K2S sintered-carbide 
tool of the general shape shown in Fig. 1. The peripheral cutting- 
edge angle was 45 deg in all cases and the face cutting-edge angle 
was 2 deg, as shown at A, Fig. 5. The tooth profile was subse- 
quently modified as shown at B and C, respectively, which pro- 
vided a '/,.-in-wide flat at B, and a '/,.-in-wide flat with a !/j.-in- 
wide entering angle of */, deg, shown at C. Cutter A could be 
considered as a roughing tool, whereas B and C could be con- 
sidered as finishing tools. The horsepower remained practically 
constant at 0.2 for all three shapes at the cutting speed of 500 
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| fpm. The unit horsepower remained practically constant at 
“—- = ? 0.50, although that for the cutter A, without the flat, was slightly 
/ less at 0.46. The cutting speed represented by V3» was about 680 
ia [0 fpm for cutter profiles A and B, but dropped to about 615 fpm 
i / for cutter profile C, which had the '/;.-in-wide flat and the '/,-in- 
= to ae are , 9 od wide entering angle at */, deg. Of the three profiles shown, the 
: i | cutter A appears to be the best from a tool-life and power point of 
2 
2 a yi view. 
Peripheral Relief Angle. Variable face and peripheral relief 
- e “ angles were ground on a set of sintered-carbide cutters having a 
7 = os ar era, at tool shape of 7 deg axial rake and 4 deg radial rake. All cutters 
« 5 
3 
ea Y 8 TABLE 1 SUMMARY OF DATA WHEN FACE-MILLING 4-IN- 
> WIDE BARS WITH SINTERED-CARBIDE-TIPPED, SINGLE- 
a | TOOTH, 9-IN-DIAM, FACE-MILLING CUTTERS 
: oak . (The shape of the teeth was +7, +7, 6, 6, 2, 0, 0.070 in. at 45 deg, unless 
7 otherwise stated under headings given in the table.) : 
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had a 45-deg peripheral cutting-edge angle and a sharp nose at the 
junction of the end cutting edge and the peripheral cutting edge, 
as shown at A, Fig. 5. Tae 40,000-psi Meehanite was face-milled 
across the 4%/s-in. width at a depth of cut of 0.100 in. and a feed of 
0.010 in. per tooth. The cutting speed for the power determina- 
tion was 500 fpm, as shown in Fig. 6. The net horsepower at the 
cutter and the net unit horsepower were practically the same for 
this cutting condition, although the lewest value of both was ob- 
tained when the peripheral relief was 18 deg measured from the 
axis and 12.8 deg normal to the cutting edge. The minimum 
power for this condition was 0.375 net, and 0.4 unit net 
horsepower. The values of the unit net power for the other 
cutters were about 0.5. 

The cutting speed for a 30-min tool life, Vo, is shown to be low- 
est at about 420 fpm for the 6-deg peripheral relief angle. Its 
value increases directly with an increase of relief angle to 820 fpm 
for the 18-deg peripheral relief angle, after which it falls off to 760 
fpm for the 24-deg peripheral relief angle. This shows clearly 
that the maximum tool life and the minimum power occur to- 
gether for the 18-deg relief angle. 

A cutter, using 0-deg peripheral cutting-edge angle instead of 
the 45 deg referred to previously, was next prepared for test. The 
peripheral relief angle, which also corresponds to the normal re- 
lief angle, in this case, was varied from 3 to 18 deg, as shown in 
Fig. 7. The net horsepower at the cutter was highest for the 3-deg 
peripheral relief angle at approximately 0.53. It was about 0.48 
for the relief angles of 6 deg, 9 deg, and 12 deg, after which it 
increased to about 0.51 for the relief angles 15 deg and 18 deg. 
The hp, per cubic inch per minute at this speed was 0.6 for the 3- 
deg peripheral relief angle, but low values of 0.52, 0.5, and 0.47 
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were obtained for the 6, 9, and 12-deg relief angles, respectively. 

The cutting speed for a 30-min tool life was only 200 for the 3- 
deg peripheral relief angle. It increased to about 620 fpm for re- 
lief angles of 12 and 15 deg, and fell off to about 480 for the relief 
angle of 18 deg. From both the power and tool-life criteria, the 
12-deg relief angle on the 0-deg peripheral cutting-edge angle 
face-milling cutter proved to be the best. 

Peripheral Cutting-Edge Angle. Fig. 8 shows the results of net 
power and cutting speed when face-milling the 40,000-psi (190 
Brinell hardness) cast iron, 4°/; in. wide, as the peripheral cutting- 
edge angle was varied from 0 to60 deg. The net horsepower at the 
cutter at 300 fpm was 0.315 for the peripheral angle of 0 deg. It 
was reduced to 0.25 for the 30-deg angle, and was 0.29 and 0.26 
for the 45 and 60-deg angles, respectively. The effect of relief 
angle cannot be overlooked when measuring the tool life or cutting 
speed. When the 6-deg relief was ground as peripheral relief, 
there was no benefit in using larger peripheral cutting-edge 
angles. However, when the relief was ground as normal relief, 
the cutting speed was increased from 450 to 670 fpm by changing 
from 0 to 60-deg peripheral cutting-edge angle. 

Nose Radius. The standard tool was ground so as to provide 
various values of nose radii ranging from a sharp point of 0 in. 
radius to '/,in. radius. The net horsepower at the cutter for the 
speed of 500 fpm was 0.4 for the sharp nose, 0.445 for the '/3:-in. to 
1/s-in. nose radii, and 0.5 for the largest radius of !/,in., as shown 
in Fig. 9. The unit horsepower was increased with the increase 
in nose radius from 0.45 for the sharp point to 0.51 for the '/;-in. 
nose radius. 

The cutting speed, as represented by V3, was lowest at 430 fpm 
for the sharp point and highest at 640 fpm for the '/s-in. nose 
radius. The speed fell off to 605 fpm for the '/,-in. nose radius. 

Width of Chamfer. Fig. 10 shows the results of power and 
cutting-speed tests when face-milling Meehanite cast iron of 
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40,000 psi and 190 Brinell hardness under the standard conditions. 
The horsepower at the cutter for both sharp and dull tools is 
shown for different widths of chamfer at the 500 fpm. The sharp- 
pointed tool with 0 chamfer gives the lowest total net horsepower 
at the cutter of 0.42. The average value for all cutters, having a 
chamfer width from 0.010 to 0.150 in., is approximately 0.45. 
The net power at the cutter for the dull tool averages about 0.66. 
The unit net power is practically constant for all values of cham- 
fer width, having a value of 0.5 for the sharp tool and 0.65 for the 
dull tool. 

The cutting speed, represented by V0, is low at 420 fpm for 
chamfer widths of 0.040 in. and less, but increases to 590 fpm 
for the chamfer width of 0.070 in. and to 660 fpm forchamfer width 
of 0.150 in. 

Number of Teeth. If the number of teeth is varied in the 9-in. 
face-milling cutter when machining the Meehanite of 190 Brinell 
hardness under the conditions shown in Fig. 11, the horsepower 
at the cutter at 500 fpm varies almost in direct proportion to the 
number of teeth. If only one tooth is used, the horsepower at 
the cutter is 0.48. It is 3.4 for 8 teeth, and 6.3 for 16 teeth. 
The unit horsepower at the cutter remains practically constant 
at 0.45 for all values of teeth, although there is a tendency for a 
slight increase in unit power for the smaller number of teeth. 

The cutting speed for a 30-min tool life, Vgo, is shown to be 
highest for the single tooth at 600 fpm, after which it falls off to 
480 fpm for 2 teeth, 450 for 4 teeth, 440 for 8 teeth, and 390 for 16 
teeth. 

Cutter Diameter. Face-milling cutters of 4 in., 6 in., and 9 in., 
each having one tooth, were used on the 20,000-psi, 170-Brinell 
hardness cast iron at a cutting speed of 200 fpm, as shown in Fig. 
12. Both sintered-carbide and high-speed-steel blades were used. 
The horsepower at the cutter for the high-speed steel averaged 
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0.375 for the 4-in-diam cutter and 0.15 for the 9-in. cutter. The 
unit power for the high-speed steel cutter, operating at 200 fpm, 
was 0.5 for the 4-in. cutter, 0.48 for the 6-in-diam cutter, and 0.45 
for the 9-in. cutter. The total power at the carbide cutter operat- 
ing at 500 fpm was 0.8 for the 4-in. cutter and 0.31 for the 9-in. 
cutter. The unit power at the carbide cutter operating at 500 
fpm was 0.44 for the 4-in. cutter and 0.37 for the 9-in. cutter. All 
of this shows an appreciable influence in reduction of power as the 
single-tooth-cutter diameter is increased. However, it also should 
be noted that the rpm was decreased for the larger cutters. 

The cutting speed for a 30-min tool life, Vs, for the high-speed- 
steel cutter remains practically constant at 220 fpm, but in- 
creases from 360 fpm to 760 fpm for the K28 carbide-tipped 
cutter. This shows that both from a power and cutting-speed 
point of view the high-speed-steel cutters of all diameters are sub- 
stantially equal. However, for the carbide cutters the larger 
diameter gives the lowest horsepower, the lowest unit horse- 
power, and the highest cutting speed, V0. 

Fig. 13 is introduced to explain the differences in behavior be- 
tween the 4-in. and 9-in-diam cutters when operating at the same 
cutting speed. The instantaneous maximum values of net power 
at the cutter for both cutters is the same, but the average value is 
0.79 for the 4-in. cutter and 0.31 for the 9-in. cutter. The time 
of contact, between the tool and the work for the 4-in. cutter, is 
0.00105 min and for the 9-in. cutter it is 0.00069 min. This ex- 
plains very well the difference in their tool life. The 4-in. cutter 
will take very thin chips at the beginning and end of its cut, 
whereas the thickness of chip for the large cutter is more uniform 
throughout the cut. 
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Varying the Angle of Blunting. In Fig. 14 the horsepower is 
plotted against the angle of blunting. This angle was varied from 
plus 16 deg 16 min to minus 67'!/, deg. In this test four different 
cutters were used, each having different widths of blunting, operat- 
ing at 0.010 ipt. The general shape of the tool is shown as an in- 
sert in Fig. 15. If the angle of blunting is varied, the tool with 
0.001 in. width has practically constant power value of 0.35, but 
the teol with 0.010 in. width has the lowest power requirement 
when the angle of blunting is negative 22'/2 deg. 

The total machining time, 7',, (machine running time from 
start to end of cutting), is plotted against the angle of blunting in 
Fig. 15. The tool with 0.010 in. width of blunting gave the maxi- 
mum tool life of 145 min when the angle of blunting was negative 
22'/:deg. The tool with 0.001 in. width gave a tool life of only 20 
min. From this, it is concluded that a tool with 0.010 in. width 
and negative 22'/:-deg angle of blunting is a good design to give a 
long tool life with less power. 

Cutting Fluids. The influence of cutting fluids, whether dry, 
oil, or emulsion, was studied when face-milling SAE 4130, as indi- 
cated in Fig. 16. The cutting edge was blunted to a width of 
0.005 in. at 45 deg. The total horsepower at the cutter remained 
practically constant for all cutting fluids at 0.35 when the cutting 
speed was 400 fpm. The unit horsepower remained constant at 
1 hp per cu in. per min. 

The cutting speed for a 30-min tool life for K2S carbide tool was 
considerably less for the liquids than for dry cutting, due probably 
to the frequent quenching of the tool point, which led to the chip- 
ping of the cutting edges and premature failure. When cutting 
dry, the cutting speed for a 30-min tool life was 500 fpm. When 
using the sulphurized mineral oil, the cutting speed was only 305 
fpm to cause the tool failure. When using the emulsion with 20 
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parts of water with one part of soluble oil, the cutting speed was 
still lower at 290 fpm. 


CONCLUSIONS 
The most important tool-design variables to increase the rate of 
metal removal, in order of their importance, are as follows: 


1 Number of teeth in the cutter. 
2 Tool material. 
3 Blunting of the cutting edge—if needed. 
4 Chipping causing failure. 
5 Relief angle. 
6 Peripheral cutting-edge angle. 
7 Nose radius. 
8 Width of chamfer. 
9 Axial rake. 
10 Radial rake. 
11 Tooth profile for finishing cuts. 


It should be noted that, for the same number of teeth, small 
cutter diameters for high-speed-steel cutters will allow higher rpm’s 
and, therefore, an increase in production. This should rate about 
third in importance. 

Table 1 shows the cutting speed and the unit power for each 
of the variables tested. Conclusions are summarized, first, as to 
net power and unit net power at the cutter and, secondly, as to 
tool life for the conditions listed for each variable in each figure. 
The cutting conditions are standardized except as noted. 

It is shown that the minimum net unit power, u hp, for the three 
different tool materials (high-speed steel, cast nonferrous metals, 
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0.44 for the 20,000-psi cast iron. It was face-milled with sharp 
cutters for the appropriate cutting speed for each tool material, 
as shown by the cross-hatched bars in Fig. 2. The unit power for 
dull cutters may be highest for the high-speed steel inasmuch as 
this tool material will continue to cut in a duller condition than the 
cast nonferrous metal or sintered carbide. The latter cutters 
normally are removed with less wear for reconditioning. The 
minimum net power at each cutter, hp,, varies directly with its 
cutting speed. The value of cutting speed for a 30-min tool life, 
Vso, to cause a flank wear of 0.030 in., for the cutting conditions 
indicated in Fig. 2, varies as 150, 300, and 700 fpm for the high- 
speed steel, cast nonferrous metal, and sintered carbide, respec- 
tively. 

Hp, and u hp, are reduced as the axial rake angle, Fig. 3, is in- 
creased when machining cast iron at 190 Brinell hardness with 
carbide-tipped face-milling cutters. The lowest values are ob- 
tained with the plus 21-deg axial rake angle. Vo is decreased as 
the rake angle is increased from a negative value to a positive 21 
deg when face-milling this iron. Therefore the 0-deg to plus 7- 
deg axial rake seems to be the best for both power and speed. 

As the radial rake angle, Fig. 4, is increased from a negative 
value of 14 deg to a positive value of 28 deg, the hp, and u hp, at 
500 fpm are reduced gradually. Similarly, the cutting speed is 
increased as the radial rake angle is increased from negative 14 
to 0 deg, after which it remains practically constant for all positive 
values of rake angle up to 28 deg. Therefore a positive radial 
rake angle of 15 deg is recommended for this 0-deg axial rake. 

The profile of a sintered-carbide tool with a 45-deg peripheral 
cutting-edge angle and a 2-deg face cutting-edge angle has little 
effect on either power or life. The hp, and u hp, for the conditions 
shown in Fig. 5 are increased gradually as the profile is changed by 
adding a flat to the face of the cutter. They are slightly increased 
further as a small lead angle of */, deg is added. Vo likewise is 
reduced as the lead angle is added. Therefore the profile with a 
sharp nose or small flat is preferred. 

As the peripheral relief angle, Fig. 6, is increased on the cutter 
with a 45-deg peripheral cutting-edge angle and 2-deg face cutting- 
edge angle, the hp, and u hp, values are at a minimum when the 
relief angle is 18 deg (12.8-deg normal relief) when face-milling the 
40,000-psi Meehanite cast iron of 190 Brinell hardness. V9 is in- 
creased as the normal relief angle is increased up to a maximum of 
12to 15 deg. Therefore the 12-deg normal relief angle is recom- 
mended. 

For a cutter having a 0-deg peripheral cutting-edge angle, Fig. 
7, the power is lowest when the peripheral relief angle is from 6 to 
12 deg. The cutting speed Vo is a maximum for peripheral re- 
lief angles of 12 to 15 deg. The 12-deg angle is, therefore, recom- 
mended. 

When face-milling the 40,000-psi Meehanite cast iron with the 
face mill having a sintered-carbide-tipped tooth, hp, and u hp,, for 
a cutting speed of 300 fpm, fall off slightly as the peripheral 
cutting-edge angle is increased, Fig. 8. The cutting speed V3. was 
increased from 450 to 660 fpm for peripheral cutting-edge angles 
from 0 to 45 deg, and it increased to 670 fpm for the 60-deg cut- 
ting-edge angle. In general, the 45-deg angle would be recom- 
mended for commercial work, unless there is an objectionable 
scale which may require a still further reduction in the peripheral 
cutting-edge angle. 

As the nose radius, Fig. 9, is increased from a sharp point to '/«- 
in. radius, hp, and u hp,, at 500 fpm, are increased slightly. From 
a power point of view, smaller nose radii are recommended. The 
cutting speed, V3, however, is a maximum for the '/s-in. nose 
radius. It is only slightly lower for the '/,.-in. and the '/,-in. radii. 
From this study a '/s-in. nose radius is recommended. 

As the width of chamfer, Fig. 10, on the standard tool is in- 
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creased from 0 to 0.150 in., the net and unit power is increased 
only slightly. The cutting speed, Vy, however, is increased ap- 
preciably for the 0.070 in. width of chamfer and still further for 
the 0.150 in. The 0.150 in. width of chamfer corresponds to the 
larger peripheral cutting-edge angle which also proved to be bene- 
ficial for tool life. 

As the number of teeth in the face-milling cutter, Fig. 11, is 
increased from 1 to 16, the horsepower at the cutter at 500 fpm 
increases almost in direct proportion to the number of teeth. 
The unit net power at the cutter remains practically constant. 

Even though V is highest for the lowest number of teeth, a 
large number of teeth is recommended to increase the rate of 
metal removal if sufficient power is available. 

As the diameter of a face-milling cutter, having a single tooth 
and operating at a constant fpm, is increased, Fig. 12, hp, is re- 
duced appreciably for both carbide and high-speed-steel cutters, 
and u hp, is reduced slightly. The instantaneous maximum 
value of power for the larger-diameter cutter equals that of the 
small-diameter cutter, Fig. 13, but the average power during the 
cut for the 9-in-diam cutter is only 0.31 as compared to 0.79 for 
the 4-in-diam cutter. Vo, however, for the carbide cutter is 
much higher for the large-diameter cutter than for the small- 
diameter cutter. V4 0 for the high-speed-steel cutter, however, is 
practically independent of the cutter diameter. For the carbide 
teeth, the large-diameter cutter is preferred. 

As the angle of blunting of the cutting edge, illustrated in Fig. 
14, was varied from plus to minus for different values of width of 
the ridge, the horsepower became excessive with large negative 
angles of blunting. For face-milling SAE 4130 cast steel, it is 
felt that a width of blunting of 0.010 in., at an angle of blunting 
of negative 22'/. deg is best. Fig. 15 shows that the total machin- 
ing time is greatest for the negative 22'/:-deg angle and the 
0.010 in. width of blunting. 

As cutting fluids were introduced for face-milling the SAE 4130 
cast steel, the power remained practically the same for dry cut- 
ting, sulphurized mineral oil, and an emulsion, Fig. 16. However, 
as the liquids were introduced, the cutting speed, V30, dropped 
from 500 to 300 fpm. Therefore, for face milling steel, with car- 
bide cutters operating at interrupted cuts, dry cutting is recom- 
mended, 

The best tool angles of each of the individually tested variables 
cannot always be combined into a given cutter. However, as a 
result of the tests reported here and other tests, particularly on 
rake angles for cast steel, two designs of cutters are recommended 
for sintered-carbide-tipped face-milling cutters, Table 2. 


TABLE 2 CHARACTERISTICS OF CUTTER DESIGNS 


Cast iron, deg Steel, deg 

(for chip removal) 

(ce) Face 12 (c) 10 

(d) Peripheral relief............ : 12 (d) 10 

(e) Face cutting edge............... 2 (e) 2 

(f) Peripheral cutting edge*......... 45 (f) 45 

(g) Chamfer 0.100 in. at 45 deg or nose 

radius of '/s in. (g) Chamfer 0.100 in. 


at 45 deg or nose 
radius of '/¢ in. 


* For cast iron with scale, a 0-deg peripheral cutting-edge angle is de- 
sirable with a large nose radius. 

Nore: For cutting steel, it is advantageous to blunt the peripheral cutting 
edge to 0.010 in. width and at a negative 22 deg from the cutter axis. 
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Discussion 


F. W. Lucur.’ The authors are to be complimented for 
taking the large amount of data they have compiled from the 
cast-iron milling research program which they conducted during 
World War II and finally reducing it to a usable form as given 
in the paper. 

The nomenclature of cutter angles in Fig. 1 refers to the chamfer 
as 0.070 X 45 deg. In the paragraph referring to the best angles 
recommended for sintered-carbide-tipped face-milling cutters 
the chamfer is specified as 0.100 at 45 deg. This raises the ques- 
tion of the correct way for specifying a chamfer. Years of 
experience indicate the chamfer dimension should always be 
measured parallel to the chamfer angle because it facilitates the 
cutter-grinder operator to work up to the given dimension while 
grinding. When the chamfer measurement is given parallel to 
the cutter axis, the grinding operation destroys the initial point 
of measurement. In other words, the chamfer should be specified 
as 0.070 at 45 deg. 

No comment is made about the surface condition of the six 
sides of the 2 X 4 X 24-in. cast-iron test bars used for this 
work. When taking the initial cut, the cutting edge not only 
contacts scale on the entire cross-sectional area but for the full 
depth of cut also along the entire 4 X 24 in. perimeter. On 
the succeeding cuts the cutting edge is favored because it only 
contacts scale for the full depth of cut around the 4 X 24 in. 
perimeter. The results as obtained from the test runs are not 
to be questioned because they conform to a certain set of con- 
ditions. 

Carbide grade K2S is given as ‘“‘the recommended type for the 
purpose of milling cast iron.’”’ This really confuses the issue 
because this happens to be a grade of carbide normally recom- 
mended for taking the heavier cuts from steel forgings and 
castings. In actual practice a so-called tungsten-carbide grade 
is always used for milling cast iron because it resists the abrasive 
cutting action much better than the steel-cutting grades of 
carbide which are made with tantalum- and titanium-carbide 
additive for resisting crating of the tool face. For example, 
grade K6 or our competitive grades 883 or 44A are used more 
frequently for milling cast iron than grade K2S. This in turn 
will have a definite effect on the conclusions drawn from these 
tests and may lead falsely to the use of increased rake and relief 
angles. For example, the recommended 12 deg rake and relief 
angles have not been favored in the cast-iron milling circles where 
the more wear-resistant tungsten carbides with slightly lower 
rake and relief angles have given longer cutter life. Was grade 
K2S selected to evaluate the performance of a sintered carbide on 
both cast iron and steel even though it does not conform to the 
best over-all practice? If this was the case, it would have been 
interesting to compare the two types of wear resulting from 
milling each of the two materials. 

The selection of the proper face-mill diameter for a given 
width of cut has a definite effect on the number of pieces per 
grind obtained from the cutter as the authors have found. 
We usually recommend a ratio of 8 to 5 for the face-mill diameter 
to the width of cut or the face-mill diameter is 1.6 times larger 
than the width of cut. This means for a 4-in-wide cut we 
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would use a 6'/, to 7-in-diam face mill or more logically an 8 in. 
diam because it happens to be a cutter manufacturer’s standard 
and is carried in stock. We would never use a 4-in-diam face 
mill to take a 4-in-wide cut because the cutter tooth enters the cut 
with a chip having a zero thickness resulting in a highly abrasive 
cutting action and short cutter life. 

Several years ago the writer presented a paper before this 
Society on the effect of work position when face-milling indicat- 
ing maximum cutter life was obtained when the tooth entered 
the cut about 20 deg ahead of the cutter center line in the direc- 
tion of feed. 

A smoother cutting action also was obtained with a setup as 
used for these tests when the cutter center line was positioned 
above the work center line, giving a greater are of cutter contact 
below the horizontal cutter center line than above it. This 
would place the direction of the resultant cutting pressure into 
the fixture and the knee of the machine, and give increased rigid- 
ity and longer cutter life. 


K. B. Katser.6 The authors are to be complimented on 
presentation of a most interesting paper on a subject which is 
inherently very complex because of the large number of variables 
involved. Since the beginning of attempts at scientific metal 
cutting, these variables have been a constant. headache to the tool 
designer because, as the paper points out, the best tool angles dic- 
tated by one variable do not always correspond to those found best 
for another variable. Thus, in final cutter design, a compromise 
is necessary to obtain the best average conditions. 

The writer was particularly interested in the results of the 
tests in which radial and axial rake were varied. While certain 
trends are indicated by Figs. 3 and 4, it is believed that the 
authors did not go far enough in reaching the basic angles affect- 
ing power and tool life. The radial and axial rake angles 
are important only in that they may be chosen in combination 
with the peripheral cutting-edge angle, or bevel, to obtain most 
desirable effective, or true, rake and shear angles. As is well 
known, the effective angles at the cutting edge may differ con- 
siderably from the apparent axial and radial rakes. 

In our experience, the effective cutting angles, as influenced by 
a correlation of radial and axial rakes and bevel angle, deserve a 
much higher place on the list of most important tool-design 
variables than given by the authors. 

The data on the effect of varying the peripheral cutting-edge 
angle suggests a further set of tests to determine whether it is 
the angle itself or only the influence of the angle on actual chip 
thickness (feed per tooth remaining constant) which changes the 
power and tool-life values. It is the opinion of the writer that 
it is the thinner chip obtained with a 60-deg angle which causes 
an increase in the life constant over that for the 0-deg cutting-edge 
angle. This appears to be contradicted, however, by the data on 
power. The power values in Fig. 8 and Table 1 indicate a 
slight decrease in the power constant with an increase in periph- 
eral cutting-edge angle (and decrease in chip thickness). This 
is contrary to the writer’s experience and other published data by 
the authors of the present paper which indicate that thinner 
chips require more power per cubic inch of metal removal. 

Fig. 11, showing the effect of number of blades, is interesting. 
Have the authors an explanation of what might have caused the 
increase in cutter life for the single-bladed cutter over those with 
more blades? It appears to the writer that putting more blades 
in the cutter should merely duplicate the results obtained with 
one blade. The data show this to be true in the power check. 
It may be possible that, in the test. setup, some other factor such 
as lack of machine or workpiece rigidity caused vibration which 


6 Assistant Chief Engineer, The Ingersoll Milling Machine Com- 
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reduced the cutter life when using a multiple-bladed cutter. 

A comparison between the tool life using a corner bevel and a 
nose radius probably will come as quite a shock to many people 
who have long grieved that they could get better life with a 
radius if only it were not so difficult to grind. The results show 
little difference between a corner bevel and radius, and what 
differential there is favors the bevel. We have long maintained 
that the smooth, unrestricted chip flow produced by a corner 
bevel, coupled with proper effective rake and shear angles, is much 
preferable to a radius where chips are crowded toward a focal 
point and ideal cutting angles are present at only one point on 
the radius. 

The tests on effect of blunting are commendable and should 
shed considerable light on something that heretofore has been 
done by guesswork. It has been well known for years among the 
“old-timers” in metal cutting that a small amount of blunting 
or ‘‘stoning’”’ was beneficial. These are the first data the writer 
has noted which actually show its effect. 

Data of the type given in this paper are helpful in pointing out 
design factors which should lead to most efficient milling. How- 
ever, the writer often has a feeling of frustration, as we imagine 
the authors do also, in the realization that other variables such as 
scale, sand, hard castings, relative brittleness of carbides, im- 
proper cutter grinding, and lack of control of cutter changing, 
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all play such an important part in final cutter performance. It 
is seriously questioned that these latter variables, uncontrollable 
by the cutter designer, might not require considerable further 
compromise on the angles recommended for cast iron and steel 
in the paper to obtain best results in everyday high-production 
milling. 


Autuors’ CLOSURE 


The authors very much appreciate the discussions by Mr. 
Lucht and Mr. Kaiser. Both are in a position to have observed 
milling practice over a period of years. 

Mr. Lucht raises the question as to the use of type K2S carbide 
in most of this work as being the type not normally recom- 
mended. At the beginning of these tests in 1943, a number of 
grades of carbide of both the steel and cast-iron types were 
experimented with to determine the type suited for the work. 
K28S had been recommended, and in our tests it gave wear 
characteristics both on the flank and by cupping which seemed 
to be normal and desired. Some grades wore excessively on the 
flank and on the chamfer and others excessively on the face, 
but it was felt that the K2S wearing uniformly on both 
flank and face was a type which could be used satisfactorily in 
this investigation involving such a wide variety of types of iron 
and steel to be face-milled. 
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Dynamics in the Inlet System of a Four- 
Stroke Single-Cylinder Engine 


By C. F. TAYLOR,’ J. C. LIVENGOOD,? anv D. H. TSAI* 


This paper presents the results of a recent investigation 
of the inlet process in a four-stroke, single-cylinder engine 
with an inlet pipe. The effects of inlet-pipe length, inlet- 
pipe diameter, inlet-valve timing, and some other design 
parameters were studied. The results showed that the 
dynamic effect of the inlet pipe on the engine volumetric 
efficiency was associated with (a) the process of accelerat- 
ing the inlet-pipe air column during the first part of the 
inlet stroke, and taking advantage of the ramming of the 
air column during the last part of the same inlet stroke; 
and (6) the action of the standing wave set up in the air 
column during the preceding cycle. By a suitable choice 
of inlet pipe and valve timing, a considerable gain in 
volumetric efficiency over that for zero pipe could be ob- 
tained over a wide range of engine speed. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


A = dimensionless velocity of sound = c/co 

A, = piston area, sq in. 

A, = effective area of inlet valve, sq in. 

A, = cross-section area of inlet pipe, sq in. 

B = bore of cylinder, in. 
Cay = average flow coefficient of inlet valve 

ec = velocity of sound, ips or fps 
D = diameter of inlet pipe, in. 
e, = volumetric efficiency (defined by Equation [2] in text) 
k = ratio of specific heat at constant pressure to that at con- 
stant volume = 1.4 for air 

L = combined length of inlet pipe and inlet port, in. 

N = rpm 

p = pressure, psia or in. Hg abs (Hga) 

q = ratio of frequency of inlet stroke to fundamental natural 

frequency of inlet-pipe air column 

r = compression ratio 

S = stroke of piston, in. or ft 

s = piston speed = 2SN, fpm or fps 

T = temperature, deg F or deg F abs 

t = time, sec 

U = dimensionless velocity = u/co 

u = velocity, ips 

V. = cylinder volume, cu in. 

V, = piston displacement volume, cu in. 

X = dimensionless distance = z/L 
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distance from open end of inlet pipe, in. 
dimensionless time = cot/L 

density, lbm/in.* 

6 = crankangle, deg ATC 
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Subscripts 


0 = reference condition in inlet tank outside inlet pipe 


1 = condition at open end of inlet pipe, immediately after 
entrance from atmosphere 

2 = condition at cylinder end of inlet pipe (same as condition 
at inlet port) 

c = condition in cylinder 

e = exhaust condition 


Other notations are defined as they appear in the text. 


INTRODUCTION 


In the operation of a four-stroke single-cylinder engine, it has 
been found that a considerable increase in the air flow to the 
engine, and hence in its power output, can be obtained by the use 
of a suitable inlet pipe. This simple and effective method of super- 
charging, often called “inertia supercharging,”’ has been the sub- 
ject of a considerable amount of investigation in the past 40 
years or so, especially from a theoretical point of view (1 to 4).‘ 
However, in so far as the authors are aware, no really comprehen- 
sive data have been compiled to date, either for the purpose of 
design or for a basic understanding of the problem. 

In the literature, there seem to be two main theories on the 
process involved in inertia supercharging. One theory is based on 
the idea of resonance of the inlet pipe (3, 4). It is argued that the 
amplitude of the “standing wave” at the inlet port would be large 
if q, the ratio of the frequency of the inlet stroke to the funda- 
mental natural frequency of the inlet pipe, happened to be a simple 
fraction ('/:, 1/3, etc.). However, in order to realize a gain in air 
flow, a positive pressure wave must be timed to arrive at the inlet 
port at the beginning of the inlet stroke. Thus, according to this 
theory, a gain in air flow would occur when q is equal to '/s, '/, 
and '/;. This theory has not been found entirely satisfactory be- 
cause it does not give adequate account of a number of important 
experimental phenomena. For example, it does not explain the 
gain in power output over the case of no inlet pipe when the fre- 
quency ratio is different from '/;, '/,, or '/;. In this respect, 
available data seem to indicate that the difference in power out- 
put due to resonance, or lack of it, is often small compared to the 
difference in power output with or without the use of an inlet 
pipe. 

The other theory is based on the consideration of the inlet pipe 
as a device for storing kinetic energy (2). It is argued that as air 
flows toward the cylinder, kinetic energy is stored in the air 
column by virtue of its velocity. Some of this energy can be 
recovered toward the end of the inlet process because of the ram- 
ming effect of the air column, which tends to build up the pressure 
at the inlet port and force more air into the cylinder. From this 
point of view, the importance of the inlet-pipe diameter also be- 
comes readily apparent. This approach is basically sound, but it 
has not been systematically developed, and the relationship of 
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the ramming effect to engine design and operating conditions has 
remained largely unknown. The theoretical solutions worked out 
in reference (2) on the simplifying assumptions of incompressible 
and uniform air flow along the length of the inlet pipe have not 
proved to be in good agreement with experimental data. 

The present paper reports the results of a recent investigation of 
some of the problems of inertia supercharging brought out in the 
foregoing discussion. In this investigation the effects of the 
length and diameter of the inlet pipe, as well as the timing and 
flow capacity of the inlet valve, on the air flow to a four-stroke 
single-cylinder engine were studied experimentally over a wide 
range of engine speed. Parallel to the experimental work, a de- 
tailed theoretical study based on the assumptions of one-dimen- 
sional, compressible, isentropic, and unsteady flow was also made. 
A relatively large number of solutions was obtained with the aid 
of a high-speed digital-computer. These solutions showed satis- 
factory agreement with the experimental results. 

Owing to the limitation of space, this paper will present 
primarily the experimental results. Only a brief discussion of 
the theoretical results will be included here to provide a basis for 
interpreting the observed phenomena, and for extending the use- 
fulness of the experimental data. Further details of the theoreti- 
cal investigation may be found in reference (5). 


EXPERIMENTAL SETUP AND PROCEDURE 


A CFR engine was used in the experimental work. The general 
test setup is shown schematically in Fig. 1. In the following 
paragraphs some of the special features of this setup are discussed 
briefly. 


Throttle ASME Squore-edged 
Valve Orifice Meter 
Surge Tank Surge Tonk L 
Electric 
Exhoust Surge Tank, % 
Fuel Pump rif 
Inlet Surge CFR 
Injection Nozzle Flywheel roulic 
Ovex 


To Exhoust Fan 


Fic. 1 Experimenta Setup 


Inlet System. Air from the atmosphere passed through an 
ASME orifice meter and a series of three large surge tanks before 
entering the inlet pipe and the engine. The third tank was 
movable relative to the engine to permit installation of inlet pipes 
of different lengths between this tank and the engine. The 
volume of this tank (dimensions: 14 in. diam, 29 in. length) was 
approximately 120 times the displacement volume of the engine, 
ani 50 times the volume of the largest inlet pipe (1.50 in. diam, 
48 in. length). This size was considered to be large enough so as 
to have no serious effect on the dynamics of the inlet-pipe air 
column. Tests at 2400 and 3200 rpm with an inlet pipe of 48 in. 
length, 1.06 in. diam, all other operating conditions fixed, showed 
that no measurable change in brake torque occurred when the 
surge tanks were removed altogether, so that the inlet pipe re- 
ceived air directly from the atmosphere. 

Different adapters were used for connecting the third tank to 
inlet pipes of different diameters. These adapters had well- 
rounded entrance sections to reduce flow loss. Different adapters 
also were used for connecting the different inlet pipes to the inlet 
port. The diameter of the inlet port was 15/isin. For the inlet pipe 
of 1.50 in. diam, the pipe-to-port adapters had a short ('/: 
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in.) conical section to join the two diameters. For inlet pipes of 
1.06 in. and 0.74 in. diam, the adapters had short ('/: in.) flaring 
sections. In al! three cases, since the difference between the di- 
ameters of the inlet pipe and the inlet port was not too large, the 
shape of the transition section was not very important. Prasad 
and Stahman (6), using the same experimental setup, found that 
the short transition sections, whether convergent or divergent, 
had no appreciable effect on the inlet-port pressure. 

Valve Timing and the Inlet Valve. Three inlet-valve closing 
angles, at 33, 60, and 90 deg ABC, were obtained by use of three 
special cams designated in Table 1 as cams A, B, and C. The 
timing of the other valve events was fixed. The overlap angle of 
the inlet and exhaust valves was 6 deg, equally divided before and 
after top center, and was small enough for the inlet system to be 
considered isolated from any important dynamic effect of the 
exhaust system. 

Two CFR inlet valves of different designs were tested. Both 
valves were 1.350 in. OD at the valve head. Their average flow 
coefficients under steady flow were determined by the method de- 
scribed in reference (7). 

Fuel System. The engine operated on the Otto cycle with direct 
fuel injection into the cylinder beginning at approximately 120 
deg ATC on the inlet stroke. The fuel-injection system con- 
sisted of a Bosch injection pump with a small (5 mm) plunger, 
and a wide-angle injection nozzle (Bosch ADN-60-S2 in a Bosch 
AKB-50-S holder) with a special adapter to fit the cylinder. 

Measuring Instruments. The average rate of air flow was 
measured with a standard 2-in. ASME orifice meter with flange 
taps across a square-edged orifice of 0.723 in. diam (8). The use 
of the three large surge tanks in the inlet system was effective in 
eliminating pressure fluctuations at the orifice so that accurate 
measurement of the air rate was possible. The average rate of 
fuel flow was measured by a calibrated flowmeter connected to the 
injection pump through a suitable surge bellows. Engine speed 
was measured with a mechanical tachometer and a 60-cycle stro- 
boseope. Brake torque was measured with an M.I.T. hydraulic 
scale (9). 

Pressure in the cylinder was measured with an M.I.T. free- 
diaphragm balanced-pressure indicator (10, 11). Pressure in the 
inlet pipe at a point about 1'/, in. from the inlet port was measured 
with a strain-gage-type pressure indicator (12) for the series of 
tests with cam A, and with the M.I.T. free-diaphragm balanced- 
pressure indicator for the series with cam C. In each case the 
diaphragm of the pressure pickup was close to the inside surface 
of the inlet pipe. 

Measurements of the average air rate and fuel rate, engine 
speed, and brake torque, as well as pressures in the inlet and ex- 
haust tanks and temperature in the inlet tank, involved no par- 
ticular experimental difficulties. The accuracy of these measure- 
ments was considered to be reasonably good. The measured rates 
of air flow were found to be reproducible to within 2 or 3 per cent. 

On the other hand, measurements of pressures in the cylinder 
and in the inlet pipe were somewhat more difficult. Fig. 2 shows 
two sets of these pressure records. In some of these records (for 
example, 1.06-in-diam pipe at 1600 rpm) the measured inlet-pipe 
pressure (near the inlet port) was found to be lower than the 
cylinder pressure during the entire inlet process, although air-rate 
measurement indicated that air was flowing into the cylinder. 
This apparent discrepancy may have resulted from instrument 
error, as well as from the fact that the inlet-pipe pressure was 
measured at a distance of about 4 in. from the inlet valve. Thus 
the phase of the pressure wave at the valve was different from 
that shown in the figure. For example, with the distance of 4 in. 
between the pressure pickup and the inlet valve, the phase dif- 
ference could amount to 7 or 8 deg crankangle at 3600 rpm. In 
spite of these inconsistencies, the measured pressure records were 
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Inlet Pipe Diameter = in. Inlet Pipe Diameter = in. 


1600 rpm 1 
e,=.87 
2400 rpm 
e,= 84 
‘~~ Cylinder Pressure 
3200 rpm 3200 rpm 
ey=.77 Inlet Port Pressure e,=.69 
0; 4 + + + 
| 
~4 
-8 ' ' 
360° 720 


Crankangle, degrees —— 


Fic. 2 Measurep Port Pressures ror Two Series or Tests 
Wits Cam C, 48-In. InLet Pipe, at Two INLET-Pipe DiaMeTers 
(Other conditions as stated in column 1 of Table 1.) 


valuable for qualitative information on the dynamics of the flow TABLE 1 SUMMARY OF EXPERIMENTAL CONDITIONS 


process and for comparison with computed results. 
Experimental Procedure. Table 1 summarizes all the experi- CFR ENGINE EFFECTS STUDIED 
mental conditions covered in the present study. For each run, Stroke, S = 4-1/2 in. 
careful measurements were made of the engine speed, air rate, Bore, B= 3-1/4 in. | 2 3 4 5 
fuel rate, and brake torque. The engine speed was changed Inlet Valve Dia.= 1.350 in.o.d. > 
slowly to permit visual observation of any marked change in air z c a 
. . Inlet Port Length = 2-1/2 in. 2 
rate and brake torque due to the possible resonance effect de- * H 
scribed earlier. Whenever a pronounced change was suspected, 2 
the regular speed increment of 200 rpm would be reduced to 100 § | « 
rpm for additional measurements to be taken. Yaive Timing: SATS | PSE 
In Table 1, the variables listed in column 1 were of primary in- Bsz = = § | 
LC. SeeBelow|] ESS = = | 
terest in the basic problem of the dynamics in the inlet system. J 
Most of these variables also were studied in the theoretical part of = 0.56] Zero | Zero | Zero | Zero | — 
this work. The variables in columns 2, 3, and 4 were studied from = 1.63) 5-3/4 | © 
the point of view of design details. In column 5, the effect of a $ | Inte? Pipe | 4.56 ie | 
trombone inlet pipe was studied in order to test the validity of the | Length, in. 7|597] 24 24 24 : 
basic experimental approach employed here, that is, a study of - 678) 3 a 
y 48 48 48 48 
the problem by means of inlet pipes of only a few discrete lengths. > 
| iniet Pipe 0.46] 1.50 1.50 1.50 
TueoreticaL Work S/0.33] 106 | 106 | 106 | 1.06 | 106 
© | Diameter, in. | © 
As pointed out earlier, the flow in the inlet pipe of an engine is 5 a a 
such that the effects of unsteadiness and compressibility of the air > Inlet Valve pes ale pon 6 
column usually cannot be ignored. Measurements made in this | Closing, “ABC 90 
investigation showed that the amplitude of the pressure wave at = a 
the cylinder end of the inlet pipe sometimes reached values as 3 Inlet Valve Lift, in. 0.262 | 0.145 e-0288 0.262 | 0.262 
high as 0.7 atm with a moderately long inlet pipe at high engine <a 
" A Ave.iniet Valve Flow Coeff.| 0.25 0.14 0.15 0.25 0.25 
speed. In the theoretical analysis of this problem, use was there- 
fore made of equations suitable for dealing with unsteady flow of Compression Ratio, r —+ 60 ++ 10.3 6.0 
large pressure fluctuation. These equations together with the = inlet Pressure, po, in.Hga ee OE 274 | = 30 
important assumptions involved are summarized in the mathe- = Exhaust Pressure, pein. Hgo 31.4 | =30 
matical statement of the problem in the Appendix. | inlet Temperature, T, ,°F 100 
Method of Solution. The problem as formulated in the Ap- Ww A 
Jacket Temperature, F 
pendix was solved by a method based on the theory of character- * 
istics for hyperbolic type of second-order partial differential equa- ro) ’ 
tions (13, 14). On account of the periodic nature of the inlet 2 Fuel-Air Ratio ——+ 0.08 
process, the desired solution was one that would not only satisfy ° Spark Advance Best Power — 
the conditions of Equations [3] to [7], but also repeat itself after = 1200 
each cycle of engine operation. Since, in general, conditions in = | Engine Speed, rpm <— !000 to 3600 ot _. 1600 
the inlet pipe at the beginning of the inlet stroke could not be de- 8 200 Increments 2400 
termined beforehand, actual computation was started with the 3200 
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a few cycles of engine operation until the ‘‘steady-state”’ periodic 
solution was obtained. 

The method just outlined proved to be much too involved for 
manual computation. Furthermore, the solution to Equation 
[3] depended on the boundary conditions (configuration of the 
inlet system and conditions of engine operation), and for each 
new set of conditions a separate solution would have to be com- 
puted. These difficulties made it rather impractical to study the 
problem extensively by manual computation alone. The method 
was therefore adapted for computation by a modern high-speed 
electronic digital computer (15, 16). This made possible the 
study of a relatively large number of cases, duplicating some of 
the effects investigated in the experimental phase of this problem. 


Fig. 3) Typicat Sotution spy WWI Diaitat Computer 


Conditions of computation for this solution: 
CFR engine at 3600 rpm with cam C, 24-in. inlet pipe, 1.50 in. diam. 
Other conditions as stated in column 1 of Table Be 
Initial condition was that of quiescent pipe. Computation was carried 
through one complete engine cycle. 
of Curves: 
orizontal axis represents crankangle. Distance between two neighboring 
bright spots is 180°. 0° is at extreme left, 720° at extreme right. 
ertical axis is located at cran! angle of inlet-valve closing (270° for cam 
C) and represents dimensionless pressure (p — po)/po and volumetric ef- 
ficiency eg. Distance between two neighboring bright spots is unity for pres- 
sure scale and '/: for volumetric-efficiency scale, with zero at the horizontal 
axis. 
Top curve represents instantaneous volumetric efficiency. At end of the 
inlet process this curve shows that volumetric efficiency is 0.83 for this cycle. 
Middle curve extending entire eycle is pressure wave at inlet port. 
Bottom curve is cylinder pressure during inlet process. 


A typical solution obtained directly from the computer is shown 
in Fig. 3. The results were obtained in terms of three quantities: 
inlet-port pressure, cylinder pressure, and ‘instantaneous volu- 
metric efficiency”’ defined as 


Instantaneous volumetric efficiency = —— M.d0..... {1] 
610 


Here po is the reference inlet-air density, V, the piston displace- 
ment volume, ./, the instantaneous mass rate of air flow into the 
eylinder, and @ the crankangle or time, with 6,9 representing 
the opening crankangle (time) of the inlet valve. Integrated 
over the entire period of inlet-valve opening, the foregoing ex- 
pression leads, of course, to the familiar definition of “volu- 
metric efficiency,” e, (17) 
> = mass of air to cy linder ‘per cy cle 2 
Interpretation of Computed Results. Figs. 4 and 5 compare the 
results of the computed and measured volumetric efficiencies for 
four series of tests. The numerals alongside the computed points 
indicate the cycle of computation. For the “first” cycle, the air 
column was assumed to be initially at rest, with a uniform pres- 
sure equal to the inlet-tank pressure. The “second” cycle was 
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started with pressure waves in the inlet pipe set up as a result of 
the first cycle. The “third” cycle followed the second cycle in a 
similar manner. In Fig. 4, the steady-state solution was reached 
in most cases in the second or third cycle. In Fig. 5, because of 
the short inlet pipe, the steady-state solution was reached after 
the first cycle. 

In these figures, the measured and the computed (steady- 
state) values are seen to exhibit similar trends to variation with 
engine speed, although the computed values are generally higher. 
This was found to be true in nearly all the cases studied. The 
difference seemed to be mainly due to the effect of heat transfer 
(5, 18) which was ignored in the theoretical analysis. In the 
present setup, the major part of this heat transfer took place not 
in the inlet pipe but at the inlet valve and in the cylinder. Thus, 
if the volumetric efficiencies were compared on a “‘relative”’ basis, 
using the volumetric efficiencies for zero (or a very short) pipe as 
a reference, Fig. 5, the effect of heat transfer would be largely 
suppressed, while the dynamic effect of the inlet pipe would be 
automatically brought to the fore. Fig. 6, replotted from the re- 
sults of Figs. 4 and 5, shows that on this relative basis the dy- 
namic effect in the inlet pipe was predicted with satisfactory 
accuracy in both series of tests. This also was found to be true in 
most of the other cases studied. 

In order to understand the dynamic effect, it is necessary to 
have some knowledge of the events taking place in the inlet pipe. 
In this connection a study of Fig. 7 is of interest. This figure com- 
pares the inlet-port and cylinder pressures obtained both by direct 
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two cycles of computed pressures are shown here. The pressures 
of the third cycle are omitted because they turned out to be very 
nearly the same as those of the second cycle. The volumetric- 
efficiency curves are the computed instantaneous volumetric effi- 
ciencies defined earlier. The measured volumetric efficiency is 
shown as a single point at the end of the inlet process. 

In Fig. 7, the events in the inlet pipe may be described on the 
basis of the computed results. This should not involve any 
serious error, since the agreement between the computed and the 
measured pressures is evidently quite good. 

Starting with the inlet stroke of the first computed cycle, it is 
seen that some outflow from the cylinder took place as the inlet 
valve began to open. This was because the cylinder pressure was 
higher than the inlet-port pressure for this particular run. In 
general, the cylinder pressure at this point is controlled by the 


exhaust process. For computation, this pressure was taken from 
representative experimental data. The outflow caused the inlet- 
port pressure to rise slightly. This pressure rise was clearly due 
to the inertia of the air column in the inlet pipe, for if there were 
no air column, then by assumption (Equation [4] in the Appendix) 
there would be no pressure rise at this point. 

As the inlet process progressed, the cylinder pressure dropped 
rapidly, due to the combined effect of the outflow and the piston 
motion away from top center. When the cylinder pressure 
dropped below the inlet-port pressure, inflow to the cylinder be- 
gan to take place. At this point the inlet-port pressure began to 
drop also. This drop was caused by flow velocity as well as the 
inertia of the air column not yet fully in motion. If there were no 
air column, the pressure drop would be due to velocity alone, and 
would be much less. 


oP 
* 
3 
| 
« 
wee 
y 
| 
an 
“fee, 
4 
3 


1138 TRANSACTIONS OF THE ASME 


The low pressure at the inlet port was propagated toward the 
open end of the inlet pipe at the local velocity of sound, and pro- 
gressively caused the air column to be accelerated toward the 
cylinder. In general, because of the compressibility effect, the 
velocity and pressure of the air column would not be uniform 
along the inlet pipe. But once the air column had been set in mo- 
tion, it is clear that if the flow to the cylinder were stopped by a 
sudden closing of the inlet valve, a ‘“‘ram’”’ pressure would be built 
up at theinlet port. “he amplitude of the ram pressure would de- 
pend on the kinetic energy contained in the air column, while the 
pressure-time relationship of the pressure rise would depend on 
the state of the air column just before the inlet valve was closed. 
This ram pressure would not help fill the cylinder, however, be- 
cause of the closed valve. In practice, the inlet-valve motion was 
more gradual, and the flow at the inlet port was usually deceler- 
ated by the restriction at the inlet valve, and by the rising pres- 
sure in the cylinder due to the filling up of the cylinder, or to the 
upward motion of the piston, or to a combination of these con- 
ditions. In any case, as the flow toward the cylinder was de- 
celerated, a ram pressure was built up at the inlet port. The 
magnitude of this ram pressure and its timing in relation to the 
inlet-valve closing process obviously would affect the volumetric 
efficiency of the cycle. 

At the end of the inlet process, it may be observed that, in 
general, the air column would not be in a state of equilibrium, and 
would therefore vibrate after the inlet valve was closed, causing 
a standing wave in the inlet pipe as shown in the figure. Simple 
calculation would verify that this standing wave was, as expected, 
at the fundamental natural frequency of the air column. The 
wave form of the standing wave was apparently determined by 
the state of the air column at the end of the inlet process. The 
amplitude of the standing wave decreased somewhat with time, 
indicating some energy loss to the atmosphere at the open end. 

The next cycle followed in exactly the same manner, except 
with a different initial state of the air column. 

Since the third-cycle solution was found to be very nearly the 
same as the second-cycle solution, the latter may be considered 
as the steady-state solution. The difference in volumetric ef- 
ficiency between the first-cycle and the steady-state solutions was 
evidently due to the effect of the standing wave on the inlet. proc- 
ess. In the present case this difference was about 0.05. In gen- 
eral, the magnitude of the standing-wave effect is controlled by 
the amplitude and the period of the standing wave, and its phase 
in relation to the timing of the inlet process. 

The foregoing discussion suggests that the dynamic effect may 
be separated into two components: One component associated 
with the process of accelerating the air column during the first 
part of the inlet process, and taking advantage of the ramming 
effect during the last part of the same inlet process; and the other 
component associated with the action of the standing wave set up 
in the inlet pipe during the preceding cycle. 

In Fig. 6, the component due to ramming is represented by the 
difference between the first-cycle solutions and the line e,/e.o = 
1.0, and the component due to the standing wave by the difference 
between the steady-state solutions and their corresponding first- 
cycle solutions. The relative importance of these components de- 
pends not only on the dynamic characteristics and the pressure 
forces on the air column, but also on the design and operating con- 
ditions of the engine (e.g., valve capacity and timing, engine 
speed, etc.). These factors will be further studied by means of the 
experimental results. 

Similarity Rule (Effect of Size). From a mathematical point of 
view, the condition of dynamic similarity can be established by 
reference to the governing equations summarized in the Appendix. 
Since these equations are dimensionless, the solution obtained for 
one configuration of engine and inlet pipe applies directly to any 
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of a series of “similar” engines with similar inlet systems under 
similar operating conditions. From Equations [7] to [7f], it 
can be seen that for engines and their inlet systems to be similar, 
L/S, D/B, A,/Az versus 0, and V/V, versus 6 must be the same; 
and for the operating conditions to be similar, po/p, and NL/co 
must be the same. Since NL is proportional to the piston speed 
of the engine, it is clear that at the same 7) (or co), similar engines 
as defined above must operate at the same piston speed (and 
otherwise the same operating conditions) in order to obtain the 
same dynamic effect from the inlet pipe and the same relative 
volumetric efficiency. 

These considerations are currently under experimental study at 
the National Bureau of Standards. Results of this study should 
provide not only an interesting test of the validity of the similar- 
ity rule, but also an indication of departures from this rule due to 
other factors not accounted for here, such as the effects of heat 
transfer and fluid friction in the inlet pipe. 


Discussion OF EXPERIMENTAL RESULTS 


Effects of Inlei-Pipe Length and Diameter and Inlet-Valve Timing. 
The experimental data on the effects of inlet-pipe length and 
diameter and inlet-valve timing on the volumetric efficiency of a 
CFR engine are summarized in Fig. 8. Following the discussion 
of the similarity rule, these data are presented in terms of the 
relative volumetric efficiency e,/e,. against the dimensionless 
piston speed s/co. The reference curves of é,. versus s/¢o for the 
three inlet-valve timings are included at the top of the figure. 
The following phenomena may be observed: 

Generally speaking, in all the cases shown here the use of an 
inlet pipe resulted in some gain in volumetric efficiency over the 
case of zero pipe in a certain range of speeds and a loss outside of 
this range. With a fixed inlet-pipe length and valve timing, the 
gain in volumetric efficiency was higher with a smaller inlet-pipe 
diameter at low engine speeds, but at higher speeds a larger 
diameter was more favorable. With a larger diameter, the gain 
also extended over a wider speed range. Of the three diameters 
tested here, the medium diameter of D/B = 0.33 was found to 
give the highest gain. 

With a fixed inlet-pipe diameter and valve timing, the gain in 
volumetric efficiency was more pronounced as the inlet-pipe 
length was increased. But with a longer inlet pipe, the gain 
occurred in a narrower and lower range of speeds. 

Finally, with an inlet pipe of fixed length and diameter, the 
gain in volumetric efficiency appeared to be more pronounced and 
extended over a wider range of speeds as the inlet-valve closing 
was delayed. Here it should be noted that as the inlet-valve clos- 
ing angle was changed, the e,9 curves were changed also. Thus a 
high gain in volumetric efficiency (high e,,/e,0) did not necessarily 
correspond to a high value of actual e,. Of the three cams tested, 
the highest e, was obtained with a moderate inlet-valve closing 
angle, that of cam B. 

In addition to the foregoing, it is seen that for L/S = 11.2, 
D/B = 0.46 and 0.33, under cam A, the volumetric-efficiency 
curves exhibited some rather pronounced local depression and rise 
at speeds greater than s/c) = 0.025. These local variations were 
evidently due to the effect of the standing wave, as can be seen 
from a comparison of the corresponding experimental curves in 
Figs. 8 and 6 with the computed solutions of Fig. 6. Also, with a 
fixed inlet-pipe diameter and valve timing, the local variations 
were smaller as the length of the inlet pipe was decreased; and 
with an inlet pipe of fixed length and diameter, the local variations 
were smaller as the inlet-valve closing was delayed. It is interest- 
ing to observe, also, that in regions of maximum gain in volumet- 
ric efficiency, the curves of Fig. 8 showed only small local varia- 
tions, indicating that, in these regions, the effect of the standing 
wave was small. 
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The phenomena observed here can be understood by reference 
to the theoretical results presented earlier. Discussion of the 
phenomena will be divided into three parts, dealing respectively 
with the ramming effect, the standing-wave effect, and the prob- 
lem of correlation of data. 


(a) Ramnine Errectr 


The effect of engine speed is basically associated with the 
duration of the inlet process and the velocity of the air column.* 
In Fig. 8, for the runs at low engine speeds, the inlet process was 
apparently long enough for the entire air column to be accelerated, 
and some advantage was gained from the ramming of the air 
column during the latter part of the inlet process. However, 


‘because of the low velocity of the air column at low engine 


speeds, the magnitude of the gain was small. At higher engine 
speeds, the velocity of the air column was also higher, and 
larger gain in volumetric efficiency was possible. At very high 
engine speeds, the inlet process appeared to be too short for 
the air column to acquire a high velocity, and the flow of air to the 
cylinder was thus hindered by the inertia of the air column, 
and the volumetric efficiency again was found to decrease. 

The diameter of the inlet pipe affects both the mass of the 
air column and its velocity. Fig. 8 shows that at low engine 
speeds, in spite of the smaller mass, a small inlet-pipe diameter 
with a higher velocity of the air column resulted in a higher gain in 
volumetric efficiency than a large diameter. At high engine 
speeds, the restriction of a small diameter apparently became 
excessive, and the volumetric efficiency is seen to drop faster with 
speed than in the case of a larger diameter. This restriction was 
probably associated with both friction loss and drop in air density 
at high velocity of the air column. The relative magnitudes of 
these components were not determined in this investigation. 

The length of the inlet pipe also affects the quantity of air con- 
tained in the inlet pipe. As pointed out earlier, at low engine 
speeds, the inlet process was usually long enough to accelerate the 
entire air column. A long inlet pipe with more air and hence 
greater ramming effect, therefore, showed a more pronounced gain 
in volumetric efficiency than a short pipe. At high engine speeds, 
the time for acceleration was short. Therefore a shorter pipe with 
a less sluggish air column showed up to better advantage than a 
longer pipe. 

The effect of the timing of the inlet valve is again associated 
with the duration of the inlet process. Consider first the case of a 
very short or zero pipe. With cam C (late closing) at low engine 
speeds, there was a tendency for a sizable amount of air to be 
pushed out of the cylinder between bottom center and inlet-valve 
closing. With cam A (early closing) this tendency was not 
so pronounced. Therefore at low engine speeds, cam C gave a 
lower volumetric efficiency than cam A. At high speeds, the 
cylinder did not have enough time to be filled at bottom center, 
and cam C with a longer inlet process seemed to be better than 
cam A. 

Consider next the case of a long inlet pipe. Here cam C re- 
sulted in a far higher gain over a wider range of speeds than cam 
A, apparently because the ramming effect of a long air column 
could be more effectively used with the later inlet-valve closing. 


(b) Sranpinc-Wave Errecr 


Both engine speed and inlet-pipe length affect. the amplitude 
of the standing wave, but only the pipe length affects its period. 
In Fig. 8, for the runs at low engine speeds with short inlet 
pipes, the amplitude of the standing wave was small, and 
the effect of the standing wave on the inlet process was there- 

5 “Velocity of the air column’’ denotes here the ‘‘average”’ velocity 


of the air column. In general, the local velocity is not uniform along 
the length of the inlet pipe. 
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fore small. With longer pipes (at low speeds) or at higher 
speeds (with short pipes), the amplitude of the standing wave 
was larger, but the half-period of the standing wave was short 
compared to the duration of the inlet process, so that several 
positive and negative pressure waves could reach the inlet port 
during the course of a single inlet process, and their net effect on 
the inlet process was also small. At high speeds with long inlet 
pipes, not only was the amplitude of the standing wave larger, 
but its half-period was also longer compared to the inlet process. 
Under these conditions, if a pressure wave arrived at the inlet 
port during the middle of the inlet process, then its effect on the 
standing wave would be large, as in the case of Fig. 7 and also of 
Fig. 8 for cam A, L/S = 11.2, D/B = 0.46, at s/ceo = 0.03 and 
0.035. 

The effect of inlet-valve timing is also associated with the dura- 
tion of the inlet process compared to the half-wave period of the 
standing wave. As was pointed out in the preceding paragraph, if 
the half-wave period is short compared to the inlet process, the 
effect of the standing wave on the inlet process would be small. 
It is, therefore, not surprising to find in Fig. 8 that as the inlet- 
valve closing time was delayed from 33 deg ABC (cam A) to 90 
deg ABC (cam C), the effect of the standing wave was considera- 
bly reduced. Also, with late inlet-valve closing, the standing- 
wave effect might tend to be obscured by the larger ramming 
effect observed earlier. 

As for the effect of the diameter of the inlet pipe, the tests with 
cam A seemed to indicate that the standing-wave effect was 
smaller for D/B = 0.23 than for either D/B = 0.33 or 0.46, Fig. 
8. But the data presented here are too limited to warrant any 
definite conclusions. 


(c) Corre.aTion or Test ReEsutts 


There does not appear to be a simple method for predicting 
the speed at which a given engine with a given inlet system 
must operate in order to take advantage of the dynamic 
effect. The resonance theory (see Introduction), for instance, 
is not applicable here: According to the resonance theory, 
a favorable effect on volumetric efficiency was to be expected 
at a frequency ratio qg of 1/3. With L/S = 11.2, gq = 1/3 
corresponds to s/co = 0.03, and at this value, Fig. 8 shows a de- 
pression in the curve for D/B = 0.46 under cam A. From a 
theoretical point of view, formulation of a general correlation is 
difficult because of the nonlinear nature of the governing equa- 
tions. Further work in this direction is indicated. For design 
purposes, a nondimensional presentation of the data, similar to 
that in Fig. 8, appears to be useful for indicating the magnitude 
and trend of the dynamic effect under different conditions. By 
interpolation, the usefulness of such a skeleton set of data can be 
extended further. 

Effect of Inlet-Valve Flow Capacity. Fig. 9 shows the effect of re- 
ducing the inlet-valve flow coefficient from Cay = 0.25 to Cay =0.14, 
see reference 17, on the volumetric efficiency of a CFR engine 
with inlet pipes of two different lengths. The reduction of the 
flow capacity was accomplished by a reduction of the inlet-valve 
lift from 0.262 to 0.145 in. 

With reduced inlet-valve flow capacity, not only was the vol- 
umetric efficiency reduced, but the amount of gain in volumetric 
efficiency over the case of zero pipe also was reduced. This was 
to be expected, since reducing the valve capacity increased the 
restriction to flow at the inlet valve, and decreased the velocity and 
the ramming effect of the air column in the inlet pipe. 

Effect of Inlet-Valve Design. Fig. 10 compares the volumetric 
efficiency and the dynamic effect of two inlet pipes due to a change 
in inlet-valve design. The two valves, A and B, were of quite dif- 
ferent configuration, although their average flow coefficients were 
made the same by adjustment of the valve lift. Under these 
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TABLE 2 COMPARISON OF DATA cara WITH FIXED AND TROMBONE INLET 


(from Fig. 8) 


-—imep/imeps (from Fig. 12)— 


Piston, L/S, fixed inlet pi 
D/B 5.97 8.55. 11.2 5.07 si 
900 1.03 1.06 1.06 1.00 1.01 1.00 
0.46 1200 1.07 1.09 1.18 1.02 1.05 1.12 
. 1800 1.12 1.19 1.25 1,12 1.24 1.26 
2400 1.10 - 1.10 1.06 1.11 1.07 
f 900 1.03 1.09 1.13 1.05 1.08 1.13 
0.33 1200 1.12 1.20 1 29 1.09 1.17 1.23 
| 1900 1.19 1.24 1.22 1,22 1.24 1.21 
2400 1.13 ee 1.00 1.08 1.03 0.92 
conditions, both the volumetric efficiencies and the effects due to 160 - 
the inlet pipes were very similar. The small differences were Lo 
probably due to the fact that the instantaneous values of flow co- 140 pea = | 
efficients versus crankangle for the two valves were different, al- ane “uN | 
though their average flow coefficients were the same. 120 
Effect of Compression Ratio. The effect of changing the compres- Lug-O~p}-0—O~0}-0—0~ = . 
sion ratio from 6.0 to 10.3 on a CFR engine is shown in Fig. 11. 100 
The general similarity between the corresponding curves indi- Me Pipe 
cates that the volumetric efficiency of the engine was not sensitive _- 80 | 
to changes of compression ratio with any of the inlet-pipe lengths 2 ‘ ~ \aateetetips 
tested here. At low engine speeds, actual volumetric efficiencies ~ 0 7 s= 900 se $/o* O13 4 
with r = 10.3 were slightly lower than the corresponding volu- ro ree Sr 
metric efficiencies with r = 6.0; at high engine speeds, the 
opposite was true. These small differences were probably the re- 20 - 
sult of change of pressure forces (from the piston) on the air | 
column in the inlet pipe due to the change in clearance volume. PS | 
Effect of Trombone Inlet Pipe. In connection with Fig. 8, it 0 2 4 6 8 10 12 14 16 
might be asked whether the results would have been substantially u/s 
different if the inlet pipe, instead of being fixed at a few discrete 
lengths, was varied in a continuous manner or by small incre- 160 . — 
ments. 
: 
To settle this question, two series of tests with “trombone 140 ae - 
inlet pipes of two diameters were carried out. These tests were | - ~ 
made with cam C. The problem was to determine whether im- 120 
portant effects had not been missed at pipe lengths not covered in — «] —_ 
Fig. 8. Since with a trombone inlet pipe it was inconvenient to 100 
measure air flow to the engine, only the brake and motoring fric- 3 ‘Seis 
tion torques were measured. The results in terms of imep versus - “ | 
L/S are shown in Fig. 12. Com GC. O/B" 58 
= 60 s= 900 ft/min. s/c,=.013 
Table 2 compares some of the values of imep/imep (imepp = 
imep for zero pipe) in Fig. 12 with the corresponding values of 40 
¢,/évo in Fig. 8. Considering the difference in the experimental fi/min. 
conditions, the agreement of the data shown here appears to be 20 - 
fairly satisfactory. For other values of L/S and engine speed, | 
direct comparison of the data is difficult. However, the local 0 
2 6 8 10 12 14 16 


peaks and depressions in the curves of Fig. 12 were evidently of 
the same order of magnitude as those in the corresponding curves 
of Fig. 8. Thus it may be concluded that both methods (a, fixed 
inlet pipe, varying speed; and b, fixed speed, trombone inlet pipe) 
lead to compatible results. In the same range of variables if one 
method did not disclose any prominent peaks or valleys, the other 
would not either. 


CONCLUSIONS 


1 The dynamic effect of the inlet pipe on the volumetric 
efficiency of a single-cylinder engine was found to be associated 
with (a) the process of accelerating the inlet-pipe air column dur- 
ing the first part of the inlet stroke, and taking advantage of the 
ramming of the air column during the last part of the same inlet 
stroke, and (b) the action of the standing wave set up in the air 
column during the preceding cycle. 

2 Both the ramming effect and the standing-wave effect were 
found to depend strongly on the length and diameter of the inlet 
pipe, the timing of the inlet valve, as well as the speed of the 
engine. By a suitable choice of the inlet pipe and valve timing, it 


L/S 


Fig. 12 Errect or Trompone INLET Pipes on IMEP 
(Column 5, Table 1.) 


was found that a significant gain in volumetric efficiency could 
be achieved at any speed. In many instances, the gain extended 
over a considerable range of speeds. 

3 In regions of maximum gain in volumetric efficiency, the re- 
sults obtained here showed that the effect of the standing wave 
was consistently small. The gain in these regions, therefore, was 
primarily due to the ramming effect. 

4 The effect of reducing the inlet-valve flow capacity was that 
both the volumetric efficiency and the dynamic effect of the inlet 
pipe were reduced. At the same inlet-valve flow capacity, the 
effects of different inlet-valve design, and of a considerable 
change in compression ratio, on both the volumetric efficiency and 
the effect of the inlet pipe, were small. 


ACKNOWLEDGMENTS 
This investigation was conducted at the Sloan Laboratories 


‘ 
» 
y 


for Aircraft and Automotive Engines at the Massachusetts Insti- 
tute of Technology, Cambridge, Mass., under the sponsorship of 
The Texas Company, New York, N. Y. The assistance of 
Messrs. Donald 8. Doremus and Joseph Caloggero in building the 
apparatus and conducting the experimental tests is gratefully 
acknowledged. 


BIBLIOGRAPHY 


1 ‘‘Resonanzer Scheinungen in der Saugleitung von Kompres- 
soren und Gasmotoren,”’ by P. Voissel, Zeitschrift VDI, Bd. 56, 1912, 
pp. 720-722. 

2 “Inertia Supercharging of Engine Cylinders,” by E. S. Denni- 
son, Trans. ASME, OGP, vol. 55, 1933, pp. 53-64. 

3 ‘Acoustic Vibrations and Internal Combustion Engine Per- 
formance, I. Standing Waves in the Intake Pipe System,” by P. M. 
Morse, R. H. Boden, and H. Schecter, Journal of Applied Physics, 
vol. 9, 1938, pp. 16-23. 

4 ‘Dynamics in the Inlet System of a Four-Stroke Engine,” by 
R. H. Boden and H. Schecter, NACA TN 935, 1944. 

5 ‘‘A Study of the Dynamics in the Inlet System of a Four- 
Stroke, Single-Cylinder Engine With Inlet Pipes of Different Lengths 
and Diameters,”” by D. H. Tsai, ScD Thesis, Course XVI, Massa- 
chusetts Institute of Technology, Cambridge, Mass., 1952. 

6 “Effect of Varying Inlet Pipe Length and Diameter on Gulp 
Factor (Inlet Valve Mach Index) of a Four-Stroke Engine,”’ by A. 
Prasad and R. C. Stahman, SB Thesis, Course II, Massachusetts 
Institute of Technology, 1952. 

7 “Effect of Changing Manifold Pressure, Exhaust Pressure, and 
Valve Timing on the Air Capacity and Output of a Four-Stroke En- 
gine Operated With Inlet Valves of Various Diameters and Lifts,” 
by J. C. Livengood and J. V. D. Eppes, NACA TN 1366, 1947. 

8 “Fluid Meters—Their Theory and Application, Part I,’’ Re- 
port of ASME Special Research Committee on Fluid Meters, THe 
AMERICAN Society oF MecHANiIcaAL New York, N. Y., 
fourth edition, 1937. 

9 “Hydraulic Scale for Measurement of Engine Dynamometer 
Forces,’’ Laboratory Equipment Bulletin No. 6, Diesel Engine Manu- 
facturers Association, January 3, 1949. 

10 “A New High-Speed Engine Indicator,’”’ by E. 8. Taylor and 
C. 8. Draper, Mechanical Engineering, vol. 55, 1933, pp. 169-171. 

11 ‘Improvement of Accuracy of Balanced-Pressure Indicators 
and Development of an Indicator Calibrating Machine,” by J. C. 
Livengood, NACA TN 1896, 1949. 

12 “A New High Performance Engine Indicator of the Strain 
Gage Type,”’ by C.S. Draper and Y. T. Li, Journal of the Aeronautical 
Sciences, vol. 16, 1949, pp. 593-610. 

13 “The Application of a Graphical Method to Some Dynamic 
Problems in Gases,”’ by P. De Haller, Sulzer Technical Review, No. 1, 
1945, pp. 6-24. 

14 ‘Lecture Notes on Numerical Analysis,’’ by S. H. Crandall, 
Department of Mechanical Engineering, Massachusetts Institute of 
Technology, 1951, chapter 6. 

15 “Programming for Whirlwind I.” by H. Saxenian, Electronic 
Computer Division, Digital Computer Laboratory, Massachusetts 
Institute of Technology, Report R-196, June, 1951. 

16 ‘Whirlwind I Programmers’ Manual (Rough Draft) ,” by C. W. 
Adams, Digital Computer Laboratory, Massachusetts Institute of 
Technology, November, 1951. 

17 “The Volumetric Efficiency of Four-Stroke Engines,”’ by J. C. 
Livengood, A. R. Rogowski, and C. F. Taylor, Quarterly Transactions 
of The Society of Automotive Engineers, No. 6, 1952, pp. 617- 


18 “‘A Thermodynamic Analysis of the Inlet Process of a Four- 
Stroke Internal Combustion Engine,’’ by C. H. Wu, ScD Thesis, 
Course II, Massachusetts Institute of Technology, 1947. 


Appendix 


MATHEMATICAL STATEMENT OF PROBLEM OF DyNAMICS OF INLET 
System 


For isentropic, compressible, unsteady flow of air (p = pRT, 

k = 1.4) in an inlet pipe of uniform diameter, the nondimensional 

governing equation is a second-order partial differential equation 
of the hyperbolic type 
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where 
c u x Cot 
A=w—, Us—, Z=— 
Co Co L L 
and 
ob 
ox [3a] 
(See Nomenclature for definitions of these symbols.) The bound- 


ary conditions may be formulated as follows: 

(a) Open End of Inlet Pipe (Section 1). When the flow is from 
the inlet pipe to the atmosphere, the pressure at section 1 may be 
assumed to be equal to the atmospheric pressure. This assump- 
tion leads to the boundary condition 


When the flow is from the atmosphere to the inlet pipe, the 
flow process may be assumed to be isentropic and ‘‘quasi-steady.” 
Then the appropriate boundary condition becomes 


A; = 


.. (8) 
(b) Cylinder End of the Inlet Pipe (Section 2). When the inlet 

valve is closed, there can be no flow at section 2, and therefore 


When the inlet valve is open, the assumption of quasi-steady 
flow may again be used. Considerations of the applicable thermo- 
dynamic relationships then lead to the following boundary con- 


dition 
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and 


When r, < 1, F applies; when r, > 1, G applies; and when r; = 1, 
F=G=0. 

For the present problem it was desired to find a “periodic” func- 
tion ® defined by Equation [3a] which would satisfy Equation 
[3] and the appropriate boundary conditions as expressed by 
Equations [4] to [7]. 

The situation involved here is shown in Fig. 13. In this figure, 
X represents distance along the inlet pipe, and Z represents time. 


c 


Open End Cylinder End 
Section | Section 2——~ 


x=0 xel s 
Iniet ~ iniet/ ‘Cylinder’ Piston 
Pipe Valve 
Fia. 13 


The desired solution ® in terms of X and Z must satisfy the 
boundary conditions along AC and BD, representing, respec- 
tively, the open end and the cylinder end of the inlet pipe, while 
conditions along AB and CD must be identical in the time inter- 
val of one cycle of engine operation. 


Discussion 


T. C. Tsu. Although the writer has not been working with 
reciprocating engines for several years, he is glad to accept the in- 
vitation to discuss this paper because, some 12 years ago, when 
he was one of Professor Taylor’s students, he played a small part 
in formulating the basic theory of the inlet and exhaust processes 
of reciprocating engines. 

The Sloan engine laboratory at M.I.T., under the leadership 
of Professor Taylor, has been persistent in studying the inlet and 
exhaust processes. The problem investigated 12 years ago was 
that of a single-cylinder engine with no inlet and exhaust pipes 
attached whatsoever. A satisfactory theory was developed for 
predicting the volumetric efficiency and the pressure-time rela- 
tionships during the inlet and exhaust strokes. The results were 
subsequently published by the NACA.’ The present investiga- 
tion is an extension of the earlier work, namely, a single-cylinder 
engine with an inlet pipe attached. 

The authors should be congratulated for their success in this 
endeavor, as evidenced by the good agreement between theory 
and experiment shown in Figs. 4 to 7, inclusive. This is all the 
more remarkable when one recalls the assumptions involved in 
the theory. The governing equation (Equation [3] of the paper) 
is valid only for one-dimensional, isentropic, potential flow of a 


* Formerly, Senior Engineer, Aviation Gas Turbine Division, 
Westinghouse Electric Corporation, Philadelphia, Pa. Now Re- 
search Engineer, Westinghouse Research Laboratories, East 
Pittsburgh, Pa. Mem. ASME. 

7“Theory of the Inlet and Exhaust Processes of Internal Combus- 
tion Engines,” by T. C. Tsu, NACA TN 1446. 
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nonviscous gas. In spite of all these restrictions, the theory still 
offers an adequate explanation of the complicated dynamics of the 
inlet process. This shows that a little aerodynamic theory goes a 
long way in rationalizing certain important aspects of engine de- 
sign. The use of modern digital computers, which are now availa- 
ble to all, transforms the theory into a practical means of exercis- 
ing design control. In short, the authors have placed at our dis- 
posal a method for effecting important savings in time and money 
when developing new improved engines. 

Returning to the governing equation of the theory, the authors 
are probably aware that their Equation [3] can be made linear 
with respect to time by making a Legendre transformation. 
This, however, does not help matters very much because of the 
complicated boundary conditions. The equations are, perhaps, 
best solved by means of an automatic computer, such as the au- 
thors have done. This should not inconvenience anyone, for the 
digital computer has become quite popular. Its place in the 
aviation and automotive industry today is, in the writer’s opinion, 
comparable to that of the desk calculator some 20 or 25 years ago. 

In the experimental setup, the authors used a 2'/,-cu-ft surge 
tank before the inlet pipe. This tank-pipe-cylinder combination 
constitutes a coupled oscillating system. A calculation con- 
firmed the suspicion that the coupling constant was small, even 
with the shortest and largest pipe. The cylinder and inlet pipe 
may, therefore, be considered as a simple Helmholtz resonator. 
Its natural frequency (with any pipe length used by the authors) 
is fortunately high enough to fall outside the operating range of 
valve frequency ('/: of engine rpm). This is consistent with the 
authors’ experimental observation (although made under re- 
stricted conditions) that the surge tank had no effect on the inlet- 
process dynamics. it might be mentioned in passing that with 
geometrically similar inlet systems operating at constant piston 
speed, the natural frequency of oscillation is in direct proportion 
to engine rpm. If model tests reveal no troublesome resonant 
frequencies, there will be none in the full-size engine. 

The authors conclude that the ramming effect is more impor- 
tant than the standing-wave effect in improving the volumetric 
efficiency. In this conclusion the writer agrees. The practical 
question is then how to best use this effect in engine design. 
Among the variables investigated, the writer misses just one, and 
that is the effect of the rapidity with which the inlet valve is 
opened and closed. This is a matter of cam design and important 
limitations exist in practice. Experimentally, therefore, the 
possible range of investigation is not wide. Theoretically, how- 
ever, the writer believes it important to determine the limit of 
possible gains. In other words, what is the maximum benefit 
that can be derived from the ramming effect? In this respect, the 
rapidity of valve opening is very important. In the limit, if the 
valve were able to open and close instantaneously, the inlet pipe 
would become a shock tube, and one’s hopes run high as to the 
possible gains in volumetric efficiency! Perhaps the authors could 
tell us what the limit is 

All in all, the authors have presented a very fine paper, a 
valuable contribution to the understanding of the mechanism of 
charging a four-stroke single-cylinder engine. The next logical 
step is to extend the theory to a multicylinder engine feeding from 
a common intake manifold. Perhaps work along this line is al- 
ready in progress at M.I.T. or at the National Bureau of 
Standards. If so, the writer hopes this Society will again have the 
pleasure of hearing another report from the authors at a future 
meeting. 


AvutHors’ CLOSURE 


The authors wish to thank Dr. Tsu for his comments. They 
agree with Dr. Tsu’s appraisal of the modern electronic computer 
as a tool for engineering research. In this connection, experience 
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with the present problem showed that the time required for 
computing the volumetric efficiency and the inlet-port and cyl- 
inder pressures for a typical run, Fig. 3, was only about five 
minutes, while the time required for making experimental 
measurements of these quantities was approximately 15 minutes. 
The short computing time was of course due to the fact that 
WWI was an unusually fast computer. Nevertheless, this com- 
parison illustrates the potentialites of such a computer, not only 
for making complex theoretical studies, but also for calculating 
practical design data. 

The authors did not investigate the Legendre transformation 
for the present problem. It was felt that the transformation to 
what corresponds to the hodograph plane, and the reverse trans- 
formation to the physical plane, would be too complicated. In 
contrast, the method of characteristics is simple in concept and 
is well-suited for numerical computation on a digital computer 
because of its stepwise nature. 

Regarding the cylinder-inlet-pipe combination as a simple 
Helmholtz resonator, the authors question the applicability of 
such an analogy, because of the changing cylinder volume and the 
inlet-valve area during the inlet process. On the other hand, if 
the combination of the inlet tank and the inlet pipe is considered 
as a resonator under the action of the piston in the cylinder, 
then with an inlet pipe of 5%/, in. length and 1.50 in. diam, the 


1145 


natural frequency of the tank-pipe combination is approximately 
17 cps. This corresponds to 2000 engine rpm (or 1500 fpm 
piston speed), which is well within the range of speeds covered 
here. And yet, according to Fig. 5, there was no evidence of 
resonance either in the computed results or in the measured 
data. This should not be surprising, since in a Helmholtz 
resonator the amplitude of the pressure wave is always quite 
small, even under resonating condition.’ Thus the inlet tank 
indeed served its purpose as a surge tank by keeping the inlet 
pressure nearly constant. 

Dr Tsu’s idea of the limiting case with an inlet valve which 
opens instantaneously is interesting. In evaluating this scheme, 
it is important to remember that the average flow capacity of the 
inlet valve is a controlling parameter. 

Thus, to a first approximation, Dr. Tsu’s limiting case is 
roughly equivalent to the conventional case with a higher 
valve lift, so that its average flow capacity is the same as that 
of the limiting case. The flow process and the volumetric effi- 
ciency cannot be estimated with accuracy. These must be 
worked out by detailed computation. 


8 See ‘‘Vibration and Sound” by P. M. Morse, McGraw-Hill Book 
Company, Inc., New York, N. Y., first edition, 1936, pp. 201-202. 

***4 Textbook of Sound”’ by A. B. Wood, G. Bell and Sons Ltd., 
London, England, second edition, 1949, p. 197. 
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Steam-Piping Design to Minimize 


Creep Concentrations 


By ERNEST L. ROBINSON,' SCHENECTADY, N. Y. 


Believing that steam-piping design for high-temperature 
service has heretofore been based largely upon elastic 
analysis of expansion stresses without adequate considera- 
tion of the importance of high-temperature creep, the 
author discusses the principles governing the relaxation 
of expansion stresses during service at high temperature 
and points out the possibility of creep concentrations in 
local spots of maximum stress. A number of specific ex- 
amples are given to show that ordinary piping design 
usually can be made without such concentrations. Con- 
trariwise, the type of expansion flexibility which invites 
excessive creep is illustrated. The desirability of cold 
springing pipe so as to minimize stress at high temperature 
is emphasized. 


YEAR ago at this time, the Flexibility Section of the ASA 

Code for Pressure Piping, B31.1, was undergoing re- 

vision. The former wording made cold springing to 
minimize expansion stresses at high temperature permissive, but 
partially penalized its use by permitting only partial credit for 
the reduction of stress at high temperature. 

A new wording proposed a year ago predicated design upon the 
range of stress between cold and hot conditions and took the 
position that self-springing would accomplish as much as cold 
springing. In so far as the new wording eliminated the partial 
penalty on cold springing, it appeared to be an improvement, but, 
on the other hand, the plain implication was that there was no 
particular advantage in cold springing. 

At that time the author of this paper commented on the possi- 
bility of self-springing being accompanied by excessive creep in 
localized regions of high stress. Subsequently the proposed 
wording was amplified to include a suitable warning about these 
matters. 

The object of this paper is to evaluate the susceptibility to 
creep of a number of different types of expansion loops and 
methods of obtaining expansion flexibility and to outline the 
general principles governing the relaxation of stress due to high- 
temperature creep in order that proper account may be taken of 
the plastic strains incurred. 

In order to make this subject easily understandable to the 
ordinary engineer, it seems proper to begin by reviewing the be- 
havior of a simple bolt which drops its stress in proportion to 
the amount it creeps. In contrast with this simple case, F. P. 
Coffin’s early spring-loaded eréep furnace? is discussed where the 
levers were loaded with long, soft springs instead of weights. He 


' General Electric Company. Fellow ASME. 

?“The Effect of Temperature on Materials Required in Turbine 
Design,”’ by 8S. H. Weaver, General Electric Review. November, 1930, 
pp. 654-657, Fig. 2. 

Contributed by the Power Division and presented at the Annual 
Meeting, New York, N. Y., November 28—December 3, 1954, of THE 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Septem- 
ber 28, 1954. Paper No. 54—A-186. 


designed the springs so as to take many times as much creep to 
accomplish a small amount of stress relief as in the case of a simple 
bolt. In between these two extremes come the ordinary cases of a 
bolted flange and the expansion loops of the piping system. 


Creep RELATIONSHIPS 


The physical laws governing the plastic deformation of metals 
under stress for long periods of time at high temperature have 
been discussed at great length by many writers. The author of 
this paper proposes to use the simplest relationships which he 
believes to have generality of application. For this purpose the 
straight-line log-log plot is well known and widely useful. This is 
represented by 


The slope of the line is n where n = ( log - ) / ( log ° ) and it 
So 


differs for different materials. 
temperatures. 

For analysis of behavior where the total amount of creep is 
limited, it is desirable to use data from tests run with no greater 
amounts of extension than what is anticipated as likely to occur in 
use. Relaxation-type tests meet this qualification. Such tests 
show that there is likely to be a change in slope after a week to a 
month, after which it remains fairly constant. In other words, 
after rounding a slight knee the line straightens out for steady, 
long-time behavior. For refined computations it would be possi- 
ble to recognize this change in the creep index in the early days of 
relaxation, but for comparative relationships it does not seem 
necessary and the value representing the trend taken by the line 
after the first. thousand hours should usually be satisfactory. Re- 
laxation tests interrupted by furnace cooling resume on return to 
temperature without a break in the line. 

It must be recognized that different materials behave quite 
differently from one another and that suitable values of S) and n 
must be used. It is also true that individual pieces of the same 
material differ very consequentially among themselves. For the 
sake of reasonably valid comparisons, the author proposes to use 
the same relationships in all cases and the same material for 
making comparisons between similar designs. 

Actual piping systems have to meet the complex requirements 
of a modern power station. It is not the purpose of this paper to 
analyze any particular piping system. The object is to compare 
different means for obtaining flexibility. In order to accomplish 
this, comparisons are made between different series of sym- 
metrical loops whether in bending or in torsion or both. 

Only the simplest elements of the problem are included in order 
to emphasize the importance of carrying on plastic analysis at the 
same time that elastic analysis is made. Certainly the improve- 
ment and extension of the formulations here offered for the compu- 
tation of plastic deformation by anyone who wishes to undertake 
it will be most welcome. 


It is likely to be smaller at higher 
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(2.25 per cent Cr-1 per cent Mo piping material at 1000 F 
‘Se = 7500, = 20,000,000, n= 4 


Initial stress, 15,000; final stress, 3730; total creep, 0.056 per cent; 10,000- 
hr creep is 0.75 times initial elastic extension.) 


Bout In AN UNYIELDING FLANGE 


This well-known example, Fig. 1, is reviewed in detail here be- 
cause the relationships form the basis of all the more elaborate 
applications which follow. The relaxation creep test was made 
the basis of two progress reports by Project 16 of the ASME- 
ASTM Joint Committee on the Effect of Temperature on the 
Properties of Metals.*:4 

The initial take-up on the nuts is unchanged thereafter and re- 
mains constant so that a formula may be written to show that the 
elastic extension at any instant plus the previous plastic extension 
is always equal to the initial elastic extension. 


Differentiating with respect to time gives the elastic require- 
ment that 


From which 


dt = 


Integrating from the initial stress S, to the residual stress S 


roe s, S* (n 


3 The Resistance to Relaxation of Metals at High Temperature,” 
by Ernest L. Robinson, Trans. ASME, vol. 61, 1939, pp. 543-554. 

‘ “High-Temperature Bolting Materials,” by Ernest L. Robinson, 
Proceedings of the ASTM, vol. 48, 1948, pp. 214-235. 
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Formula [3] shows the time that the bolt will stay tighter than 
some particular working stress level below which it is undesirable 
to go. Formula [4] shows the stress to which the bolt will relax 
at the end of any particular period of time. The difference be- 
tween the initial stress and the residual stress divided by the 
modulus of elasticity measures the total amount of plastic exten- 
sion in the bolt (see Formula [2]). This is shown by the inverse 
scale at the right of Fig. 1. This will form a convenient basis of 
comparison for more elaborate applications. 


(n — 1)roEt 


F. P. Corrin’s Sprinc-LoaDED CREEP FURNACE 


More than 25 years ago, when creep testing was not so far ad- 
vanced as it now is, F. Parkman Coffin? used long soft springs 
instead of weights to load the levers of one of his creep-test fur- 
naces shown diagrammatically in Fig. 2. 

The way this machine worked may be analyzed as follows: 
Note that the take-up on the loading wheel at the left is 


x 
E Ki 


The first term represents the elasticity of the specimen itself while 
the second term is the follow-up elasticity of the long, soft spring. 
It is convenient to define the extra elasticity of the arrangement, 
relative to that of the creep bar, as 8 so that 


A 
AE 

E 


After a period of time at any instant ¢ the stress in the specimen is 
S. The total extension in the machine is always the same as the 
take-up on the loading wheel so that 


SA Ss SA 


from which S,—S = 


(1 + 8) 


Differentiating with respect to time gives the elastic requirement 
that 

as dp 

dt (1+ 8) dt 


But dp/dt = r and from the creep properties 


To 
S*" 
Tr Se 


d. 
a= 


Integrating from S; to S 
(1 + 8)So"[1 — (S/S: 


Ss 1 
Si (n — 


(1 + 8)So" 


from which 
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Initial stress, 15,000; final stress, 12,740; total creep, 1.14 per cent 

Note that amount of creep is about 20 times as much as would correspond 
with stress reduction if there were no follow-up elasticity. 10,000-hr creep is 
15.22 times initial elastic extension.) 


Formula [6] in comparison with [3] shows that the time re- 
quired for relaxation from any particular initial stress to any 
particular final stress is prolonged in proportion to the follow-up 
elasticity. The follow-up elasticity of the soft spring prevents 
the reduction of stress due to creep which characterized the simple 
bolt in an unyielding flange. This is shown in Fig. 2 where the 
creep scale at the right now has to be based on (1 + §)/E in 
accordance with Formula [5]. 


OrpINARY FLANGE WitHout GASKET 


In an ordinary solid flange without a gasket, two influences 
occur which are different from the simple bolt in an unyielding 
flange. Because there is some small compressive stress in the 
flange itself, there is some additional elasticity besides that of the 
bolt itself although it is very much less than afforded by the long, 
soft springs of the old creep furnace, Also, because of the stress 
in the flange there is some additional creep besides what takes 
place in the bolt itself. Letting 6 represent the additional elas- 
ticity and @ the additional creep, the total take-up of the nuts is 
always equal to its initial value 


Si Ss 
L+(+ 


from which 


proceeding in the same manner as before to balance known elas- 
tic and creep properties 

_ (1 + — 
(n — 1)roH(1 + 
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Si (n—1X1 + 
(1 + B)S.” 


In order to cultivate some notion as to the importance of these 
several factors in a bolt and flange (all made of piping material) 
assume that the area of flange subject to compression is a circle 
whose diameter is twice that of the bolt as shown by the dotted 
lines in Fig. 3. The compressive stress on the net area, neglecting 
clearance, is !/; the tension stress in the bolt. According to this 
assumption, 8 = !/; and (1 + 8) = 1.333. The creep rate in the 
flange relative to that in the bolt is 


3 


1 
F =4 = — = 0.0123 
or n 81 


Fig. 3 illustrates the behavior of such a bolt in a flange of the 
same material. 
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Fic. 3 Benavior or AN Orprnary FLANGE WITHOUT A 
GASKET 
(All made of 2.25 per cent Cr-1 per cent Mo piping steel; temperature, 1000°F 
So = 7500, E = 20,000,000, n = 4, (1 + 8) = 1.333, (1 + 9) = 1.0123. 
Initial stress, 15,000; final stress, 4080; maximum creep, 0.072 per cent; 
10,000-hr creep is 0.96 times initial elastic extension. ) 


The formula for residual stress differs from that which describes 
a creeping test bar loaded by a cold spring which does not creep. 
In the new relationship, account is taken of both moderating in- 
fluences even though the effect of the creep is of little consequence 
in this case. 


Bouts Wirs CoLiars 


A design feature used to keep bolts tighter for longer periods of 
time is to give them greater length by means of extension collars 
having a cross-sectional area equal to that of the bolt.§ 


5 “Progress in Design and Performance of Modern Large Steam 
Turbines for Generator Drive," by G. B. Warren, Trans. ASME, vol. 
63, 1941, p. 71. (Describes stop valve bonnet bolts made longer by 
thick washers having a cross-sectional area equal to the bolts so as to 
provide three times as much flexibility.) 
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The additional elasticity of such bolts enables them more easily 
to absorb thermal shock without coming loose. More importantly 
for the present discussion, the bolt extensions and collars are 
likely to have 50 to 100 per cent greater creep strength by virtue 
of being 50 deg F cooler in temperature. 

Formulas [8], [9], and [10] describe the behavior of such a 
bolted flange. The effect of the additional follow-up elasticity 
may be judged by assuming the bolt to be three times as long as in 
the ordinary flange, Fig. 3, and also making the same assumption 
that the compressive stress in the flange is '/; as much. Thus 


(1+ 8) =142+ = 3.333 


In order to evaluate the amounts of creep which occur in 
addition to that of the bolt where it goes through the flange, the 
extra creep in the flange is assumed to be (1/;)" = 0.0123 as in 
the ordinary flange. However, in the extensions of the bolt the 
temperature is likely to be 50 deg F colder* so that in that region 
So is 11,500 instead of 7500. Consequently, the additional creep 
in that region relative to the bolt where it goes through the 
flange is 


7500 \* 
= 2 = 0.3 


(1 + $) = 1 + 0.012 + 0.361 = 1.373 


Putting these values in Equation [10] leads to Fig. 4. Such bolts 
stay tighter longer because the follow-up elasticity requires more 
creep for relaxation. 


EXPANSION Loops AND PIPING 


In order to facilitate comparison between different kinds and 
sizes of loops employed for giving flexibility to high-temperature 
piping, it is desirable to formulate both the elastic and plastic 
deflection characteristics of the different forms of loop employed. 
All the expansion loops discussed hereafter are symmetrical about 
the center run of pipe simply to direct attention to the compari- 
sons between the different loops without any complicating circum- 
stances. Only the most important contributing influences have 
been counted. In any particular comparison, the same influences 
are included and such factors as have been neglected have been 
neglected on both sides of the comparison. Thus the most im- 
portant bending deflection is contributed by the curvature of the 
offset straight runs, whether elastic or plastic. However, the 
contributions due to the bending of the lengths at right angles to 
the main line of pipe are included. On the other hand, the refine- 
ment of precise consideration of behavior of quarter turns has not 
been considered in any of the comparisons. The same remarks 
apply equally to torsion loops where the bending of the connec- 
tions at right angles to the main line of piping has been included 
but with no special consideration for the quarter turns. 


ForMULAS FOR DEFLECTION DuE To BENDING, WHETHER ELASTIC 
or PLastic 


Formulas for deflection due to bending are based upon deter- 


® ASTM Special Technical Publication No. 151, compiled by and 
issued under the auspices of the Data and Publications Panel of the 
ASME-ASTM Joint Committee on the Effect of Temperature on the 
Properties of Metals, gives on p. 90 data on the creep strength of 2.25 
per cent Cr-1 per cent Mo steel plotted against temperature for two 
nominal rates from which the value of n may be determined. This is 
the source of the properties used in this paper. 
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Initial stress, 15,000; final stress, 4980; maximum creep, 0.122 per cent; 
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mination of curvature and the geometry of the length bent. The 
extension of the extreme fiber per unit of length divided by its 
distance from the neutral axis is the curvature C. 

For elastic bending, if R is the outside radius of the pipe 


so that C = a 


FIR 
and S§ = = EI 


S 
C= ER 


The contribution to total deflection of any particular length of 
pipe is found by multiplying its curvature by its length and its 
offset distance from the main line of pipe 

Fl 


= = =, 


In a simple symmetrical expansion loop such as shown in Fig. 5, 


' ' 


we 


Fie.5 BENDING Expansion Loop 


there are two lengths a offset by a distance 1. The elastic deflec- 


tion due to these two lengths is 
Elastic deflection 
2 
EI EI ER | lengths in bending 
There are four lengths ! which are in the nature of cantilevers. 
The elastic deflection due to these four lengths is 


— 
EG 
=< F 


48 { Elastic deflection 
= due to crosswise 


3EI 3ER | tengthe in bending 


1 
Fr 
D=4 —zd 


Deflection due to creep inereases with time in proportion to the 
creep rate. Creep changes the extension of the fibers and so 


changes the curvature. Curvature is equal to the extension of 
the extreme fiber in inches per inch of length divided by its dis- 
tance R from the neutral axis. (Here R stands for the half-diame- 
ter of the pipe and not the radius of bending which is the reciprocal 
of the curvature by definition.) So the change of curvature per 
hour is equal to the change of extension per hour, or creep rate, 
divided by R 

dC r 

= R where r = 


dc _m(S\" _ (FiR\" 
dé R\S R 


where J, is the moment of inertia suitable to use when creep is 
present. 

As with elastic deflection, the contribution to total deflection 
of any particular length of pipe is found by multiplying its curva- 
ture by its length and by its offset distance. This is also true for 
the rates per hour. 

In the two lengths a 


To 
So" 


so that 


) 


n { Deflection creep rate 


=? 
R \Sol. | lengths in bending 


where dD/dt is the increase of deflection in inches per hour. 
Proceeding in a similar manner with reference to the four 
cantilever lengths /, the deflection rate is 


nd § 
a 4 L 


xdzx wherer, = 


To 
S n 
* 


and z is the distance to the center line of the reactions 


l n n 
dD ro (FaR rt [FIR 
dt J, I, ) (2) 


rol? s\" Deflection creep rate ) 
(5) due to crosswise }.. [14] 
(nm + 2)R \ So | lengths in bending 


It may be noted that the elastic deflections are in inches rather 
than per unit of length as in the case of the bolting examples. 
Similarly, the plastic deflection rates are in inches per hour instead 
of inches per inch of length per hour used with bolts. Each of 
these formulas for the deflection or its rate of increase with time 
is expressed both in terms of the over-all reaction F and in terms of 
the maximum stress S. 


DETERMINATION OF MOMENT OF INERTIA FOR PLASTIC BENDING 


Because the distribution of stress over the cross section of a 
pipe in bending differs under creep conditions from what it is 
when the material is elastic, a different and somewhat larger 
moment of inertia should be used to recognize the fact that the 
extreme fibers drop stress due to their susceptibility to creep while 
the fibers nearer to the neutral axis pick up a greater share of the 
moment to be carried. 

Conditions of symmetry seem to justify the assumption that 


ROBINSON—STEAM-PIPING DESIGN TO MINIMIZE CREEP CONCENTRATIONS 


1151 


plane sections stay plane as with elastic bending, but the creep 
stress has to accommodate itself to this geometry.? Under elastic 
conditions the moment carried by a cross section of pipe is given 
by the familiar formula 


I 
M=-—S 
R 


where S is the stress in the extreme fiber at a distance R from the 
neutral axis. It will be convenient to determine the value of 


I, MR 

I SI 

where 7, is the moment of inertia suitable to use under the condi- 
tions of plastic bending. 

For a pipe whose outer radius is 2 and whose inner radius is Rt 
let Sq be the stress at any distance r sin a from the neutral axis. 
For this particular analysis r stands for radius instead of creep 
rate. But the creep rate is proportional to the distance from the 
neutral axis. Thus the ratio of the creep rate at distance r sin a 
from the neutral axis to the rate at distance R, which is the out- 
side surface where the stress has its maximum value S, is as fol- 


lows 
R Ss” R 


The moment carried by the entire cross section is four times 
that carried by each quadrant 


rsina 
M = S E sin 
0 Ry R 


R 1 1 
48s [= 3+- . 1+ - 
"{sina] "drda 


I = — (R‘— R;! 
1") 


so 
I, _ MR 
E33 2n 
1 


1 
V T (s + ‘) 

n 
Logarithms of these gamma functions my be found in the back 
of Peirce’s Table of Integrals. Fig. 6 shows that they never differ 


greatly from unity. Fig. 7 shows values of /,/J plotted against 
the radius ratio forn = 4andn = 8. 


7 In this analysis of creep in bending, the author follows the same 
line of reasoning as used by Professor Marin in his book ‘‘Mechanical 
Properties of Materials and Design,”” McGraw-Hill Book Company, 
Inc., New York, N. Y., 1942, chapter 6. This book is out of print 
but the subject is also covered in Professor Marin’s more recent book 
Materials,” Prentice Hall, Inc., New York, N. Y., 
1952. 
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Fie. 6 Tae Gamma Function 
(From Peirce's ‘‘Table of Integrals.’’) 


It is a fair question how soon the pipe adjusts itself under creep 
conditions to the plastic stress distribution. It must start out 
with elastic distribution but this must disappear within a few 
days. As the author mentioned before, the relationships assumed 
are characteristic of long-time performance, that is, behavior 
beyond 1000 hr. It seems reasonable to suppose that stress 
distribution will be plastic after the first week or two. 


Expansion Loop BENDING 


The thermal expansion of the entire line is eLAT and when the 
line is assembled stress-free this is equal to the sum of the elastic 
deflections on coming up to temperature. For a loop like Fig. 5 
from Equations [11] and [12] 

F,al? 


eLAT = + 4 


Fl 
3EI 


This fixes the initial reactions just as the take-up of the nuts 
fixes the initial stress in a bolt. Thereafter the sum of the residual 
elastic deflections and the accumulated plastic deflection here 
represented by D, remains constant at this value. 
Fal? Fal? Fe 


2 
Differentiating with respect to time 
ab | 4) ar 

dt EI, 3EI,_| dt 


Note that the maximum stress is in the a lengths and equal to 


FIR SI, 
Differentiating with respect to time 
dt IR dt 
Thus 
ap __ [2a as 
di ER dt 


The terms in the bracket specifically represent the increase of 
deflection per unit of stress in the worst location. 

Note also that £ is the ratio of the additional elasticity to that 
due to the maximum stress in the a lengths so that 
4l? 
2al 
ER 


2l 
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Thus the elastic relationship between deflection and stress also 
may be written 


dD 2al | dS 


The change of deflection with time is, of course, fixed by the 
creep properties, Equations [13] and [14] 


dD real rol? 
dt R +4 


R (n + 2)/_} So" 


The terms in the bracket specifically represent the increase of de- 
flection in inches per hour when the stress in the worst location is 
passing through the S, level. 

Note also that ¢ is the ratio of the additional creep to that due 
to the maximum stress so that 


4r,/? 
(n+ 2)R 
eal. 
x ¥ 


Thus the time derivative of deflection also may be written 


Equating these two expressions for dD/dt 


ER 3] * @+2)| Se 


ER} at R J Se 
From which 
1 3a dS “ 
(n + 2)a 


+ 


which leads directly to Equations [9] and [10]. The expression in 
the bracket is the time for unit stress relief when the worst stress 


| 
dD 2ral | 
or alternatively 
2al | dS | S* 
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Figs. 8-9 Simpie Benpine Expansion Loops 


(Both made of 2.25 per cent Cr-1 per cent Mo piping steel; temperature, 1000 F So = 7500, EZ = 20,000,000, 


n = 4, initial stress = 15,000.) 


(These two loops have the same elasticity and the same reactions, but the maximum 10,000-hr creep in the shorter wider loop of Fig. 8 is 0.97 times the 
initial elastic extension as compared with 0.85 for the longer narrower loop of Fig. 9.) 


is equal to the nominal creep strength. Thus the procedure for 
analyzing a piping loop during “‘self-springing’”’ is the same as for 
determining the residual stress in a bolt with both follow-up 
elasticity and extra creep. 

Figs. 8 and 9 show two such expansion loops with equal elastic 
deflections for equal reactions. However, the loop shown in Fig. 8 
depends on the cantilever lengths for half its elasticity. These 
parts add 100 per cent follow-up elasticity to the deflection pro- 
vided by the offset subject to creep. On the other hand, the loop 
shown in Fig. 9 derives only a quarter of its elasticity from the low- 
stressed cantilever portions which add only a third follow-up. As 
a consequence the loop shown in Fig. 8 requires somewhat more 
creep for relaxation than the loop in Fig. 9. 

The important thing to note about these simple loops is that 
they do not provoke any great amounts of creep concentration. 
In this respect they are similar to the ordinary bolt in an ordinary 
flange without gasket. 

One Larce Loop Wirs Severat SMALLER Loops IN BENDING 

An arrangement which is more likely to be accompanied by 
localization of creep is where there are a series of loops, one of 
which extends beyond the others. Such a case is illustrated in 
Fig. 10. It may be taken as typical of a combination of low- 
stressed elasticity with one particular region subjected to the 
same reactions but more highly stressed. 

Although the stress-relief diagram looks very similar to those 
already considered, it should be noted that the 10,000-hr creep in 
the extremes of the one big loop is two thirds more than the total 
initial elastic extension. This is a feature of high-temperature 
piping design to avoid wherever possible because the one small 
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region of high stress tends to invite all the creep to itself while 
contributing but little toward elastic relief. In such cases a 
computation of plastic performance is desirable. 


Four Larce Benpine Loops in Series WitH Four SMALLER 
Loops or Haur-Size Pires in PARALLEL 


An important arrangement to consider is where a number of 
small pipes join to supply a single main line or where a main line 
feeds a header which supplies a number of small pipes. 

Fig. 11 is intended to illustrate such a situation. The large 
loops simply represent a particular assumption as to main-line 
elasticity in comparison with the small loops. Since the main- 
line pipe feeds four of the small pipes, they are assumed to be of 
half-diameter with cross-sectional inertias !/;5as much as the main 
pipe. 

The elastic deflections of the small pipes for the parallel runs of 
maximum stress are, from Equation [11] 


2(F/4) 24Fi8 
EI/1\6 3EI 


and for the cross runs, from Equation [12] 
AP 
3EI/16 3El 
and of the four large loops for the parallel runs, from Equation 11 
4 X 2F X 41(21)? 384 Fl? 
EI 3EI 


and for the cross runs, from Equation [12] 


4 x 4F(21)? 128F 


3EI 


The sum of the elastic deflections of all the lesser stressed runs 
divided by that of the most highly stressed run is 


_ 16 + 384 + 128 _ 528 


= 22.0 
24 24 


(1 + 8) = 23.0 


The deflection creep rates due to the small pipes for the parallel 
runs of maximum stress are, from Equation [13] 


4 4 al 4 
% 2) (74) ar) 
R\S/ R \Sul, 
and for the cross runs, from Equation [14] 
R\S/ 6 R 


and of the four large loops for the parallel runs, from Equation 
[13] 


ro RF \* ro RF \* 
4 ) = 1024 > Is 


and for the cross runs, from Equation [14] 


6 4 
R \ Sol. 6 R \ Sol, 
The sum of the creep rates of all the lesser stressed runs divided 


by that of the most highly stressed run is 


171 + 1024 +171 1366 7 
512 


The curves in Fig. 11 are based on these figures and show that 


(1 + $) = 3.67 
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So = 7500, E = 20,000,000, n= 4, (1 +8) = 23.0, (1+ ¢) = 3.67 
Initial stress, 15,000; final stress, 6700; maximum creep, 0.26 per cent; 
10,000-hr creep is 3.47 times initial elastic extension.) 


the creep in the outer fibers of the small pipes will be about '/, 
per cent at the first 10,000 hr which is about 3.5 times the initial 
elastic extension. When employing this kind of construction, 
analysis of creep accumulation is desirable. 


Der.ection Due To Torsion WHETHER ELAstTIc OR PLASTIC 
Formulas for deflection due to torsion are based upon deter- 
mination of twist and the geometry of the length twisted. The 
distortion of the extreme fiber divided by its distance from the 
neutral axis is the twist per unit length 7. 
For elastic torsion 


FoR 
I, 
The contribution to total deflection of any particular length of 


pipe is found by multiplying its length by its twist and its offset 
distance from the main line of pipe 
Sr Fl Fa 
GR 
In a simple symmetrical expansion loop such as shown in Fig 
12, the elastic deflection due to twisting in the No. 2 lengths 
amounts to 


Fl Fal? 
GT, al = 4 Gl, [16] 
Elastic Deflection | 
and in the No. 3 lengths due to crosswise 
| lengths in twist 
Fal 
D = 4 —al = 
GI, G, [17] 


Because bending occurs as well as twisting, it also must be 
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4.11 


Initial effective creep stress, 15,000; final, 5880; maximum creep, 0.187 per 
b. cent; 10,000-hr creep is 2.50 times initial elastic extension.) 


recognized. There are four No. 1 lengths in the plane of the reac- 
tions in pure bending for which the deflections already have been 
written, (Equation [12]) 

3EI 
Equal amounts of bending occur in the four No. 3 lengths 
are 


D=- 
3EI 


Also, similar bending occurs in the four No. 2 lengths 


The total elastic deflection of the loop is the sum of all these 
separate deflections 


No. 1 No. 2 No.3 No.2 No. 3 
FIs Fa! FI 
= +4— +4— 
alt 


For plastic twisting the distortion of the extreme fiber per unit 
of time is r and the corresponding rate of change in the twist is 


aT r ro 
= = R where r = a" and S = 1/3S,r 


so that 


aT _% _ % 
at R So R\ Sol5. R\ Sols 
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and J,, is the polar moment of inertia suitable to use under con- 
ditions of plastic twist. 

Here the assumption is made that the creep rate is quantita- 
tively associated with the shear stress on planes disposed in an 
octahedral manner with reference to the principal stresses, com- 
monly called the octahedral shear stress, rather than with the 
ordinary shear stress in the pipe due to torsion. 

In other words, if the ordinary tension stress in the extreme fiber 
due to bending is 1.73 times the shear stress in the extreme 
fiber, there will be the same shear stress on the octahedral planes 
in the pipe subjected to torsion as on the other set of octahedral 
planes in the pipe subject to pure bending and in each case it is 
assumed that the creep rate will be the same. 

As with elastic deflections, the contribution to total deflection 
of any particular length of pipe is found by multiplying its twist 
by its length and by its offset distance. This is also true for the 
rates per hour. 

In the four No. 2 lengths 


dD aT ro ( V3FIR\" ro 
— = 4— = 4— = 


3. n 

ver) al. . [18] 
So 

Deflection creep rate | 

\ due to crosswise | 


and in the four No. 3 lengths 
| lengths in twist } 


dt dt R Sol pc R So 


[19] 


In computing the plastic behavior of an expansion loop with 
both bending and torsional flexibility, the author recommends the 
simplest analysis that seems adequate. 

For determining the reactions, it is assumed that torsional creep 
and bending creep act independently of each other and may be 
added directly, although the stresses resulting are to be com- 
pounded with due regard to their directions. These assumptions 
could be criticized from the point of view of mathematical pre- 
cision but the recommended procedure seems justified especially 
as the influences neglected seem minor in comparison with the 
metallurgical uncertainties. 


MomEntT OF INERTIA FOR Piastic Torston 


The moment of inertia for plastic torsion is not the same as 
what is proper to use under elastic conditions nor is it, as with 
elastic conditions, just double the bending inertia. The ratio of 
the polar inertia for creep to the ordinary polar inertia may be 
derived in the same manner as for bending by assuming that ra- 
dial lines stay straight. (This assumption is recommended only 
for a circular cross section but is here assumed good for a hollow 
pipe as for a circular shaft.) On the basis of this assumption, the 
ratio will be found to be 


4 


[; - 
(s+ 1 — (R,/R)* 


[20] 


n 


This is shown in Fig. 13 and the ratio of the bending inertia for 
creep to the polar inertia for creep as shown in Fig. 14 is 


r (: + x) 
1—(Ri/R) (21] 
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MemorANDUM ABouT THE “OcCTAHEDRAL SHEAR StTREsS”’ 


Because the basic assumption is made that creep is a distortion 
of the material without dilation, it is useful to make note of the 
ordinary formulas which describe this behavior. 

The shear stress on planes which are octahedral to the principal 
stresses is 


1 
= 3 V (Si — + (Si — + (Se — Ss)? 
In an ordinary tensile bar S; and S; are both zero so that 
1 2 
Sou = 1 = g, 
3 3 
All ordinary creep data are expressed in terms of 


3 
S= va = 2.120 Soct 


Therefore, in determining creep rates under compound stresses, it 
is necessary to multiply the octahedral shear stress by this ratio 
if ordinary creep data are to be used. 

At the surface of an ordinary pipe if S, is the longitudinal 
bending stress, S, the torsional shear stress, and Sp the transverse 
tension due to pressure (bursting stress), the octahedral shear 
stress is 


2 
Soe = — SpSp + Sp* + 


For determination of creep rates, this stress is to be multiplied by 
3/+/2 so that 


r= S* where S = — SpSp + Sp? + 
0 


Expansion Loop 1n Torsion 


Fig. 12 illustrates a simple symmetrical expansion loop in which 
torsion is employed as well as bending to give flexibility to the 
line. When it is assembled without cold springing the initial 
reactions are fixed by the thermal expansion of the entire line. 
Thereafter the sum of the residual elastic deflections and the 
accumulated plastic deflection remains constant. From Equa- 
tions [12], [16], and [17] 


Due to bending in Due to twist in 
No. 1 No. 2 No.3 No. 2 No.3 


13 3 3 2 
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If the loop is a square loop as shown in the picture a = | and from 
the elastic properties 


dD 3/3 dF 
While from the creep properties, Equations [14] and [18] 
dD R n 31" +2 njn +2 
42 (2) 4 
dt R\S.) + 20 
Because these two expressions are equal 
{eer 
Ei, Gi,, 


ro R n 3i" +2 +2 
R (5) - + 


dt = 


The foregoing relationship would be proper to use for direct de- 
termination of the decreasing reaction. However, for determining 
the extent of plastic distortion the corresponding expression in 
terms of stress is more useful. Being guided by the octahedral 
shear stress the maximum effective creep stress will be located 
where the No. 2 runs join the No. 3 runs and will be either 


Fak \? FIR\? FIR \? Fak \? 
s = +3(7) ors = 


FIR 
V1 + 3(al,/U,.)? 


No. 2 No. 3 


V (a/l)*? + 3(1,/I,,)? or = 


whichever is larger. 


For this particular square loop the maximum creep stress occurs 
each side of the elbow and is 


V1 + 30, 


Reference to Fig. 14 will show that the value of this radical for 
pipes having a radius ratio Ri/R = 0.75 is 1.47 ifn = 4 and 1.48 if 
n = 8. 


Note that 


SI, 
Pe and dF = dS f 
IR V1 + IR V1 + 


The time derivative may now be rewritten in terms of the effec- 
tive creep stress instead of the end reaction 
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4 Q/2 
4 To 
+ 2(4/3)rl2 


Specifically, the two upper terms of this last expression represent 
the elastic deflections (due to bending and torsion, respectively) 
per unit creep stress in the worst elbow, while the two lower ex- 
pressions represent the deflection changes per hour when the creep 
stress in the worst elbow has a value equal to Sp. The over-all 
ratio is specifically the time for unit stress relief when the creep 
stress in the worst elbow is So. It is the time constant for the 
loop and it gives the time in hours for the stress to decrease 1 psi. 
Its reciprocal is the hourly decrease in psi of the worst creep 
stress when it passes through the nominal stress level Sp. 

Comparing with Equations [8], [9], and [10] the numerator of 
this fraction is specifically (1 + 8)/E which expresses the increased 
elasticity of the whole loop with reference to the region of maxi- 
mum stress while the denominator is specifically (1 + @)ro which 
expresses the increased creep rate of the whole loop with ref- 
erence to the region of maximum stress. 

The time constant may be simplified into 


ase 


and rewriting dt = —KS,"dS/S" 


dt = 


1 


S n-l 
from which ( = 


(n Se 41 


which is identical with Equation [10]. 

Fig. 15 gives the solution of this formula for the stated condi- 
tions. For the loop illustrated in Fig. 12 and assuming R,/R = 
0.75 for which I,/I,, = 0.62 and E/G = 2.5 


(1 + 
(1 + @) 


and the maximum creep is 2.50 times the initial elastic extension. 


= 4,11 and K = 2.05 hr per psi 


et 


K 


° 


“4s, 


TIME CONSTANT K, HR/PSI 


oo. 
An 


0.50 0.45 0.40 035 030 025 


S, RES! TRESS 
INITIAL STRESS 


Fie. 15 Constant Versus 10,000-Hr 
Ratio 


2.25 per cent Cr-1 per cent Mo piping steel at 1000 F 
Se = 7500, E = 20,000,000, n = 4 
Initial stress, S: = 15,000, ¢ = 10,000 hr 
(Lest the catch words mislead, they refer to the pipe line as a whole. A self- 


springing line is likely to creep less in the worst place while a line which is 
slow to relax keeps on forcing creep in the worst place.) 


It should be noted here that the same initial stress of 15,000 has 
been assumed as in the previous cases. Here it stands for an octa- 
hedral shear stress of 


The new wording for the flexibility section of the Code for Pres- 
sure Piping limits the combined expansion stress in a somewhat 
different manner to the maximum shear stress on the surface 


which is Sg? + instead of + 


ConcLupING REMARKS 


The foregoing discussion and examples give a selection of 
formulas for the determination of possible creep concentrations in 
high-temperature piping and illustrate some specific arrange- 
ments which are likely to be conducive to the concentration of 
plastic strain. Excessive plastic strain is undesirable, although 
the amount which might be tolerated varies greatly between 
different materials. 

In the examples given by way of illustration, the assumption is 
made that the pipe is assembled in a stress-free condition when 
cold, that is, without cold springing. The term self-springing 
is another way of saying that relaxation occurs. When most of 
the relaxation or self-springing is furnished in a local region 
undesirably large permanent plastic strains or creep are possible. 
This is one reason why cold springing is desirable and it should 
preferably be done in such a manner that the pipe will be prac- 
tically stress-free at temperature. When this is done, the stresses 
due to thermal expansion will be present when the piping is cold 
and strong and not subject to creep.® 

The two most important assumptions are reviewed once more. 
The first is that creep goes with some power of the stress. However 
important, this rule may fall short of being a universal description 
of the initial stages of strain-hardening for all materials, but it is 
certainly a good comparative rule for any particular material in 
long-time service at high temperature. The author believes that 
comparisons between designs made on this basis are good com- 
parisons. 

The other basic assumption used for the evaluation of designs 
where both torsion and bending are present is the assumption that 
the progressive using up of the material goes with the octahedral 
shear stress. This is a nondirectional stress, except as it is asso- 
ciated with the directions of the principal stresses. In magnitude, 
it is fixed by the square root of the sum of the squares of the three 
maximum shear stresses and it is useful as a measure of the energy 
of distortion, that is, the energy which goes to change shape 
without changing volume. This is a characteristic of creep strain 
as distinguished from elastic strain which is accompanied by dila- 
tion or change of volume. 

Finally, in trying to decide if a structure is safe and useful, it is 
well to remember that fracture and failure come about through a 


* “Progress in Design and Performance of Modern Large Steam 
Turbines for Generator Drive,”’ by G. B. Warren, Trans. ASME, 
vol. 63, 1941, p. 75. (‘‘. . .whereas creep considerations alone indi- 
cated that cold straining of a piping system might not be necessary 
since ‘creep would soon relieve it anyway,’ . . . slow tests to rupture 
indicate that if much strain is necessitated by slow adjustments to 
some localized overstressed conditions, cracks might be started. This 
could be guarded against by cold-straining the piping system nearly 
to its hot condition.’’) 
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separation of one part from another and this is literally a change 
of shape which is technically called strain and that stress, as such, 
is just an intermediate means by which strain is caused. 


Appendix 
NOMENCLATURE 
The following nomenclature is used in the paper: 


S = stress, psi 

So = nominal creep strength, psi, for stated rate 

Si initial stress, psi 

longitudinal stress due to bending, psi 

shear stress due to torque, psi 

modulus of elasticity, psi 

modulus of elasticity in shear, psi 

rate of creep, in. per in. per hr 

nominal creep rate, 10~? or '/1,000,000 in per in. per 
hr 

slope of log-log plot of tests r versus S 

time, hr 

reaction force at pipe ends, lb 

length, in. 

loop dimension, in. 

loop dimension, in. 

distance along pipe, in. 

distance from center of pipe, in. 

moment of inertia for elastic bending, in.‘ 

moment of inertia for bending creep, in.‘ 

polar moment of inertia for elastic torsion, in.‘ 

polar moment of inertia for torsional creep, in.‘ 

radius of pipe, in. 

area of cross section, sq in. 

curvature, 1/in. (reciprocal of radius of curvature) 

twist, 1/in. 

deflection, in. (whether elastic or plastic) 

plastic extension or creep, in. per in. 

additional elasticity relative to part in question 

additional creep relative to part in question 

constants 

coefficient of thermal expansion in. per in. per deg 
F 

change of temperature, deg F 
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Discussion 


A. R. C. Maru.’ A truly scientific analysis of the stresses 
and strains created in a piping system under thermal expansion, 
or one taking advantage of the full extent of present-day theoreti- 
cal knowledge, would present a task of forbidding complexity. To 
make it possible, with available engineering personnel, to obtain 
at least a rough appraisal of the flexibility of a reasonable propor- 
tion of the line mileage installed each year, the problem has to be 
greatly simplified. This is accomplished by the use of more or 
less arbitrary assumptions and approximate methods. The re- 
sulting mechanization of calculations leads to a disregard of cer- 
tain phases which may assume importance in borderline cases. 

Like the paper presented by J. E. Brock” last year on the 
effect of supports, the author’s paper serves to direct attention to 
an aspect which the inexperienced designer might be inclined to 
ignore completely, either because he does not know about it or 
because no explicit rules for taking account of it have been 


® Research Consultant, Tube Turns, Louisville, Ky. 

“Flexibility of Piping Systems Supported by Equally Spaced 
Rigid Hangers,”’ by J. E. Brock, Journal of Applied Mechanics, Trans. 
ASME, vol. 76, 1954, pp. 11-18. 
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established. No claim is advanced that either of these effects 
need be evaluated in each individual system, but they should re- 
ceive consideration. The writer believes that a competent 
analyst will instinctively avoid trouble from either source, in the 
first instance, by using properly designed spring supports at 
critical locations; in the second, by installing anchors, guides, or 
stops, in such a way that small-size lines will not be unduly im- 
posed upon by larger, lower-stressed portions of the system. 
However, there is no question that the necessary instinct or “feel’’ 
must be acquired, either in the school of hard knocks or, prefer- 
ably, through having investigated at least a few cases by theoreti- 
cal calculation. 

The author’s development provides as simple a means for esti- 
mating total creep at critical locations as probably can be de- 
vised, and thus makes it possible to compare different systems 
which are equally stressed for the same amount of expansion with 
respect to their proneness to creep concentration. As expected, 
a study of different configurations shows that systems will be the 
more favorable in this respect, the higher the average stress (taken 
over the entire length of the specific system) is in relation to the 
peak stress. 

While the author uses his findings to lend support to his long- 
time advocacy of 100 per cent cold spring, he has not established 
any criterion by which the damage from initial overstressing of a 
line installed without the benefits of cold spring can be assessed. 
The fact that creep can be localized is indisputable, but many en- 
gineers, including the writer, have difficulty in visualizing failure 
under relaxation conditions in a line designed to the stress limits 
given in the Piping Code provided the material has good initial 
ductility, even though this may be greatly reduced under pro- 
longed heating. 

To clarify this point in his own mind, the writer has made two 
pairs of calculations directed at ascertaining to what extent initial 
overstressing of a line will reduce its service life. To obtain the 
maximum damage possible, the initial stress has been taken at 
the extreme value of the expansion stress permitted in the Code 
for Pressure Piping under the approved 1955 rules, this being 
S, =1.25 (S, + S,) where S, and S, are the cold and hot allowa- 
ble stresses (in this instance, as taken from the Power Piping 
Section); the final stress, after relaxation, has been set equal to 
S, which is the pressure stress the Code sanctions for continuous 
operation at temperature. 

Two materials have been assumed, the first, 2'/, per cent chrome— 
1 per cent moly steel, conforming to the author’s choice, the 
second, carbon '/2 per cent moly, being selected for its notoriously 
low ductility under prolonged heating and low ratio of rupture 
strength to creep strength. In order to explore the extremes of 
practically encountered creep-strain concentrations, duplicate 
calculations have been made for each material, using the con- 
figurations shown in the author’s Fig. 9 and Fig. 11. 

A damage factor f has been defined by the following equation 


Herein, ¢, is calculated by the author’s Equation [9] and each 
increment dt, represents the time used up at a specific stress 
S, which relaxes from S = S, to S = S,; t, = KS™ is the time 
which would be required to cause rupture at the stress S, and the 
materials constants K and m therein are obtained from a plot of 
log rupture time versus log stress-to-rupture. The life remaining 
after relaxation from S, to S, becomes (1 — f)t,, and the total 
life (1 — f)t, + t,, where both t, and ¢, are now specific values 
applying to S = S,. The relation between the total life for the 
initially overstressed condition and that where S, is maintained 
continuously, expressed in per cent, then becomes 


K, Ky, 
q . 
A 
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TABLE 1 TEST DATA AND RESULTS 


Metal temp 1000 F 
Case no ase no. 
1 2 3 4 


Cr-1 Mo Carbon moly 
23 & 108 23 X 106 
13750 
6250 
25000 
10000 


0.71 
4.85 


Hot modulus of elasticity Z, psi* 
Allowable cold stress Sc, psi® 
Allowable hot stress Sh, psi?.. 
Allowable expansion stress range SA, 
psi* 
Reference creep strength So, psi 
Corresponding creep 
(10~7/hr)4 
Slope n of plot of log r versus log S@. . 
Stress for rupture in 100,000 hr, psi@ . 
Factor k for time-rupture curved... 
Exponent m for time-rupture curv ed. 
Shape of system (author's Fig. No.) 
Corresponding creep factor (1 + ¢). 
Corresponding elastic strain factor 
Ratio C = (1 + 
Results: 
Time ¢ (hr) to relax to stress Sae.. 
Life r (%) under relaxation from 
8A to “Sh in per cent of life for 


continuous operation 
at Saf 98 88 


7800 
28500 
10000 


0.65 X 10-6 
4.15 


14800 
2.037 X 10% 
-426 


“Elastic Constants and Coefficients of Thermal Expansion of Piping 
Materials Proposed for 1954 Code for Pressure Piping,’’ by R. Michel, Trans. 
ASME, vol. 77, February, 1955, pp. 151-159. 

+ From Supplement No. 1 to Code for Pressure Piping, ASA B31.1-1951, 
for material to ASTM A335, Gr. P22 and P1, respectively; all values are 
taken from Table 3a in the Power Piping Section, except that for carbon 
moly at 1000 F which, in the absence of power piping stresses, is taken from 
Table 21 in the Oil Piping Section. 

¢ From Report of Task Force of ASA Sectional Committee B31, revised 
Oct. 26, 1954, par. 621(c). 

4 From “Digest of Steels,” Fifth Edition, 1946, pp. 28 and 80, published by 
Timken Roller Bearing Company, Canton, Ohio 

¢ By author’s Equation [9], using Si = Sa and S = Shr. 

By writer’s Equation [24]. 


r = 100/11 —f + t,/t,]...... 


The pertinent data for the specific examples chosen and the 
final results obtained are given in Table 1. The relaxation curves 
for the four cases investigated and the stress-rupture curves for 
the two materials are plotted in Fig. 16, herewith. The former re- 
veal that relaxation initially proceeds at a fast rate, a week’s 
operation sufficing to bring the stresses down to one half their 
original levels; less than one or more than six months may be 
required for the stresses to decay to the values sanctioned by the 
Code for continuous operation, depending upon the follow-up 
elasticity of the system and the creep properties of the material. 

Referring to the last line in Table 1, it is found that a reasonably 
balanced system, such as shown in Fig. 9 of the paper, relaxes with 
sufficient rapidity that its loss in useful life is only minor. On the 
other hand, a poorly designed layout with highly localized creep, 
exemplified by Fig. 11, may expend nearly one fifth its life in its 
preliminary adjustment. In each case, carbon moly has suffered 
about 50 per cent more loss in life than 2'/, per cent chrome-l per 
cent molybdenum steel, which is partially due to its creep charac- 
teristics and partially due to the fact that the allowable stresses 
are set considerably closer to the rupture stress than is the case 
for 2'/, per cent chrome~1l per cent moly. 

To forestall criticism, the writer would like to make it clear that 
he considers his analysis as furnishing no more than a first esti- 
mate. Within this limitation, however, it does serve to show 
that, while initial overstress has unfavorable consequences, these 
are not at all serious where a reasonably intelligent layout is 
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used. There is no question that proper cold springing is bene- 
ficial in any event; but since it is often difficult to achieve, it 
would appear unreasonable and uneconomical to demand its ap- 
plication in every instance. 


R. Micnet."! In the past, designers of high-temperature pip~ 
ing have considered thermal expansion stresses as purely elastic, 
arriving at values in a manner similar to that used by a stuctural 
engineer in computing stresses in a bridge or other structure. 
Such methods do not take into account the fact that the pipe di- 
mensions are permanently altered by creep at elevated tempera- 
tures. Because of this permanent growth of the metal, there is a 
reduction of thermal stress. This appears as a stress of oppo- 
site sign when the pipe is cooled. 

A significant advance in pipe-design methods was made when 
cognizance was taken of the stress range from the cold to the hot 
condition and also the number of stress reversals. Stress concen- 
trations are computed by multiplying stresses obtained in the 
usual manner by experimentally obtained stress-concentration 
factors. 

The author has shown in his excellent paper that plastic growth, 
or creep, will be concentrated at points of high stress in certain 
pipe configurations and that these may asume dangerous propor- 
tions in certain instances. The paper is thus a significant con- 
tribution to the literature on high-temperature piping calculations 
and should become a tool of the high-temperature piping designer. 


J. J. Murpuy.'? The author is to be congratulated for taking 
the complex problem of creep relaxation of a high-temperature 
piping system and, in a simple and systematic mathematical way, 
reducing it to its essentials. The paper is a fitting supplement to 
the author’s previous papers. While the mathematical treatise is 
most welcome, the problem of evaluating the ill effects, if any, of 
allowing the pipe to undergo “self-springing”’ is the important 
practical one which this paper raises. 

The author’s concern about letting a piping system undergo 
self-springing appears to revolve about the fact that high-tem- 
perature piping materials, designed for long life under their steady 
operating loads, can be expected to fracture with very low 
elongation under creep conditions and that the strain involved in 
self-springing will detract from the strain available for the service 
loadings and thus reduce the service “life.’’ This consideration 
is independent of the number of cycles of thermal expansion 
loading. It is the writer’s understanding that the ASA Piping 
Code Committee was concerned primarily with developing rules 
which would guard against a fatigue failure and insure a reasona- 
ble life in terms of number of cycles. There is general agree- 
ment that the number of cycles for a fatigue failure would be 
negligibly influenced, if at all, by self-springing. The question the 
author raises therefore revolves around whether the limited addi- 
tional hot strain which self-spring involves will influence the 
length of time the system can carry its steady service loads to a 
degree requiring practical consideration. 

The fracture ductility of a piping material under creep condi- 
tions is not a constant. Steels which may have extremely low 
long-time fracture ductility under low stress loading which in- 
duces predominately viscous creep, exhibit very good ductility 
under short-time high-stress overloading conditions at almost any 
stage prior to fracture. This ductility is the result of a different 
form of creep deformation involving grain deformation and rota- 
tion and crystal slip; its occurrence may have little influence on 


11Head Marine Engineer, Scientific and Performance Section, 
Bureau of Ships, Navy Department, Washington, D. C. Mem. 
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the limiting fracture ductility under purely viscous creep condi- 
tions since a redistribution of internal stresses may mollify the ac- 
cumulation of potential damage due to the purely viscous flow. 
The practical assessment of the problem is therefore extremely 
complex. 

A piping system which has not been presprung can effect ther- 
mal stress relaxation by yielding first-stage creep and second- 
stage creep. Yielding is akin to hot-forming fabrication opera- 
tions which are accepted without question and may not be in- 
volved depending on the initial stress level. First-stage creep, 
which occurs quickly, can probably be similarly regarded. The 
portion taking place as second-stage creep will detract from the 
service life but the bulk of it occurs over only a relatively short 
time compared to the service life and involves initial stresses 
likely to involve grain deformation and better inherent ductility 
during this period. Relaxation will be hastened by the existence 
of other longitudinal stresses in the piping such as weight stresses. 
It has generally been considered that the unit strains and relaxa- 
tion time for uniform diameter lines of normal configurations 
will be sufficiently shurt so that any influence on life would be 
acceptably small. In a practical approach it must also be recog- 
nized that all high-temperature lines, whether presprung or not, 
are called upon to undergo plastic redistribution of stresses from 
time to time due to yielding, settlement, or maladjustment of sup- 
ports, unequal heating or transient thermal effects, etc., and that 
the material used must have reasonable capacity to absorb such 
adjustments. 

A vast number of high-temperature lines have been installed 
without prespringing and with no apparent ill effects. Occasional 
difficulties have been experienced due to strain concentration but 
these have been extreme cases such as a short length of reduced- 
size pipe. Prespringing has generally been used only where it was 
desired to utilize higher design stresses under the previous Piping 
Code rules or where it was necessary to control the initial hot reac- 
tions on expensive and sensitive terminal equipment, such as 
steam turbines—a separate consideration. In many cases the 
prespringing has not been planned or carried out effectively. 

The writer recognizes prespringing of high-temperature lines as 
a desirable practice where it can be carried out effectively and 
that it is sometimes essential to protect terminal equipment, but 
is not satisfied that it is essential for most well-designed configura- 
tions. The number of cycles involved is a more vital factor unless 
the strain concentration is particularly severe; situations, such 
as a short length of reduced-diameter pipe, can be readily recog- 
nized by a competent designer. 


R. A. Smyru.'* The paper presents a rather difficult subject in 
a very interesting and simplified manner by clearly reviewing 
understandable examples of piping configurations. The cases 
cited appear to be more applicable to stationary practice, except 
for the simple loops as shown in Figs. 8 and 9, which are more fre- 
quently used in marine piping to provide the required flexibility. 
It is interesting to note that the simple expansion loop in bending 
does not create an undesirable amount of localized plastic strains. 

In view of the fact that certain pipe-line configurations may in- 
crease excessive relaxation stresses which could cause failure as a 
result of localized concentrations of plastic strains, the maximum 
permissible limit of the relaxation stress should be indicated in the 
Code for the guidance of the pipe stress-analysis engineer. Since 
the Code (B31) has established the stress range as the primary 
criterion of flexibility of the piping system, in lieu of the in- 
dividual stresses at any one time during the temperature cycle, 
the information as to the limiting relaxation stress appears to be 
lacking. Under the proposed Rules, the relaxation stress (and 
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the resultant plastic strains) is considered to affect only the 
strength of the system at the terminal points. 

It should be recognized that a companion factor to excessive 
localized plastic strains which could induce failure is the old cul- 
prit—stress concentrations due to poor welding, notches, and 
sudden changes in metal thickness. As the recent Rankin and 
Clark paper so clearly pointed out, general yielding of the pipe 
under temperature cycling should be considered an important 
factor in preventing fatigue or stress-corrosion cracking; how- 
ever, points at which yielding cannot occur, such as stress con- 
centrations, should be eliminated from the system, if failure is to 
be avoided. 


S. W. Spretvoce..“ In this stimulating paper the author 
presents a novel approach to the evaluation of the residual stresses 
in pipe loops which on further development should become a use- 
ful tool in forecasting the changes in configuration and life ex- 
pectancy of piping systems. 

The Task Force on Flexibility for the Code of Pressure Piping 
was confronted with this very problem. 

In the absence of sufficient analytical research, however, the 
committee confined its recognition of the phenomenon of self- 
springing to the establishment of rules for recording the reactions. 
The retention of partial credit for reactions is due primarily to the 
uncertainty that the specified cold spring is actually realized be- 
cause the majority of pipe installations lack the strict supervision 
necessary to meet the refinements of an exact calculation. 

The author in his introduction states that the new issue of the 
Code implies that there is no particular advantage in cold spring- 
ing. This interpretation probably is prompted by the statement 
in the preamble: 

“Tnasmuch as the life of a system under cyclic condition de- 
pends on the stress range rather than the stress level at any one 
time, no credit for cold spring is warranted with regard to stresses.”’ 

In defense of this opinion one must admit that credit allow- 
ances for cold spring lose significance unless it is possible to ap- 
praise the degree of relaxation at specific temperatures and calcu- 
late the resulting residual stress at the sustaining level. 

Such information is now being made available by the author’s 
most interesting paper. 

The theory which he develops shows that the residual stresses 
in a pipe loop connected to unyielding anchors can be determined 
in the same manner as the stresses in a flange bolt in which the 
initial take-up remained unchanged. Under this condition the 
sum of the elastic and plastic extensions remains constant. As 
the former decreases with time the latter increases without 
change in total deformation. The stress to which the bolt will 
adjust itself with time can be calculated from Equation [4] of the 
paper, provided the creep stress for the nominal creep rate and the 
slope of the log-log plot of tests are known. 

A study of the geometry and flexibility of the elements of pipe 
loops leads to a similar expression for the residual stress during 
self-springing. The examples of Figs. 8 and 9 give a vivid 
demonstration of the unsuspected behavior of two loops of 
identical flexibility. For operation in the elastic range one loop 
would be as acceptable as the other. In the plastic range, how- 
ever, the analysis reveals differences in creep and final stress. 
Although these differences in the particular examples are not 
strikingly large the theory proves the tendency and the possibility 
that greater variations may be found on further exploration of 
more complicated configurations. 

The example of the multiple loops of Fig. 10, apparently chosen 
for its academic interest and with a look into the future when 
much higher operating temperatures will call for the extreme in 
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flexibility, shows the surprising tendency for confining plastic 
strains to a limited region. 

In the light of this paper this writer admits that the advantage 
of 100 per cent cold springing deserves to be emphasized. 

The theory developed is indeed a valuable contribution to the 
art. It stimulates the imagination and points the direction in 
which to travel but in order to put the result in the hands of the 
practicing engineer not always familiar with the ramifications of 
the theoretical background, a condensation to the essentials and 
a specific working procedure should be the next step, to spread in- 
terest and invite verification of the predictable displacements in 
the field. 


J. D. Conrap.* Mr. Robinson capably presents a relatively 
new factor to be considered by high-temperature piping designers. 
As stated in the paper, the wording of the revised Pressure Piping 
Code contains a suitable warning on this matter. 

The writer would like to point out, however, that while exces- 
sive creep is a factor worthy of consideration, sufficient evidence 
does not appear in piping experience or design analyses to justify 
an overnight re-evaluation of all piping installations. 

At the time the B-31.1 Task Force on Flexibility was consider- 
ing this matter a creep analysis of a simple U bend with square 
corners was made. The results of this analysis are given in Fig. 
17 of this discussion. 
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Note that for this case the predicted creep is 0.18 per cent in 
100,000 hr. The most severe case given in the paper appears to 
be the one shown in Fig. 11 for which the predicted creep in 
10,000 hr is 0.26 per cent. An extrapolation of this parallel to 
Fig. 17 predicts 0.39 per cent in 100,000 hr for Fig. 11. These 
amounts of creep are worthy of the designer’s consideration in 
some materials of low ductility but surely would not be alarm- 
ing in most materials used in pipe lines today. 

The panacea of cold spring has merit. But again this must be 
used with judgment and careful supervision by the pipe-line erec- 
tor. For instance, a U bend can be cut short 100 per cent and 
erected by the use of a vertical and a horizontal cable to cold-pull 
an end point, thus applying no corrective moment. For the U 
bend shown in this discusser’s Fig. 17 and using such a cold- 
spring technique, the weld gap will be decreased less than 1/3» in. 
on the inside and increased less than '/;2 in. on the outside of the 
pipe bend, a variation too subtle for most erectors with present- 
day techniques. Yet in this case the hot elastic stresses in the 
system would not be reduced at all at some locations. 

Of course, the closing weld can be made at a point which re- 

18 Manager, Engineering Services Division, Steam Division, West- 
inghouse Electric Corporation, Philadelphia, Pa. Mem. ASME. 
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quires no corrective cold moment. In three-plane systems it 
is not always possible to locate such a point, let alone get at it 
physically in the field. Or, pipe lines could be erected with 
strain gages utilized to measure the actual setup stress and thus 
the effective cold spring in the system. If the proper setup 
stress were not attained, then the pipe would have to be cut and 
rewelded till correct. These points are discussed to emphasize 
the fact that if concentrated creep is a serious problem, the use 
of cold spring (in lieu of redesign) to counteract the creep de- 
mands equally serious considerations. Cold-spring techniques 
employed in the past have not always been compatible with such 
careful design techniques. 


CLOSURE 


The author is grateful to all of the discussers for saying the 
things which needed to be said about this paper and which could 
be said more effectively by independent evnertz than by the 
author himself. In presenting this paper he made the remark 
that “This analysis does not show that all existing pipe lines are 
no good. If it did, you would say right off that my analysis is 
no good.” 

(For 15 years this problem was always in the back of my mind 
and it was only the spur of the revision of the Code for Pressure 
Piping that caused me to write the paper at this time. Through- 
out this whole period I had felt, like some of the discussers, that 
most pipe lines work and that design computations must, there- 
fore, be adequate. ) 

On the other hand, it is never wise to neglect analysis just 
becauseof mathematical complexity or because special precautions 
need to be taken during assembly. The omission of design 
features or assembly technique should be based on certainty 
rather than uncertainty, at least within reason. 

Having gone through the illustrative examples which make up 
this paper, the author was more than ever convinced that such 
analysis is often worth while, more especially as we go to higher 
temperatures and newer materials with lower elongations-to- 
rupture after long-time service at high temperature. And yet 
it seems perfectly plain that there is no excessive creep with 
ordinary good design and such materials as have demonstrated 
their suitability by extensive service. 

All of the discussers are experts in the subject. Their remarks 
are both thoughtful and sympathetic as well as critical. Thus 
their comments should be of great value in enabling the reader to 
assess the importance of employing some such procedure as here 
suggested in connection with any particular case of high-tem- 
perature piping design and assembly. 

Mr. Markl properly notes that the criterion for damage must 
vary with materials. The author concurs that this is most 
important, especially when higher-strength materials are ac- 
companied by lower available long-time elongations. In his 
mathematical analysis Mr. Markl uses the same line of reasoning 
as used by the author in an earlier paper. Mr. Markl’s damage 

factor f is identical with what the author called in his earlier 
paper fractional expenditure of life E. Without going through 
the arithmetic in detail, the author sees no reason to question the 
outcome. What he does wonder is this: Are we looking at 
what is of most importance? 


16 “Effect of Temperature Variation on the Long-Time Rupture 
Strength of Steels’’ by Ernest L. Robinson, Trans. ASME, vol. 74, 
1952, pp. 777-781. 


OCTOBER, 1955 


Long-time rupture testing is mostly constant-stress testing. 
The author agrees with Mr. Markl that it is hard to see how 
relaxation with limited total extension can lead to rupture at all. 
However, when the design is such that widely distributed elastic 
strain keeps aggravating the plastic extension in some local 
region, then what is to be expected? A rational determination 
of the fractional expenditure of life or damage factor is one 
legitimate way of evaluating a design. In the present paper the 
author has chosen to evaluate the extent of plastic strain in the 
worst location as of greatest direct significance when, as Mr. 
Markl says, ‘good initial ductility . . . may be greatly reduced 
under prolonged heating.” 

Mr. Michel’s comments are sympathetic and the author is 
grateful. 

Mr. Murphy restates the objective of this paper very well. He 
makes out a good case for the harmlessness of self-springing. 
He likens it to a hot-forming operation. This gets very close to 
the crux of the matter. Indeed, the author has often wondered 
if hot-forming operations should not be subject to more critical 
control. He suggests that many obscure difficulties might be 
better understood if the strains associated with the relief of 
bot-forming stresses were better analyzed. For all its com- 
plexities, a piping system may be easier to analyze than what goes 
on inside a chunk of metal during hot-forming. 

Captain Smyth points out that effective application of the 
proposed analysis would require the naming of allowable re- 
laxation stresses by the Code authority. The author is not sure 
that data are available on all materials to implement such action 
but, at least, the Piping Code Committee would be no worse off 
in this respect than the ASME Boiler Code Committee with 
respect to many of the materials for which it is regularly asked 
to choose stress allowances. 

Mr. Spielvogel explains the implications of the Code wording 
and welcomes the theory presented but points out the need for a 
working procedure. With all of this the author agrees. As for 
implementing the Code, this matter properly belongs in the 
handsof the Code Committee. The author wonders if it would not 
be best, for the present at least, to leave the matter of plastic 
analysis to the discretion of the responsible engineer. However, 
without suggesting it be mandatory, he would be glad to see any 
direct or implied penalty on cold-springing or any discounting 
of its potential advantages eliminated from the wording because 
this is one of the most effective ways of reducing plastic defor- 
mation. 

Both Captain Smyth and Mr. Spielvogel have called attention 
to further work that needs to be done. Maybe the author will 
get to it some day. In the meantime he would be glad if any- 
body else would feel like carrying on from here. 

Mr. Conrad concludes that creep in a simple loop of ordinary 
material is not likely to be severe and with this the author agrees. 
Indeed, it is because of this that he put off writing this paper for so 
long a time. Mr. Conrad gives a good discussion of the diffi- 
culties which sometimes go with effective cold-springing. How- 
ever, as he said before, the author believes that the only good 
justification for the neglect of difficulties is the assurance that 
there will be no seriously adverse consequences. 

It seems plain that procedure that is usually satisfactory is not 
necessarily always so and that the need for good plastic analysis 
of high-temperature piping is likely to increase in the future 
rather than disappear. 
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Aerodynamic and meteorological concepts are combined 
in a procedure for estimating ground concentrations of 
effluents from stacks with various possible heights and 
exit gas velocities. The operation of each of the several 
influences at work is first described. A detailed example is 
then given of how the most important phases were inte- 
grated into a consistent procedure for predicting ground 
concentrations in amswer to a specific design problem. 
Further improvements and refinements of the method are 
desirable and are being incorporated in a later study. 


INTRODUCTION 


HE atmosphere is a vast reservoir which may be used for 

the disposal of industrial wastes. Used wisely, it permits 

disposal without damage or nuisance; used without due 
consideration of its widely varying diffusing capacity, wastes 
may at times remain at sufficiently high concentrations near the 
ground to cause annoyance, and even illness and death. 

A primary factor in determining whether or not industrial 
wastes emitted to the atmosphere will be a nuisance is the stack 
design. Generally speaking, the higher the stack and the greater 
the exit velocity the better. But improvement at the ground 
does not vary proportionally with increasing values of these, and 
economic and other factors limit stack heights and exit velocities. 
There are thus optimum design values which vary with climatic 
conditions, topography, plant configuration, composition, tem- 
perature, and exit velocity of effluents, and so on. The purpose 
of the present paper is to suggest to the stack designer a method 
of approach which will permit the computation of the concen- 
trations to be expected with various stack characteristics over 
level terrain. In rough country and near shorelines modifica- 
tions of the method are required. 


Tue Errective Stack HEeicut 


Because of the several influences acting on the effluent gases, 
the latter often stream downwind with their center lines at a 
height substantially different from that of the mouth of the 
stack. The height at which the gases level off has been called 
the “effective stack height’”’ by N. R. Beers (1).2_ The first part of 
the problem requiring consideration is how to determine this 
effective stack height. Wind-tunnel studies, such as those made 
by R. H. Sherlock and E. A. Stalker (2, 3), offer an answer. The 
technique is briefly as follows: A model of the stack and nearby 
buildings is placed in the tunnel and the smoke emitted from the 
stack is photographed and its height in the tunnel thereby deter- 
mined; the influence of varying wind speed is simulated by 
changing the rate of smoke emission from the stack, tunnel air 


1 Professor of Meteorology, Department of Civil Engineering, 
University of Michigan. 

2 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Contributed by the Power Division and presented at the Annual 
Meeting, New York, N. Y., November 28—December 3, 1954, of THe 
AMERICAN Society oF MECHANICAL ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, Octo- 
ber 11, 1954. Paper No. 54—A-211. 


Stack Heights Required to Minimize 
Ground Concentrations 


By E. W. HEWSON,' ANN ARBOR, MICH. 


speed remaining constant; the model is rotated in the tunnel to 
simulate various wind directions, and the photography repeated 
for each wind direction. On the basis of a number of actual model 
studies, R. H. Sherlock and E. J. Lesher (4, 5) have generalized 
the method so as to permit, when there are no unusual condi- 
tions present, estimates of the behavior of the smoke plume 
without the necessity of making wind-tunnel studies. 
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Fig. 1 Variation or Errective Stack Witn Speep 


Let us consider the behavior of the stack gases as wind speed 
increases. With nearly calm conditions the gases rise almost 
vertically; high stack-gas temperatures and high velocities of 
emission may cause the gases to rise to considerable heights; 
ascent to an effective stack height twice the actual stack height is 
not uncommon. As the wind speed increases the height at which 
the plume levels off becomes progressively lower. The effect is 
illustrated in Fig. 1. For a moderate wind the effective stack 
height is very little greater than the actual stack height. With 
stronger winds aerodynamic down-wash of the gases may occur. 
If the stack is on a large building or near a complex of structures 
the down-wash may be very pronounced. It is difficult to simulate 
nearly calm conditions in the wind tunnel; for these the effective 
stack height was obtained by another means, which will be de- 
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Fic. 2 Tueoreticat DistrisuTion oF PoLiuTIon From a 100-MetTer Stack, From Sutron’s 


EQUATIONS AND PARAMETER VALUES, FOR THREE CONDITIONS: 


LarGce Inv=Rs10N, AVERAGE LAPSE 


Rate, AND Larce Lapse Rate 
(Isolines give concentrations of a contaminant in the vertical plane through the center of the plume in milligrams 


per cubic meter for a rate of emission of one gram per second. 


The ground presents a barrier to downward diffu- 


sion at the surface leading to increased concentrations there and, hence, to an asymmetrical distribution in 


the vertical, as shown in the bottom diagram. 


For simplicity, the effective stack height is assumed equal to the 


actual stack height.) 


scribed later. The model tests in the wind tunnel provided effec- 
tive stack heights for the plumes with light, moderate, and strong 
winds of the types shown in Fig. 1. 


ATMOSPHERIC Di1FFUSION PROCESSES 


If only molecular diffusion processes were operative in the at- 
mosphere, stack effluents would travel for many miles with very 
little dilution. However, atmospheric flow is always turbulent, 
and molecular diffusion is completely negligible in comparison 
with turbulent diffusion. The wind-tunnel flow is also somewhat 
turbulent, and the spread of the smoke plume in the tunnel is due 
to this turbulence in the flow. From a comparison of the ap- 
pearance of the plume in the tunnel with that of plumes in the 
atmosphere, it is judged that the tunnel plume corresponds 
roughly with an atmospheric plume such as occurs with a lapse 
rate of about 5 deg F per 1000 ft. This is close to the average 
value of the lapse rate in the lower atmosphere. The plume which 
occurs in the wind tunnel is called the ‘‘basic plume”’ by Sherlock 
and Lesher (4, 5). It should be emphasized that this basic plume 
will vary slightly in dimensions from tunnel to tunnel, depending 
on the scale of the turbulence generated in each. 

General equations expressing the mean concentration of a con- 
taminant downwind from a continuous point source of emission 
have been given by C. H. Bosanquet and J. L. Pearson (6) and 
by O. G. Sutton (7). The latter’s expression has been found con- 
venient to use in the present study. In functional form Sutton’s 
equation is 


or in explicit form 
2 


Q expt 
x aC, Cy 


t exp —k is equivalent to e-*. 


If the contaminant is sulphur dioxide, then in this equation 


X = mean concentration in mass of SO: per unit volume of 
air 
= rate at which SO; is leaving stack expressed as mass per 
unit time 
height above ground of center of horizontal portion of 
plume, i.e., effective stack height 
= mean wind velocity 
co-ordinates along wind, horizontally across wind, and 
vertically upward, respectively, of point for which 
concentration is being determined, origin being at 
ground level at base of stack 
a diffusion parameter determined from vertical wind 
profile 
virtual diffusion coefficients for diffusion in y and z 
directions, respectively. 


Vertical cross sections of the plume, obtained from Equation 
[1] with y = 0, i.e., along the center line of the plume, are shown 
for three meteorological conditions in Fig. 2. For simplicity the 
actual and effective stack heights are taken to be equal. The 
values of the diffusion parameters given by Sutton (7) have been 
used in the computations. When air temperature increases with 
height, i.e., in an inversion, an atmospheric condition most 
prevalent at night, winds tend to be light and turbulent diffusion 
weak. As the top diagram of Fig. 2 suggests, under these con- 
ditions the smoke flows for many miles in a thin but gradually 
widening band; no appreciable amount of smoke reaches the 
surface, even at great distances away. The bottom diagram of 
Fig. 2 gives concentrations when there is a large lapse rate of tem- 
perature. The term “lapse rate” signifies the rate at which 
temperature falls off (lapses) with increasing height in the atmos- 
phere. Large lapse rates occur most frequently on clear after- 
noons after the ground has been strongly heated by the sun. In 
such conditions winds are generally moderate and turbulent dif- 
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fusion is pronounced; 


concentrations fall off rapidly with dis- 
tance downwind. The middle diagram represents an intermedi- 
ate condition. 

Maximum ground concentrations occur beneath the center line 
of the plume where y = z = 0, for which Equation [1] simplifies 
to the form 

= exp — 
x ryt? P 


[2] 


This is a convenient equation for the computation of ground-level 
concentrations. Detailed techniques of using it in design prob- 
lems will be described in a later section. A comprehensive dis- 
cussion of these equations and their significance has been given 
by Hewson (8). 


INVERSION Breakup PROcEss 

Center-line concentrations at the ground are obtained with 
satisfactory accuracy from Equation [2] under nearly all meteoro- 
logical conditions. A notable exception, however, occurring with 
the inversion breakup, was first described and explained by 
Hewson (9). During the early morning hours, before sunrise, in- 
version conditions often prevail, and the plume travels downwind 
for many miles as a thin but gradually widening ribbon of smoke. 
After sunrise in summer, solar radiation heats the earth’s surface 
strongly, which in turn heats the air just above, producing a 
layer with a large lapse rate and pronounced turbulence. As the 
morning progresses and solar heating of the ground increases, the 
top of this heated turbulent layer grows steadily upward. When 
it reaches the ribbon of highly concentrated smoke aloft the latter 
is rapidly diffused downward to the ground, producing high con- 
centrations there very suddenly. The several stages of the 
breakup process are illustrated in Fig. 3. As the highly turbulent 
layer continues to grow, upward diffusion occurs and lateral dif- 
fusion becomes increasingly effective. The result is that surface 
concentrations fall off exponentially with time from their peak 
values, as shown by the series of graphs appearing at the right of 
Fig. 3. 

The breakup condition is of great importance when high surface 
concentrations, even if of short duration, must be considered. 
According to Lowry (10), experiments at Brookhaven National 
Laboratory show that the average surface concentration during 
the 15-min period of a breakup with peak values is 20 times the 
maximum specified by Sutton’s equations. 

An equation for the average surface concentration occurring 
during the peak of a breakup is developed in the following. The 
general outlines of the procedure were described by M. E. Smith 
(11). During inversion conditions with light winds the plume 
from a stack flows downwind with sufficient horizontal diffusion 
to produce a lateral spreading with an angle of approximately 5 
deg. The vertical diffusion is extremely small, much less than the 
horizontal diffusion. Let us consider the mean concentration of 
sulphur dioxide, for example, at the surface below a plume making 
a horizontal angle of 5 deg and for the area bounded by arcs of two 
circles of radii x2 and x; centered at the stack and by the two radii 
subtending an angle of 5 deg at the stack. The mass of SO, 
vertically above this area is given by Qt, where Q is the stack out- 
put in mass of SO, per unit time, and ¢ is the time required for the 
wind of velocity »,, to carry the gas from 2, to 22, or (rz — 21)/Vy. 
As the ribbon of SO, is diffused downward, after the upward 
growing turbulent layer has reached the ribbon, as depicted in 
Fig. 3, the gas comes to the surface in a concentration which is 
assumed to be the mean concentration in the volume between the 
plume and the ground in the distance interval between z2 and 2. 
The volume below the plume is 7H ,(22? — x,?)/72, where H,, the 
effective stack height, is with sufficient accuracy the height of the 
top of the plume just before its breakup, and the mass of SO, in 
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Fic. 3 Process or DevELOPMENT OF BREAKUP CONCENTRATIONS 


(As turbulence grows upward on a clear summer morning, gas is suddenly 

diffused downward from plume aloft and produces high concentrations at 

surface. Resulting variation of ground concentrations during morning is 

sketched on a at right. Note sudden increase followed by exponential 

decrease, which produces very neh, Sy" during period of approximately 
2 hr.) 


this volume is rxH (22.2 — z,*)/72. But the two masses are equal, 
so that 


— = (a2? — 2;*)/72 


However, since there is some lateral diffusion of the SO, as well 
as downward diffusion during the breakup of the plume, ap-. 
proximate allowance for this lateral diffusion is made by doubling 
the volume in which diffusion occurs. In order to conform with 
customary usage, the concentration is expressed by parts per 
million (ppm) by volume and denoted by X. With these pro- 
visions 


X = 36Q/amv,,H (22 + 11)... [3] 


where a is a conversion factor used in changing to ppm. 

The model assumed is shown in Fig. 4. The distance from the 
center line of the stack to the surface ABCD is x; that to 
the surface EFGH is z:. Height H, is AJ or EP. During the 
breakup of the inversion the SO; initially in volume ABFEDCGH 
diffuses vertically downward into volume ABFEJKQP, or if 
horizontal diffusion is considered as well, into volume ABFEL- 
MRN, which is twice as large, leading to the average concentra- 
tion X as specified by Equation [3]. According to M. E. Smith 
(11), a formula of this type has been applied to a few oil-fog tests 
at Brookhaven National Laboratory with fair success. 
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Fic. 4 Sxetcn or Votumes INVOLVED IN DirFusiIon oF A Gas BY 
Breakup Process 


(Gas initiate in volume ABFEDCGH diffuses downward into volume 
BFELMRN, leading to high surface concentrations.) 


DETAILS OF THE PREDICTION METHOD 


The basic aerodynamic and meteorological influences at work 
having been described, the detailed method of computing ground 
concentrations will be outlined. Before these details are pre- 
sented, however, it must be emphasized that this combination of 
specialties is still in the first stage of development, and that im- 
provements and refinements in the methods will come with future 
studies, one of which has commenced already. The various quan- 
tities used were obtained in the course of an investigation con- 
ducted by Prof. R. H. Sherlock and the author. The specific in- 
formation required was the optimum stack height for the design 
of a large midwestern power plant. The method adopted was to 
calculate the ground concentrations for a series of assumed stack 
heights. On the basis of the concentration values supplied, a 
stack height was selected which was considered to be the opti- 
mum in the light of all the various factors involved. 

Obtaining Annual Duration of Aerodynamic Down-Wash. The 
orientation, size, and proportions of the projected plant were ob- 
tained from the preliminary drawings furnished. The axes of the 
plant do not correspond exactly to any of the cardinal directions 
of the compass or the subdivisions of them, as used by the U. 8. 
Weather Bureau. In order to simplify the computations it was 
assumed that the axis of the line of stacks lay on a line which runs 
from ESE to WNW. This is in error by about 4.5 deg. Fig. 5 
shows the adopted or nominal directions as compared to the true 
directions. It will be noticed that the area around the plant is 
divided into 16 segmental parts each having an included angle 
of 22.5 deg. 

It is first necessary to compare the size and proportions of the 
projected plant with those of the hypothetical plant described by 
Sherlock and Lesher (4, 5). The critical conditions for aerody- 
namic down-wash around the latter plant had been determined 
from wind-tunnel studies. In all the principal dimensions the 
new plant is larger than the hypothetical plant, the greatest dif- 
ference being in height, 180 ft compared to 125 ft, giving a ratio of 
1.44. Corresponding ratios are 1.21 for width and 1.09 for length. 

The heights H of stacks for the hypothetical model were 250, 
300, 350, or 400 ft and the height h of the building was 125 ft, 
giving values for the ratio H /h of 2.0, 2.4, 2.8, and 3.2. Multiply- 
ing these model stack heights by 1.44 gives corresponding stack 
heights of the new plant of 360, 432, 504, and 576 ft. 

Wind-tunnel studies on the hypothetical model established the 
air speeds which are necessary to maintain the bottom of the 
plume at various heights P above the ground, namely 100, 150, 
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NOMINAL ORIENTATION FOR THIS PROJECT 


Example: SW winds blow from the SW and affect the 
22.5° segmental area as shown cross-hatched. 
Fic. 5 Deraris or Proportions AND ORIENTATION OF New PLANT 


AND Possts_te Later AppitTions, Latrer SHOWN BY BROKEN LINES 


(Winds classed as SW will carry smoke over segmental area of 22.5 deg }to 
NE of plant outlined by hatching and similarly for other directions. ) 


200, and 250 ft. Multiplying by 1.44 to correct for the greater 
height of the new plant gives values of P of 144, 216, 288, and 360 
ft. For convenience these were rounded off to 140, 215, 285, 
and 360 ft. The ratio of stack-gas velocity to wind velocity 
which brings the base of the plume to any specified height P is 
referred to as the “critical velocity ratio,’’ v,/v,,. 

As an example of the method, the number of hours per year of 
aerodynamic down-wash from a stack 360 ft high which brings the 
base of the plume to 140 ft above the ground with southwest winds 
will be calculated. The height of the new plant is 180 ft, that of 
stack is 360 ft, so that ratio H/h = 2.0. The critical velocity 
ratio for P = 140 ft is obtained from Fig. 6 as given by Sherlock 
and Lesher (4, 5). For aSW wind (direction 11) and a value of 
P of 140 ft (corresponding to a value of P of 100 ft with the hypo- 
thetical plant), v,/», is read off to be 2.3. The stack velocity is 
120 fps at a temperature of 250 F. In comparisons involving the 
momentum of stack and model effluents the differences in density 
should be allowed for: The density of the stack effluent is smaller 
than that of the model effluent since the temperature of the 
former is greater—250 F in comparison with 70 F. The equivalent 
stack velocity at 70 F is given by 


= 90 fps = 61 mph 


Since v,/v, = 2.3, vy. = 26.6 mph. Winds from the southwest 
with speeds greater than this critical value will, by aerodynamic 
down-wash, bring the base of the plume down to 140 ft above 
ground or lower. The next step is to determine how often such 
winds occur at or near the site of the new plant. 

Wind records taken in that area by the U. 8. Weather Bureau 
during the period August, 1949, to July, 1953, inclusive were 
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analyzed. The results for SW winds are shown in Fig. 7. A 
Pearson Type III curve was fitted to the data, which are repre- 
sented by circles. The abscissa gives per cent of annual hours 
with a wind velocity equal to or greater than a given value, the 
latter given by the figures on the ordinate. Details of the 
method have been published by R. H. Sherlock (12). The figure 
shows a percentage of 0.118 with speeds equal to or greater than 
26.6 mph or 10.3 hr per year. The computation may be re- 
peated for the other wind directions, stack heights, and stack 
velocities, to show how often the base of the plume will reach 
specified heights above the ground. 

Obtaining Surface Concentrations for General Case. The evalua- 
tion of surface concentrations requires a knowledge of the various 
parameters in Equation [2], in particular of n, C,, and C,. The 
values used in this investigation have not been released for 
publication. Mean concentrations for a 1-hr period are obtained 
from their use. The three types of gustiness listed in Table 1, 
Be, B;, and C are those described by I. A. Singer and M. E. Smith 
(13). Type E was devised for the special purposes of this in- 
vestigation, and is obtained by taking averages of the values for 
types B; and C. The classification is based on the amplitudes of 
the fluctuations of wind direction as shown by a recording wind 
vane. The appearance of the traces is shown in Fig. 8. Precise 
definitions of the categories are given by Singer and Smith (13). 
Generally speaking, type C represents mechanical turbulence 
generated in the air as it flows over surface-roughness elements 
such as bushes, trees, buildings, andsoon. It occurs with higher 
winds. Type B, is characterized by thermal turbulence super- 

imposed on mechanical turbulence; 
the presence of thermal turbulence 


is shown by the wider swings of the 
wind vane. Such thermal turbulence 


begins to develop when the air be- 


PEARSON TYPE IIL CURVE FITTED TO 
DATA FROM U.S. WEATHER BUREAU 


comes slightly stable or slightly un- 


stable. Type Bz represents turbu- 
lent flow with a considerably greater 


AUGUST 1949 TO JULY 1953 INCL. 
| | 


thermal component which develops 


wIND Swi!) 


as instability increases. Type D oc- 
curs when the air is very stable, as 
in early morning inversions with light 


+ 

| 


8 


winds 


The problem is simplified by ex- 
pressing the types of gustiness as 


functions of wind speed and time of 


day, as shown in Table 1. For winds 


HOURLY AVERAGE WIND VELOCITY, MPH 


0 to 7 mph, all turbulence is assumed 
to be type B. or type D except for !/» 


hr each day for the 5-month period 


from May to September, inclusive, 
when breakup conditions are assumed 


tooccur. Parameter values for type D 


have not been obtained, since measur- 
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Fic. 7 Percentace Frequency or Occurrence or SW Winps Wits VELocities Equa. To 


or GREATER THAN SPEcIFIED VALUES 


(U. S&S. Weather Bureau data, August, 1949, to July, 1953, inelusive.) 


TURBULENCE TYPE AS A FUNCTION OF WIND 
SPEED AND TIME OF DAY 


TABLE 1 


—Type of turbulence— 
bey” Nigh 


Be 
Bi 
Cc 


Range of 
wind speed, mph 


able concentration values below the 
plume could not be found. 

A further simplification may be 
made by expressing the gustiness 
types as functions of wind speed 


oO 


TABLE 2 TURBULENCE TYPE AS A FUNCTION OF WIND 
SPEED 


Range of 
wind speed, mph Type of turbulence 
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alone, as is done in Table 2. Such a simplification is not recom- 
mended, however. The analysis is facilitated by assuming a 
type of gustiness, E, with parameters having values which are 
the mean of those for types B; and C. For winds 8 to 18 mph, as 
Table 1 shows, turbulence is taken to be type B,; during the day 
and type C at night. If no distinction between day and night 
is to be made, an approximation to the values of the parameters 
appropriate for 8 to 18 mph is obtained by taking the mean of 
those for day and night. This device may lead to unwarranted 
oversimplification of the problem, and should not be used ex- 
cept in an emergency. Finally, it must be emphasized that type 
E has no physical reality in the sense that the other types have, 
but is merely a quantity introduced for convenience. 


GUSTINESS CLASSIFICATIONS 


Fig. 8 Gustiness CLasstricaTions Basep on Traces BY A 
Recorpine WIND VANE 
(After I. A. Singer and M. E. Smith.) 


Except during breakup conditions, the effective stack height 
H, was obtained from the wind-tunnel studies of the hypo- 
thetical plant, but adjusted according to the dimensions of the 
new plant. It was found from an inspection of a large number of 
photographs of the basic plume in the wind tunnel that, at a dis- 
tance of several stack heights downwind from the source, the 
vertical thickness of the plume, adjusted for scale, was 250 ft. 
The vertical distance from the base of the plume to its center line 
is therefore 125 ft. The effective stack height H, = P + 125 is 
expressed in feet. Where P is 140, as in the example given earlier, 
H, = 140 + 125 ft. 

A rather elaborate procedure has been developed by C. H. 
Bosanquet, W. F. Carey, and E. M. Halton (14) for the deter- 
mination of effective stack heights. However, since the method 
makes no allowance for aerodynamic down-wash, the results are 
not generally applicable to the new plant. The authors of that 
paper recommend wind-tunnel studies when large buildings are 
near the stack. Their results were used, however, in evaluating 
breakup concentrations, when aerodynamic influences are negli- 
gible. 
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Graphs with surface SO, concentration as ordinate and distance 

downwind from stack as abscissa were then prepared. From 
Equation [2], concentrations for various effective stack heights 
and wind speeds corresponding to tunnel values used were com- 
puted and plotted on the graphs. Fig. 9 is a representative ex- 
ample of one of the numerous graphs so prepared. Curve R, for 
example, shows the variation of surface SO, concentration in ppm 
from one stack as a function of distance downwind in miles for an 
effective stack height of 140 + 125 = 265 ft and a wind speed of 
26.6 mph. 

Obtaining Breakup Concentrations. The evaluation of breakup 
concentrations requires a knowledge of several quantities as 
reference to Equation [3] shows. Under inversion conditions 
winds are generally light and 7 mph was chosen as a representative 
value for the wind speed v, at the height of the plume. The 
corresponding effective stack height H, was obtained from Fig. 6 
of the paper by R. Llewellyn Rees (15). The curves in this figure 
were derived from the formula of C. H. Bosanquet, W. F. Carey, 
and E. M. Halton (14). The lift of the plume above the top of the 
stack at a wind speed of 7 mph is 400 ft for a discharge velocity of 
120 fps. In the present example the stack height is 360 ft, the 
lift is 400 ft, so that H, = 760 ft. 

The average surface concentration X between 0.5 mile (805 m) 
and 1 mile (1609 m) from the stack with Q = 1650 gm sec~! will 
now be computed. The conversion factor a is 2.65 X 10-3, v, = 
7 mph or 3.13 m sec, and H, = 760 ft or 231.6 m. From 
Equation [3] 


X = 36 X 1650/2.65 X 10-* X 3.14 X 3.13 X 231.6 (1609 + 
805) 


= 4.1 ppm 


The total annual duration of breakup concentrations was ob- 
tained in the following manner: It was assumed that a breakup 
concentration occurs for '/: hr each day during the months, May to 
September, inclusive. For any particular wind direction a frac- 
tion of these hours is used, equal to the ratio of the hours per year 
for that direction to the hours per year for all directions when the 
wind is below 7 mph. (Winds less than 7 mph were used because, 
if the wind at the effective stack height is 7 mph, as assumed, the 
surface winds will be less than this value.) This ratio is 


k A—B 

3(A — B) 
where B is the percentage of hours per year with a wind velocity 
equal to or greater than 7 mph, and A is the percentage of hours 
per year with a wind velocity greater than zero. The quantities 
A and B for each wind direction and the summations for all 16 
wind directions are readily obtained from 16 graphs of the type 
shown in Fig. 7. 

The sector subjected to breakup concentrations has effectively 
a 15-deg angle, as shown in Fig. 4. However, the segment in- 
cluded in each wind direction is 22.5 deg, 11.25 deg on each side 
of the direction specified. On an areal basis, therefore, an in- 
dividual point in this 22.5-deg segment will be subjected to 
breakup concentrations for a fraction 15/22.5 of the time. 

The number of hours of such concentrations for each wind 
direction is therefore given by the following expression 


-X— X——k = 51k 
365 X = 5 


Thus, with SW winds, k has the value 0.05, so that there are 3 hr 
of breakup concentrations per year with SW winds, i.e., to the 
NE of the plant. The magnitude of the concentrations depends 


\ 

TYPE A | TYPE B, 

| 


on the distance from the stack and is specified by Equation [3] 
for X. 

Obtaining Annual Duration of Specified Surface Concentrations. 
A convenient approximate method was used for finding the num- 
ber of hours per year when concentrations within stated limits 
would occur in the neighborhood of the stack. It was shown in 
the example given in the section, Obtaining Annual Duration 
of Aerodynamic Down-Wash, in which the quantities used are 
precisely those employed for computing curve R of Fig. 9, that 
there will be 10.3 hr per year—10 hr per year with sufficient ac- 
curacy—when the wind will be from the southwest with a velocity 
of 26.6 mph or greater. Reference to Equation [2] will show that 
this implies that the concentrations shown by this curve will be 
exceeded during 10 hr per year. 
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tween 0.5 and 1.0 mile. It will be seen from Fig. 9 that the cen- 
ter-line concentrations during 33 hr of the year, which comprise 
all concentrations lying between curves R and §, include some 
concentrations above 1.0 ppm, as shown by area A (cross 
hatching), and some concentrations below 1.0 ppm, as shown by 
area B (vertical hatching). The number of hours above 1 ppm 
is given by 33 [area A/(area A + area B)]. Also, for 10 hr per 
year, the concentrations will be above curve R, more than 1.0 
ppm for approximately 9 hr and less than 1.0 ppm for approxi- 
mately lhr. This division in the ratio of 9 to 1 hr is based on an 
estimate of the probable areas above curve R which are involved; 
a more precise evaluation would require a much more refined 
analysis. The number of hours is thus 33 [area A/(area A + 
area B)] + 9 = 35hr. There are thus 35 hr of center-line con- 
centrations between 1 and 2 ppm. 
The foregoing values are, however, 


4 


those on the ground under the center 


Stack Height, H= 360° line of the plume. The across-wind 
2 (R Gas Velocity , Vs= 120 fps values of surface concentration follow 
x ens Gas Temperature, T,=250°F an error-function curve, as inspection 
A Wind from SW of Equation [1] shows, with the maxi- 


mum value vertically beneath the 


Hours 


@ 
7 


center line of the plume. Large-scale 
wind-direction fluctuations cause the 
plume to wave back and forth hori- 
zontally, with the result that the con- 


WA on gl centration at a point varies widely 


lc with time. It may be the peak or 
c center-line value at one time and very 


nearly zero a little later, and so on. 
. For this reason the mean concentra- 
tion over a segmental area for a single 
stack is assumed to be one half of the 


Concentration SO, in ppm by Volume 


wee peak concentration. Thus there are 


35 hr of concentrations lying, not be- 
tween 1.0 and 2.0 ppm, but between 


0.5 and 1.0 ppm. This value is then 
entered in Fig. 10 in the appropriate 
box for concentrations between 0.5 


050 0.75 1.00 125 1.50 75 


Distance downwind on center line of plume, Miles 


and 1.0 ppm which occur in the dis- 
tance interval from 0.5 to 1.0 mile. 
It was shown in the preceding sec- 


2.00 225 2.50 


Fic. 9 Variation or Center-Line ConcENTRATION AT GRouND As A Function oF DISTANCE tion that there will be 3 hr of breakup 


Downwinp From Strack 


(Each curve is drawn for a specified plume or effective stack height, critical wind velocity, and type of 


gustiness.) 


Curve § in Fig. 9 is drawn for an effective stack height H, of 
215 + 125 = 340 ft. A similar analysis of the data shows that 
when the wind is from the southwest and the height of the stack 
is 360 ft, the critical wind velocity required to maintain the bot- 
tom of the plume at 215 ft or lower is 21.8 mph, and the number of 
hours per year during which this velocity will be exceeded is 43. 
This means that there will be 43 hr per year when the surface 
concentrations will exceéd the values shown by curve 8. It 
follows that the number of hours per year when the concentra- 
tions will lie between the values given by curves S and R is 
43 —10 = 33. Similar analyses may be made using curves T 
and U as well. 

The results of the calculations may be conveniently displayed 
in a diagram such as Fig. 10. In each of the four units of the 
figure distance downwind from the stack is indicated horizontally 
and concentration of SO, is shown vertically. The stack-gas 
velocity is 120 fps, the wind is SW, the stack heights are 360, 
432, 504, and 576 ft. The values in this array were obtained in 
the following manner: Consider the left-hand unit of Fig. 10, 
for a stack height of 360 ft, and take the distance downwind be- 


concentrations with SW winds. This 
value is also entered in each of the 
appropriate boxes in Fig. 10. 

The total number of hours per year with SW winds is readily 
determined. Fig. 7 shows that the wind will blow from the 
southwest during approximately 9 per cent of all the hours of the 
year, i.e., during 785 hr. The number of hours per year with 
concentrations between 0 and 0.5 ppm is, therefore, 785 — (35 + 
3) = 747 hr. The other values in the array are obtained simi- 
larly. 

Obtaining Annual Duration of Concentrations With More Than 
One Stack. The SO, concentrations discussed thus far are those 
on the ground under the plume from a single stack. The method 
may be extended, however, to cover the case where there is more 
than one stack. Since the first two installations of the new 
plant will have a total of four stacks, as shown in Fig. 5, it was 
necessary to establish a relation between the concentrations pro- 
duced by a single stack and those caused by four stacks. Such 
a relationship is readily obtained when, as with the new plant, the 
distance between the two end stacks is small in comparison with 
the distances downwind which are of primary interest. 

With stacks close together, the concentration under the plume 
from one stack will be augmented by gases from neighboring 
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SW wind; v, =!20 fps 


H=360' H= 432' 


H=504' 


> 


One stack 


> 


SO, Concentration, ppm 


SO, Concentration, ppm 
Four stocks 


762 | 782 


762 | 782 


! 


Distance downwind, miles 


Hours per year when the concentration of SO, in ppm by volume lies 
within the limits indicated over the 22.5-degree segmental area to 


the NE of the plant. 


Fie. 10 Hours per YEAR WHEN THE CONCENTRATION OF SO2 1n Ppm sy VoL_ume Lies WITHIN THE 
Limits InpIcaTED Over THe 22.5-DeG SEGMENTAL AREA TO NE or PLANT SHOWN IN Fie. 5 
(SW wind; stack-gas velocity = 120 fps.) 


stacks. Calculations of concentrations a mile downwind were 
made with Equation [1] for each of the four stacks and for z = 0 
and y = 0. Summing the contribution of each showed that, at 
that distance downwind, an error of less than 10 per cent in the 
concentrations near the center line of the composite plume results 
if the concentration values given vertically at the left of Fig. 10 
are simply multiplied by the number of stacks, namely, four. 
The vertical scale to the right in Fig. 10 is therefore appropriate 
for four stacks. A corresponding analysis for breakup concen- 
trations using Equation [3] was also undertaken, and the same 
result found to hold, but with a somewhat greater error when the 
wind blows perpendicularly to the line of stacks. The magnitude 
of this error decreases, however, with increasing distance down- 
wind from the stacks. 

It must be emphasized that these results hold only when stack 
separation is small compared with distance downwind. With 
widely spaced stacks or a long line of stacks, further analysis of 
the problem will be required. 


Errors To ASSUMPTIONS 


In assessing the reliability of the method described it is desira- 
ble to keep in mind the assumptions involved. The obvious as- 
sumptions are as follows: 


1 The buoyancy effects of hot stack gases are neglected. 
The model stack effluent is not hot but at the temperature of the 
tunnel air. The lifting of the plume by jet action is, therefore, 
simulated but not that arising from the buoyancy of hot stack 
gases. 

2 The effects of mechanical turbulence produced by large 
stacks and buildings on diffusion downwind from them are neg- 
lected. The experimental diffusion parameters used were ob- 
tained downwind from a tall slender tower and stack, not down- 
wind from bulky stacks and buildings, which cause extensive and 
pronounced turbulence in their wake. 

3 The influence of atmospheric stability on diffusion is intro- 
duced only indirectly. The diffusion parameters were evaluated 
in terms of types of turbulence, which were in turn related to 
wind-velocity categories. In particular, the influence of large- 
scale convective cellular motion on plume behavior and concen- 
trations in unstable air may be appreciable and may require 
special analysis. Stability and wind velocity are interrelated, 


but the procedure adopted may be too simple to reflect adequately 
the complexity of atmospheric turbulence. 

4 Discontinuities are assumed in the values of the turbulence 
parameters. These arbitrary “stepped’’ variations in the values 
of the parameters are artificial and may lead to errors. They 
also may be partly responsible for the intermingling of the curves 
in graphs of the type shown in Fig. 9. 

5 The intermingling of plumes from a group of stacks has 
been analyzed by methods which are approximate only. 

6 The evaluation of concentrations at the breakup of inver- 
sions involves simplifications which may lead to error. 

7 The method of comparing areas to determine the duration 
of concentrations within stated limits at specified distance inter- 
vals downwind from a stack implicitly assumes a linear relation 
between variables which requires further justification. 


It is believed that the computations of concentrations and 
their frequencies are not so greatly in error as to invalidate 
seriously the predictions of comparative benefits to be derived 
from different stack heights and different stack-gas velocities. 
In view of the uncertainties involved, however, the present 
analysis must be considered as no more than an approach to a 
satisfactory solution of a very complex problem. Much refine- 
ment of the procedures described is desirable and the author, 
working in association with Prof. R. H. Sherlock, is engaged in a 
further study in which, it is hoped, some of these uncertainties 
will be eliminated. 
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Discussion 


M. 8. Ozxker* anv P. M. Grever.‘ This paper is an excellent 
complement to a previous paper, Design of Chimneys to Control 
Down-Wash of Gases, by Sherlock and Lesher, presented at the 
Annual Meeting last year. The author of the present paper has 
made a very worth-while contribution to the study of air-pollution 
control by developing methods for the evaluation of meteorologi- 
cal factors as they affect the dispersion of effluents from stacks by 
combining these factors with the results of wind-tunnel studies 
made under controlled conditions. A procedure is developed for 
specifying stacks, the effluent of which should contribute little 
or nothing to the air-pollution problem. 

In referring to the determination of the “effective stack height” 
through wind-tunnel experiments, it is mentioned that the influ- 
ence of varying wind velocity was simulated by changing the rate 
of smoke emission from the stack of the plant model while the 
air velocity in the tunnel was held constant. We believe that 
this point should be elaborated upon as to its justifiability. 
Modern power-plant buildings now attain considerable height 
and the influence of such high-building configurations is known 
to be the cause of aerodynamic down-wash. Since constant air 
velocity in the wind tunnel would produce a nonvarying turbu- 
lence pattern, it seems unlikely that the effect of varying wind 
velocity can be attained by merely changing exit velocities. 

The computations of ground-level concentrations were made 
by the use of Sutton’s equation. It is worth while to note that, 
in several localities which we have studied, the measured concen- 
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trations have been less than the predicted concentrations, often 
by as much as a factor of 6. It thus can be concluded that under 
usual atmospheric conditions, which do not include the tempera- 
ture-inversion conditions, the atmosphere does a better job of 
dispersion and diffusion than predicted by Sutton’s equation. 
Such a situation is very encouraging. 

The “breakup” phenomenon resulting from temperature-inver- 
sion conditions and its consequences cannot be overemphasized. 
The author should be commended for the clear presentation of a 
complex subject and the concise, useful relationships of various 
factors involved in predicting ground-level concentrations. It 
should be pointed out, however, that the results appear to be 
quite discouraging if one considers the means for circumventing 
such adverse conditions of probable air pollution. It appears 
that in order to avert the effects of the temperature inversion 
phenomenon, stacks would have to be designed to discharge 
above the inversion level. Since this is beyond all practical 
limits, it is necessary to accept these short periods of higher 
ground concentrations. 
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AvuTHOR’s PrRoceDURE 


Fie. 11 


The procedures outlined in the author’s paper already have 
been used in designing new coal-burning power plants. Pre- 
dicted information can be compiled in the manner shown in 
Fig. 11 of this discussion, where an attempt is made to indicate 
equivalent stacks having various stack-height and exit-velocity 
combinations for various standards of hours per year for a given 
range of ground concentrations. On the basis of this type of 
data presentation, economic studies can be made. 

It is of interest to note that from the graph on the right of the 
chart it can be seen that 2 ft in stack height is equivalent to 1 ft 
per sec in stack-gas exit velocity. 

The relationship of climatology to the design and location of 
stacks has been shown to be of great importance, but another 
item of equal importance that should not be overlooked is the 
existing or background level of air pollution in the locality. 

Continued observations and sampling of the plume of existing 
stacks through the use of transits, mobile-testing units, and heli- 
copters as conducted by Thomas, may produce valuable data 
for further verifying parameters and formulas now in use. It is 
believed that more field investigations would be helpful in corre- 

’“TVA Air Pollution Studies Program,” by Fred W. Thomas, 


Tennessee Valley Authority, Wilson Dam, Ala., Air Repair, vol. 4, 
August, 1954, pp. 7-12. 
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lating the results of wind-tunnel and mathematical conclusions 
as used in stack design. 

It is concluded that adequate stack design must be accom- 
panied by other necessary air-pollution measures to procure the 
benefits of design and efforts in order to achieve that elusive ob- 
jective of adequately clean air. 


AvuTHOR’s CLOSURE 


Messrs. Ozker and Giever ask about the justification of the 
procedure for obtaining different velocity ratios by varying the 
stack-gas velocity instead of the wind velocity. Generally, 
the stack-gas velocity is constant during any particular conditions 
of plant operation and if there is to be a change in the velocity 
ratio it will be as a result of a change in the wind velocity. The 
best justification for the experimental procedures used in the 
wind tunnel is that predictions based on such wind-tunnel 
studies have been confirmed by direct observations of the be- 
havior of plumes in the field. The aerodynamic considerations 
in model testing in the wind tunnel have been discussed earlier in 
considerable detail.® 

¢ “A study of Flow Phenomena in the Wake of Smokestacks,”’ 


by R. H. Sherlock and E. A. Stalker, University of Michigan, En- 
gineering Research Bulletin No. 29, March, 1941. 
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It is mentioned that measured concentrations considerably 
less than values predicted by Sutton’s equations have been 
found. Sutton’s published values of the diffusion coefficients were 
developed on the basis of 3-min samples. If coefficients 
appropriate for 1-hr samples are used, as in the present paper, 
then Sutton’s equations give concentrations smaller than those 
presented in his original article. 

Regarding breakup concentrations, it is true that higher 
stacks offer only limited benefits. There are other possible 
remedies than higher stacks, however, which engineering skills 
may well develop in the future ii, and when, the problem of 
breakup concentations becomes acute. 

Messrs. Ozker and Giever also present Fig. 11 and point out 
an equivalence between an increase in stack height and an 
increase in stack-gas exit velocity. It should be emphasized, 
however, that such an equivalence varies from one situation to 
another and that it is invalid to conclude that there is an in- 
variable relation between these two factors. 

The author heartily supports the suggestion that more field 
investigations should be undertaken in order to provide data for 
improved design practices. Substantial benefits may be ex- 
pected from relatively modest field programs. 
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